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INVARIANTS WITH RESPECT TO ALL
ADMISSIBLE POLAR TOPOLOGIES

Min-Hyune CHO AND HoNG TAEK HwWANG

ABSTRACT. Let X and Y be topological vector spaces. For a se-
quence {T%} of bounded operators from X into ¥ the co-multiplier
convergence of 3, T} is an invariant on topologies which are stronger

(need not strictly) than the topology of pointwise convergence on
X but are weaker (need not strictly) than the topology of uniform
convergence on bounded subsets of X.

Let X be a topological vector space and A a family of scalar se-
quences. A series ) z; on X is said to be A — multiplier convergent
or, simply, A — me if Z?’;l tjz; converges for each {¢;} € A\. ¢ —me,
{0,1}N —me, IP —me (p > 0) and [ — mc are important for functional
analysis and vector measure theory, e.g., a sequentially complete lo-
cally convex space X contains no copy of (e, || - ||e) if and only if for
series on X the cg — me, {0,1}N —mc and [ — mc are equivalent ([1],
Th. 4). Note that {0,1}¥ — mc is just the subseries convergence.

Recently, Li Ronglu, Cui Chengri and Min-Hyung Cho (2] gave a
nice result as follows.

THEOREM. ([2], Theorem 3.1) Let X be a Hausdorff locally convex
space with the dual X'. For a series ), z; on X, the ¢co — mc and the
[P —mec (p > 1) are invariants on all (X, X')-admissible topologies, i.e.,
letting A = ¢ or IP (p > 1), if for every {t;} € X the series Y 22, t;x;
converges weakly, then for every {t;} € X the series 3 77, t;z; con-
verges in the strongest (X, X')-admissible topology B(X,X').
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In this note we would like to establish a similar result for a duality
pair consisting of a barrelled space X and the operator space L(X,Y).

THEOREM 1. Let X be a barrelled space and L(X,Y) the space of
continuous linear operators from X into a locally convex space Y. For
a sequence {T;} C L(X,Y), the following (1) and (2) are equivalent.

(1) For every {t;} € co the series 3~ t;T; converges in L(X,Y)
with the topology of pointwise convergence on X, i.e., for every
{tj} € co and = € X the series 3 ;°, t;Tj(x) converges.

(2) Forevery{t;} € co theseries >, t;T;(z) convergesin L(X,Y)
with the topology of uniform convergence on bounded subsets
of X, i.e., for every {t;} € ¢y and bounded B C X the series
> 51 tiTj(x) converges uniformly for € B.

Proof. (2)=-(1) is trivial.

(1)=(2). Suppose that {t;} € ¢g and B is a bounded subset of X
such that the convergence of 777, ¢;T}(z) is not uniform with respect
to z € B, i.e., there exists a neighborhood U of 0 € Y for which the
following holds :

Vng € N 3n > ng and z € B such that 3777 ¢;T;(z) ¢ U. Pick a
neighborhood V of 0 € ¥ with V +V C U. There is an n; > 1 and
z1 € B such that Z;?o:nl t;Tj(z1) ¢ U and, hence, 372 ¢;T;(z1) ¢ V
for some m; > ny. Similarly, there is an ny > m; and z; € B such
that 3522 ¢;Tj(z2) ¢ U and, hence, Y52, tiTi(z2) ¢ V for some
my > mo. In this way, we have an integer sequence n1 < my; < ng <
my < nz < mgz < --- and a sequence {z;} C B such that

(*) Ethj($i)¢K i=1,2,3,---.

j=n;

Since t; # 0 for infinitely many j, letting ax = sup,; +/|t;| for each
k€N, ap #0 (Vk € N) and ax — 0. Now consider the matrix

[, Z (:TJ-)T;; (x:))iz-

Observing T;(B) is bounded for each j and a,, — 0,
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™mp my
t.
1‘ - IS H T o
im ap, j—Enk(a"k YTj(z;) = Jgnk: (an,, ) llin 0n, Ti(2;) =0

for each k. Let {kp} °, be a strictly increasing sequence in N. For
each 7, let

0, if j<mg, or my, <j<my,, forsome pecN;

e ¢
Vi . if Nk, < J <my, forsome peN.

o,
Then |v;| =0 or |y;| = (] e NG < /[t;| whenever n <

Gk SUPi>n,  V [t:]

J < my, and, hence, v; — 0. By the hypothesis, for each i the series

mkp

Z[am 2. (5

J=nky

) m;n*an.zw (22)

TJ.

