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ON THE IDEAL CLASS GROUPS OF
Z,-EXTENSIONS OVER REAL ABELIAN FIELDS

JAE MooN KiMm, JA Do Ryu

ABSTRACT. Let k be a real abelian field and koo = Un>0 kn be its
Zp-extension for an odd prime p. For each n > 0, we denote the
class number of k,, by hy,. The following is a well known theorem:

THEOREM. Suppose p remains inert in k and the prime ideal of
k above p totally ramifies in kos. Then p t ho if and only if p  hy,
for allm > 0.

The aim of this paper is to generalize above theorem:

THEOREM 1. Suppose H'(Gy, Ey) ~ (Z/p"Z)!, where [ is the
number of prime ideals of k above p. Then p 1 hg if and only if
p 'f hn.

Theorem 2. Let k be a real quadratic field. Suppose that
HY(G1,E1) ~ (Z/pZ)!. Then p { hg if and only if p t hy, for all
n > 0.

1. Introduction

Let £ be a number field. For each prime p, let ko, be a Z,-extension
of k. Namely, k. is an extension of k whose Galois group over k is
isomorphic to the additive group of the p-adic integers Z,.

By infinite Galois theory, to each closed subgroup p"Z, of Z,, there
corresponds a unique intermediate field k,, such that Gal(k,/k) ~
L |D" Ly =~ Z/p™Z and that kos = U, >¢ kn-

For example, Q((p) = U, »; Q({pn) is a Zy-extension of Q((,),
where (,n is a primitive p™th root of 1. Let @, be the unique subfield

of Q((pn+1) whose degree over Q is p". Then Qo = U,50Qn is a
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Z,-extension of Q. In general, for any number field k, ks = kQo
is a Zy-extension of k and such a Z,-extension is called the basic (or
cyclotomic) Z,-extension of k. Thus every number field has at least one
Zp-extension. When £ is a totally real field, Leopoldt conjecture asserts
that k£ admits only one Z,-extension, namely the basic Z,-extension.
And Leopoldt conjecture is valid when k is a real abelian field ([11]).

Let koo = U,>0kn be a Zy-extension of k. Let h, be the class
number of k,, and e,, the exact power of p in h,,, i.e., p®*||h,. Then,
by Iwasawa theory, there are integers pu, A > 0 and v such that e, =
up™ + An + v for n > 0 ([3]). These constants are called the Iwasawa
invariants of ko, over k. In 1979, Ferrero and Washington ([1]) proved
that 4 = 0 when £k is an abelian field and k is the basic Z,-extension
of k. Around at the same time, Greenberg conjectured that A = 0 if
k is a totally real field and gave a number of examples supporting the
conjecture ([2]). Therefore, if Greenberg conjecture holds for a real
abelian field k, then © = A = 0 and thus e, = v is a constant for
n > 0, which is independent of n.

It might happen that p t h,, for all n > 0, i.e., p = A = v = 0.
The aim of this paper is to study when this happens. In certain cases,
p t ho is necessary and sufficient for p t h,, for all n > 0. For instance,
we have the following theorem ([11]):

THEOREM. Suppose p remains inert in k and the prime ideal of k
above p totally ramifies in ko,. Then p{ hq if and only if p { h,, for all
n > 0.

In this paper we study generalizations of above theorem. Namely,
we will find conditions under which the statement “p 1 hg if and only
if pth,” is true.

2. Units and circular units

Let k be a real abelian field such that £ N Q. = Q and consider its
basic Z,-extension ko = J,,~ kn for an odd prime p such that p 1 ho
and p{ fo(f), where f is the conductor of k. Let E,, be the unit group
of k,, and C,, the subgroup of E,, consisting of circular units defined
by Sinnott ([10]). Let B,, be the Sylow p-subgroup of E,,/C,,, and A,
that of the ideal class group of k,,. Then the index theorem of Sinnott
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says that # A,, = # B, if p is an odd prime ([10]).

In this section, we introduce two exact sequences involving coho-
mology groups of units and circular units. The first one is well known
and we omit its proof. For details, refer to [7].

Let I,, be the ideal group of k, and P, its subgroup generated by
principal ideals. Then we have the following exact sequence ([7]):

0 — HY(Gy, Ey) — IS /Py — (I, P,)%" —
Ker(H%(Gn, E,) — H°(Gn, k)) — 0,

where G, is the Galois group Gal(k,/k).
Since we are assuming p { hg, lo/Py = {0}. Thus we get

(1) 0— Hl(Gn,En) — I,,?“/Io — AS" —
Ker(ﬁO(Gn,En) — I:IO(Gn,k,,f)) — 0.

For the second exact sequence, we need a lemma.

LEMMA 1. Let G, = Gal(kp,/ky) for m > n > 0. Then we have
G
Cmm,n — C’)’L

Proof. Let K, = Q(({ym+15) and K, = Q((pn+15). Then it is known
that ﬁfj’”" = C,, where C,, (C,, respectively) is the group of cyclo-
tomic units of K, (K,, respectively) ([5]). Obviously, C,, C oSmn,
To prove Cﬁm’” c C,, take u € Cﬁm’". We will show that u¢ € C,,
and w?” " € C,, where d = [Q((py) : k]. Then, since (d,p™ ™) = 1,
we have u € C,,.

First, we view u as an element in 65;"’". Since 6,%”’" = Cp,u €
C, Nkyp C k,. Therefore Nk, /&, (u) = u? € C,. Next, note that
w?" " = Ny p,(u) since u is fixed under Gp,,. Thus u?” "~ =
N, /k, (1) € Cy. This proves the lemma. O

From the short exact sequence

0—-C,—F,— B, —0,
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we have a long exact sequence

0— C¢ — ES — BS — HY(G,,C\) —
HY(G,,E,) — H (Gp,B,) — - .

