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HOLOMORPHIC PRINCIPLE LINE BUNDLES
OVER COMPLEX GROUPS

KwanG Ho SHoN, Su M1 Kwon AND CHUL JoONG KANG

1. Introduction

Let F' be a complex line bundles over a complex manifold M. In (7],
we investigated the properties of holomorphic line bundles F' of coho-
mology groups for a complex torus. And also we know that the group
of holomorphic line bundles on a g-dimensional complex torus with the
first Chern class zero is a family of weakly pseudoconvex manifolds.
K. H. Shon and H. R. Cho [6] obtained some properties of a family
of weakly pseudoconvex manifolds. H. Kazama and K. H. Shon [2,3]
solved the d-problem on a family of weakly pseudoconvex manifolds. T.
Ueda [8] investigated some properties of a family of a compact complex
curve with topologically trivial normal bundle. Recently H. Kazama,
T. Ohta and K. H. Shon [1] obtained (non)vanishing and imbedding
theorem on weakly complex spaces. In this paper, we obtain some
properties of topological holomorphic line bundles with respect to a
complex torus.

2. Topological principle line bundles

DEFINITION 2.1. Let M be a topological space. M is said to have
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" the structure of an n-dimensional complex manifold if there exists an
atlas A = {(U;, ¢;) : i € I} of charts on M such that

(1) ¢; is a homeomorphism of U; onto the open subset ¢;(U;) of C™
for alli € I.

(2) For all ¢,5 € I, qbz-c,bj_l is a biholomorphic map of ¢;(U;;) onto
ql‘),-(U,-j), where Uij — Uz N Uj.

DEFINITION 2.2. Let M be a differentiable manifold. A differen-
tiable manifold F' is called a (complex) line bundle over M if it satisfies
the following conditions:

(1) AC® map m: F — M of F onto M is given.

(2) For every p € M,n~'(p) is an n-dimensional C -vector space :
m~1(p) = C™, where n is independent of p

(3) For every q € M, there exists a neighborhood U, ¢ € U C M,
such that #=1(U) = U x C", and that for any p € U, p x C" is
isomorphic to m~!(p) as an C-vector space : 7~ 1(p) = {p} x C™.

We denote the line bundle by 7 : F' — M or just F. Let 7 : M x
C™ — M denote projection on the first factor. Then7: M x C* — M
is a line bundle over M called the trivial line bundle over M. Now
consider line bundles over a complex manifold. Let F' be a line bundle
over a complex manifold M. If the transitive functions f;x(p),7,k =
1,2,---, are all holomorphic, F' is called a holomorphic line bundle.
Here by saying that fjx(p) = (ffiz(p)) is holomorphic, we mean that
each component fﬁcﬁ(p) is a holomorphic function of p € Ujx. Then
F is obtained by glueing up Uy x C™ by identifying (p,(;) € U; x C™
with

(p,G) = (p, fix(p)Ck) € U; x C™ ; F =U;U; x C™.

From K. Kodaira [4] and A. Morrow and K. Kodaira [5], if fx(p) is
holomorphic, then the map (p,{x) — (p,{;) is biholomorphic. Let
e}, €5, - ,es,q be ¢+ 1 unit vectors of C4** and

Uy = (UilaviQa"' !U‘iq) & G,
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For any v; ¢g+1,v2 g+1,"** 1Yq g+1 € C, we let
W= 1
v = (1)11,?_?12," *,V1g, V1 q+1) L= Cq+ 3
L 1
U; Lo (U215U22)' e :U2q7U2 q+1) = Cq+ ]
W e . q+1
Vg = (Vq1, Vg2, "+ »Vgqs Vg g+1) € CT.

Then

[ =Zel + 4 Zegy + -+ Zv] + -+ + 2o

={miel +---+ mq+1e;+1 +nv) +nguy ¢ my,n; € Z}

is a additive discrete subgroup of C%+1.

LEMMA 2.3. The quotient group C?*! /T"* is a non- compact abelian
Lie group.

* ¢ Cotl =2 R29+2 Then

* * * * *
Proof. Let €},€}, - €541, 05,05, - , 0]

there exists v}, in C?*! such that
(i} C O u= 1,2,

and
e +T° 8 C/T

Hence the set {yv],; +T'*} is discrete. That is, there exist no conver-
gent subsequence of the set. Thus, we complete the proof. O

Consider the projection
p: Gt 5
satisfying (21,22, " ,2q+1) M (21,22, , 2¢) and
p* : CH/T* — C/p(T™*).

Then
p(T*) =ze; +---+2zeg+2zv1 +--+2v, =T
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Thus, we have
C?/p(T*)=C?T=T*

where T4? is a complex torus (see [7]). Therefore from Lemma 2.3 ,

p*: CTHT* — T

have a structure of principle line bundles. Let
U; = {zi+ T € C/T :Vz € U;}
is an open subset of T! = C/I". In the case of 2 ;

p*: G2 /T* —'T,
I'* = Zej + Zej + 2oy,
p* Y U;) = {z+T* :Vz = (21,22) € U; x C}.
Suppose that ) }
i p N U;) — U x C*
satisfying m;(z + I'*) = (21 + T, exp 2my/—1z3) where z = (21, 22) and
z € U;.
LEMMA 2.4. m; is a well defined biholomorphic onto mapping.
Proof. Suppose that
z+T =24 ep}(Th)
where z = (z1,22),%2 = (%1,%),21,%1 € Ui. Since z — Z € I'", there
exists m; € Z such that
z — Z = mye} + mael + mavy.

Thus, we have

z1 — Z1 = My + m3v11,

zg — Zp = Mg + M3av12.
Since z1, Z; € U;, we have

my =msg = 0.
Hence 25 — 23 = ma. And
(z1 + T, exp 2mv/—123)
=(z; + T exp 2mv/—1(22 + m2))
=(z, +T',ezp 2my/—173). O
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THEOREM 2.5.

p*: CTHL T e
is a topological trivial holomorphic principle line bundle.

Proof. From Lemma 2.4, it is a holomorphic principle line bundle.
Now we prove that it is topological trivial. We consider exact se-
quences:

D= Z 05 0" —5 D,
0—2Z—->0—-0"—=0,

where &(-) = exp2m\/—1(-), C is the sheaf of germs of continuous
functions, C* is the nonzero sheaf, @ is the sheaf of germs of complex
- valued C* functions and O* is the nonzero sheaf. Hence we have the
long exact sequences

oo — HY(T9,C) —» HY(TY,C*) —» H*(T%,Z) — -- -,
oo = HY(T9,0) = HY(TI,0*) = H*(T,Z) > -+ .

Since H(T?,0*) is the group of all holomorphic line bundles on TY,
the Chern class H%(T9,Z) is zero. Therefore we complete the proof.CJ
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