converges and, by the Banach-Steinhaus theorem ([3], p.137),

imY 7 Tj(z) = Y %Ti(z) (V&€ X)
i=1 i=1

shows that Z;’il v;T;(-) : X — Y is continuous and hence,

%@ e e B}
i=1

is bounded. Therefore,

mk, oo
lim Z[an, Y ()Ti(@:)] = liman, Y 7;T3() =0
J=nk, Gy ’ Ji=1

because {:f:,} C B and a,, — 0. Thus, by the Antosik-Mikusinski
matrix theorem ([4],[5]),

m; ™4

; . . S, tj

htm E Ll es) = hfnani E (a—:H)Tj(a:i) =0
J=n4 JI=ni

and hence, 37" ¢;T;(z;) € V eventually. This contradicts (x). O
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COROLLARY 2. Let X be a Banach space and Y a normed space.
If {T;} C L(X,Y) and for every {t;} € co the series 2", t;T;(z)
converges at each z € X, then for every {t;} € ¢y the series Z:‘;l £ Ty
converges in the operator norm, i.e., 3 7, t;T;(-) € L(X,Y) and

oo o]
lim || ) ¢;7;()l| = lim 2 | > tiTi() =0.
j=n B r—
In fact, B = {z € X : ||z|| € 1} is bounded and, by Theorem 1, for
every € > 0 there is an ng € N such that if n > ng, then

1> tTi(@)ll <e, VzeB,

j=n

ie.,
(e 0]
sup || thTj(:c)H <e
z€B S=n

It is easy to see that the same argument as in the proof of Theorem
1 yields a generalization of Theorem 1 as follows.

THEOREM 3. Let X, Y be topological vector spaces. If {T;} is
a sequence of bounded operators from X into Y (i.e., each T; sends
bounded sets to bounded sets) such that for every {t;} € cp andz € X
the series " ; t;T;(z) converges and E;";l t;T;(-) is bounded, then
for every {t;} € co and bounded B C X, the series E;’;’l 5 EAx)
converges uniformly for © € B.

A topological vector space X is said to be a s-space if z; — 0 in
X, then there is an increasing {jx} C N such that the series > /- ; z;,
converges in X. k-spaces make a large family containing complete
metric linear spaces, some non-complete metric linear spaces and some
locally convex spaces. Especially, x-spaces have been shown to enjoy
many nice properties ([4],[5],[6],[7]). Letting

X®={f eC¥ : fislinearand f(B)is bounded
for every bounded B C X},

if X is a locally convex x-space, then (X, X?®) is a Banach-Mackey pair
([8], Theorem 2). Using this result, we have the following
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THEOREM 4. Let X be a locally convex k-space and Y an arbitrary
Iocally convex space. If {T}} is a sequence of bounded linear operators
from X into Y such that lim; T;(x) = T'(z) exists at each z € X, then
the limit operator T' : X — Y is also bounded.

Proof. By Theorem 2 of [8], (X, X?) is a Banach-Mackey pair, i.e.,
(X,o(X,X?)) is a Banach-Mackey space. Thus, by Theorem 8 of [9],
(X% o(X?, X)) is sequentially complete.

Now let B be a bounded subset of X. For every continuous linear
functional y’ on Y, ¢’ o T; € X® for each j and

lijrin(y' oT;)(z) = li?ly'(szc) =y (Tz) = (¥ o T)(z)

at each ¢ € X, ¢’ o T € X° because (X°,0(X?, X)) is sequentially
complete. Therefore, (y' o T)(B) = {¥'(Tz) : ¢ € B} is bounded
and, by the Mackey theorem, T'(B) = {Tz : ¢ € B} is bounded, i.e.,
T :X — Y is a bounded linear operator. O

As an immediate consequence of Theorem 3 and 4, we have the
following

CoROLLARY 5. Let X be a locally convex k-space and Y an ar-
bitrary locally convex space. Then for a sequence {T;} of bounded
linear operators from X into Y, the following conditions (a) and (b)
are equivalent. ‘

(a) For every {t;} €Ecp and z € X, Z?’:I t;T;j(z) converges.
(b) For every {t;} € co and bounded B C X, 3 22, t;T;(x) converges

uniformly with respect to x € B.

A topological vector space X is said to be an .A-space if for every
bounded {z;} € X and t; — 0 in C there exists an increasing {jx} C
N such that Y .. t; zj converges. r-spaces are A-spaces but the
converse is not true, e.g., (I?, weak) for 1 < p < +o0 and (I*, (I}, cg))
are A-spaces but are not k-spaces. Sequentially complete locally convex
spaces are A-spaces. A-spaces have an important property : If X is an
A-space and Y is an arbitrary topological vector space and {T, : a € I}
is a family of sequentially continuous linear operators from X into Y
such that {T,z : @ € I'} is bounded at each z € X, then {T,, : @ € I} is
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" uniformly bounded on each bounded B C X, i.e., {T,z:a € I,z € B}
is bounded ([5], Corollary 4).
This result and Theorem 3 imply the following

COROLLARY 6. Let X be an A-space and Y an arbitrary topological
vector space. Then for a sequence {T} } of sequentially continuous linear
operators from X into Y, the conditions (a) and (b) are equivalent.

Proof. Let {t;} € ¢o. If (a) holds, then {Z?:1 t;T; : n € N}
is pointwise bounded on X and, hence, for every bounded B C X,
{3j=1tiTjz : n € N,z € B} is bounded because X is an A-space.
Therefore, for every bounded B C X, the condition (a) shows that
{Ej’;l t;Tjz : x € B} is bounded because the closure

{thTj:c:nEN,mEB}

i=1

is bounded, i.e., -7, ;T;(-) is a bounded operator. Thus, (b) follows
from Theorem 3. O
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