Since C,%" = Cy and E,,%" = Ey, the first four terms of above se-
quence read:

0— Co— Ey— By — H (Gy,Cp) — -+ .
Thus we have
0 — BY /By — H' (G,,,Cy,) — --- .

By the index theorem of Sinnott ([10]), By = A9 = {0}. Therefore we
obtain

(2) 0— Brcjn - Hl(Gn7Cn) - H1<Gn7En) - Hl(GnaBn) —

3. Main theorems

Let k£ be a real abelian field and [ the number of prime ideals of k
above p.

THEOREM 1. Suppose that H'(G,,, E,,) ~ (Z/p"Z)!. Then p{ hg if
and only if p{ hy,.

REMARKS.

(1) Tt is known that lim H'(G,, E,,) ~ (Q,/Z,)!, where the limit
is taken under the inflation maps ([4]). Also, from the exact
sequence (1) in Section 2, H (G, E,,) — IS~ /Iy ~ (Z/p"Z)".
Thus it is plausible that H'(G,, E,) ~ (Z/p"Z)!. But this is
not always the case. For instance, when k& = Q(+/85) and p = 3,
31 ho but 3| hy. Thus HY(G1, Ey) % (Z/pZ)>.

(2) Suppose that [ = 1, i.e., p remains inert in k. Let m, be a
prime element of Q,,. Then 72! is an element of H'(G,, E,)
of order p". Thus Z/p"Z is a subgroup of H*(G,,E,). On
the other hand, by (1) of Section 2, H'(G,,, E,,) is a subgroup
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of I, /Iy ~ Z./p"Z. Therefore H'(G,,, E,) ~ Z/p"Z when p
remains inert. Thus the hypothesis of Theorem 1 is satisfied in
this case. Hence p t hg if and only if p t h,,. But this is nothing
but the theorem in the introduction. Therefore Theorem 1
can be thought of as a generalization of the theorem in the
introduction.

Proof of theorem. By class field theory, p 1 h,, implies p t hg. We
will prove the converse.

First, we claim that the map H*(G,,C,) — HY(G,, E,) in (2) is
surjective. Let Coo = U,;50 Cn» Foo = U0 En and B = ;50 Bn-
By taking direct limits under the inflation maps of the exact sequence
(2), we obtain

0— B, - H'(T,Cx) - H(I,Ex) > -+,

where I' = Gal(ko /k). Note that BL_ is finite, and that H(T', Cy,) =~
(Qy/Z) ([8]). Since H'(Gy, En) = (Z/5"Z)! | H\(T', Euo) = (Qp/Z,)
by taking limits. Thus H(T',Cs) — H(T', E,) is surjective since
(Q,/Z,)! has no finite nontrivial cokernel. Now consider the following
commutative diagram:

0 — BY — HYG,C, — HYG.E, — HYGp By)

! ! ! !
0 — B — H\(I,C.) — H\,Ex) — 0

where vertical maps are inflation maps. From the injectivity of the
inflation map H*(Gy, E,) — HY(T, Ey), we see that H'(G,, E,) —
HY(G,, B,,) is the zero map. Thus H'(G,,,C,,) — H(G,, E,) is sur-
jective.

Then the sequence (2) in Section 2 reads:

0— By" — H'(Gy,Cy) — H' (G, Ey) — 0.
Since H'(G,,,C,) ~ (Z/p"Z)" ~ H (G, E,)([8]), BS must be triv-

ial. Therefore B,, = {0}. Hence A,, = {0} by the index theorem. This
finishes the proof. OJ
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COROLLARY 1. Suppose p { hg. If H'(G,, E,) ~ (Z/p"Z)!, then
Eo NV Ny, (k) = Nig,o i (En).

Proof. By Theorem 1, A, = {0}. So AS» = {0}. Then by the
sequence (1) in Section 2, Ker((H°(G,,E,) — H°(G,,kX)) = 0.
Thus H°(Gn, Ey) — H°(Gy, k)) is injective, i.e., Eo/Ny, x(Ep) —
k* /Ny, /x(k)) is injective. Therefore Eo N Ny, /i (ky) = Ni, /i (En).0
When £k is a real quadratic field, one can say a little more.

COROLLARY 2. Let k be a real quadratic field, and suppose that
HY(G1,Ey) ~ (Z/pZ)'. Then p1 hy if and only if p{ h,, for all n > 0.

Proof. 1If pt hg, then pt hy by theorem 1. Then this implies p t A,
for all n > 0([6]). O

THEOREM 2. Let k be a real quadratic field. Suppose that the
fundamental unit of k is not a norm of a unit of k1. Then p { hg if and
only if pt hy, for alln > 0.

Proof. By Corollary 2, it is enough to show that H(Gi, E;) ~
(Z/pZ)'. Since [k : Q] = 2,1 =1or 2. If| = 1, there is nothing to prove
by the theorem in the introduction or by the remark after Theorem 1.
So we may assume [ = 2 and we will show that H' (G, Ey) ~ (Z/pZ)?.
Then the theorem follows from Corollary 2. O

The condition of Theorem 2 says that H°(Gy, E;) is nontrivial.
Hence H O(G1, E1) has Z/pZ as its subgroup. Since the Herband quo-
tient for Ey is p ([9]), #HY(G1,E1) = p#H°(G1,E1). Thus p? |
#HY(Gy,E1). But HY(G1, E,) injects into (Z/pZ)? by the sequence
(1). Therefore H*(G1, E1) ~ (Z/pZ)? and this completes the proof.
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