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INDEX AND STABLE RANK OF C*-ALGEBRAS

SanGg Oc KM

ABSTRACT. We show that if the stable rank of B is one, then the
stable rank of B is less than or equal to the order of G for any action
of a finite group G. Also we give a short proof to the known fact
that if the action of a finite group on a C*-algebra B is saturated
then the canonical conditional expectation from B to B is of index-
finite type and the crossed product C*-algebra is isomorphic to the
algebra of compact operators on the Hilbert B®-module B.

1. Introduction

We recall notations and properties on the index for C*-subalgebras
from [ 8 ]. Let B be a unital C*-algebra and A a C*-subalgebra of B
with the same unit I. Let E be a faithful conditional expectation of
B onto A. Then E is called of indez-finite type if there exists a finite
set {u1,u2,...,un} C B for E, such that

n n
o = Zqu(u:m) = Z E(zu;)u;.
i=1 i=1 .
When FE is of index-finite type, the index of E is defined by

n
Index F = Z U U

=1

The value Index E does not depend on the choice of {w;|i =1,...,n}
and Index FE is in the center of B. When A C B is a factor-subfactor
pair, Index E coincides with Kosaki’s index [ 2 ].

Received November 9, 1998.

1991 Mathematics Subject Classification: 46L05, 46L55.

Key words and phrases: stable rank, Index, Hilbert module, crossed product.
This work was supported by the Hallym University Grant 1997



72 Sang Og Kim

In this note, by using the index we show that if the stable rank of
B*© is one, then the stable rank of B is less than or equal to the order of
G for any action « of a finite group G. Also we give a short proof that
if the action of a finite group G on a C*-algebra B is saturated then
the canonical conditional expectation E from B to B is of index-finite
type and the crossed product C*-algebra B x, G is isomorphic to the
algebra of compact operators on the Hilbert B*-module B which was
proved in [ 3 | for the Hopf algebras.

2. Preliminaries

Let F : B — A be a faithful conditional expectation. Put £, = B =
B4, where By means that B is a right A-module. Then & is a pre-
Hilbert module over A with A-valued inner product < n(z),n(y) >=
E(z*y) for z,y € B, where we use the notation n(z) € & for z € B.
Let £ be the completion of £ by the norm

In(z)ll = II < n(z),n(z) > |I'/? = | E(z*=)||"/2.

Then € is a Hilbert C*-module over A. Let L4(€) be the set of all
A-module homomorphism T : £ — £ with an adjoint A-module homo-
morphism §: £ — £ such that

<TE,( >=<§,5¢>.

We denote S as T*. Then L4(€) is a C*-algebra with the usual norm
|T|| = sup{||T¢| : ||&|l| = 1}. For &,¢ € &, let B¢ ¢ be the “rank one”
operator defined by ¢ ¢(y) = € < (,v >. Let K4(€) be the norm
closure of the linear span of {f¢ ¢ : £,{ € £}, the algebra of “compact
operators”. For b € B, define A(b) € L4(£) by

A(b)n(z) = n(bz) for z € B.

Then A : B — L4(€) is an injective *-homomorphism. For z € B,
put ean(z) = n(E(x)). Then es can be extended to a bounded linear
operator on £ and it is a projection in £4(€). Let C} < B,es > be
the closure of the linear span of {A(z)eaA(y) € La(€)|z,y € B}. Note
that A(z)eaA(y”) is the rank one operator 0;(¢) n(y)-
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Consider a C*-algebra B and a finite group G. Let o : G — Aut(B)
be an action. Put A = B and let £ : B — A be the conditional
expectation given by

E(z) #GZag ) for z € B.

Since a,E = E for g € G, we can define unitaries u, € L4(€) for
g € G by
ugn(z) = n(ay(z)) for z € B.

Then we have the covariant relation
ugbu, = ag(b) for b € B C L4(€).

By the universality of the crossed product, there is a *-homomorphism
Y : B xq G — L4(€) such that

P} bghg) =D byug.

geG geG

1
Put p = %(Ege(; Ag). Then 9(p) = e4. In fact,

1
ean(b) = n(E(b)) = n( #G (D ay(b) )=%a (O nlog(d

geG geG

= 26 (X b)) = YE)0)-

geG

Since ¥(zpy) = zeay for all z,y € B, we have (B xo G) D K4(€) =
G < B, eq >

3. Saturated action of a finite group

DEeFINITION 3.1 ([4]). Let B be a C*-algebra and o : G — Aut(B)
be an action. For ¢ € B put = ), a4(z)A\g € B Xo G. Then o
is called saturated if the elements Z*y, for z,y € B, span a dense
subspace of B x4 G.
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Then

5= ag(@)g = D AAAe = (3 Ag)e = (FG)pe

g9

and

| 55 = (*G)a"py.
Let L be the linear span of {#*§j € B X, G;z,y € B}. Then L is an
algebraic ideal of B x, G. Thus ;

aissaturated < lel < 1€l & L=Bx,0G.

For the following theorem there is a general result for finite dimen-
sional Hopf algebras which include finite groups in [ 3 | but the con-
struction is more complicated because of the greater generality. We
give here a short proof for finite groups without the term ‘Hopf alge-
bra’.

THEOREM 3.2. Let B be a C*-algebra and « : G — Aut(B) be
an action of a finite group G. Define a conditional expectation E :
B —+ A=B* by E(b) = —#ié >y @g(b). If o is saturated, then E is of
index-finite type and B X G =2 C} < B,eaq >= L 4(€).

Proof. It is shown in [ 8 | that E is of index-finite type. Now Con-
sider the *-homomorphism ¢ : B x4 G — L4(€) such that

TJ’(Z bgAg) = Zbgug'
9€eG g

Since
$(&*9) = ((#G)’z*py) = (#G)*z"eay,
Y(L) = Ka(E) = C* < B,ea >. Since « is saturated, 1 € L. Therefore
C} < B,ea > has an identity. This shows that « is surjective as shown

in [ 8 ]. Next we show that « is injective. Suppose that }, z;eqy; = 0.
Then for any b € B,

Z zieay:)( Zm ean(y:b) = Zwm(E(yib)) = Zn(miE(yib))
=W(Z($f (yib))) =

i
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So

DD may(wb) = (*G) > _(@:E(yib) = 0.
(3 siowtpe = a2 At pe
_ %[Z wi{(g crg (i) Ay e
=36l 3 sios(wolr
- %@Z_ 210ty (y:b)) Aglpe
= 75 D3 mieswit)Aope
#GZ Zm oy (yib )pc

= 0.

Since « is saturated this implies that (3}, z;py;) = 0. This shows that
1 is an isomorphism. : O

Let (B, G, ) be a C*-dynamical system. Recall that the action is
topologically free if for any t,,....t, € G\{e},Ni{z € Blt;z # z} is
dense in B (the spectrum of B), where tz(b) = z(ay(b)).

COROLLARY 3.3. Let (B,G,a) be a topologically free dynamical
system with G finite and B has no nontrivial a-invariant ideals. Then
the canonical conditional expectation E : B — B%* = A is of index-
finite type and B x4 G = K4(€) = L4(E).

Proof. By [ 1], B X, G is simple. Since B x, G is simple, « is
saturated. Hence we get the conclusion. O
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4. Stable ranks and finite groups

Let B be a unital C*-algebra and Lg,(B) be the set of n-tuples
(b1,...,bn) that generate B as a left ideal. The stable rank, sr(B),
is defined to be the least integer n for which Lg,(B) is dense in B™
(see [ 5]). If Lg,(B) is never dense, set sr(B) = co. It is easy to
show that sr(B) = 1 if and only if the set of invertible elements of B
is dense in B. A C*-algebra B is said to be purely infinite if every
nonzero hereditary C*-subalgebra of B has an infinite projection. It is
not known whether every finite simple C*-algebra is stably finite. It is
well-known that if the stable rank of a simple C*-algebra is finite then
it is stably finite. Given a C*-dynamical system (B,G,a) there are
many interesting results concerning the stable rank of B* and that of
B x,G.

Now we consider a relation between the stable rank of a C*-algebra
B and that of the fixed point subalgebra B<.

LEMMA 4.1 ([ 8]). The following are equivalent:

(1) E: B — A is of index-finite type
(2) Cr < B,es > has an identity and there is a constant ¢ > 0
such that

E(z*z) > cz*z forz € B

LEMMA 4.2. Let (B,G,a) be a C*-dynamical system with G, a
finite group of order n. If B X, G has stable rank one, then stable rank
of B, sr(B) < n.

Proof. Let (bg,,...,bg,) € B® and y = Y i bg Ay, € B X4 G.
Consider the canonical conditional expectation F from B x, G to B

given by
E(Z aghg) = .
g

Note that {\;|g € G} is a quasi-basis for E and hence F is of index-
finite type. Since sr(B x4, G) = 1, we can approximate y by an in-
vertible ¢ = 37 1 5, Ap,; 65, € B. Clearly, (¢g,;..-,¢5,) is close to
(bgyy---,bg,). By Lemma 4.1, there is a constant ¢ > 0 such that

s Blgrg)= Zc;cg
g
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Hence }_ cjc, is invertible in B. This shows that (cg,,...,cg,) €
Lg,(B) completing the proof. O

THEOREM 4.3. Let B be a C*-algebra and o : G — Aut(B) be an
action of a finite group G. If sr(B%) = 1, then sr(B) < n, where n is
the order of G.

Proof. Since it was shown in [ 7 ] that B® is stably isomorphic
to B x, G it follows from the fact that sr(B®) = 1 if and only if
(B %2 G) =1, O

REMARK 4.4. It is shown in [ 6 | that if (B, G, ) is a C*-dynamical
system where G is compact abelian, then

min{sr(B),2} < sr(B x4 G) < sr(B%).
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