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Finite Element Analysis of Solidification Process
Using the Temperature-Enthalpy Relationship
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Abstract

A finite element method is developed for calculating the temperature and enthalpy distribution and
accordingly the solid, liquid and mushy zone in a three-dimensional body subjected to any heat
boundary conditions. The method concurrently consider both temperature and enthalpy for consideration
of the latent heat effect, differently from other methods of using a special energy balance equation for
solving & mushy zone. The developed brick element has ¢ight nodes with one degree of freedom at
each node. The numerical method and procedure are verified using the results of one and two
dimensional analytic solutions and by other researchers, It is shown that the present method presents a
consistent and stable results in either abrupt or ranged phase change problems. Moreover, the numerical
results by the present method are hardly effected by the calculation time steps which otherwise are
difficult to determine in most phase change problems. Finally, as a three-dimensional application, a
T'-shaped body of a phase change is presented and the temperature and enthalpy variation along the
time are solved.
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Fig. 1 Three-dimensional body of liquid, solid and
mushy zone at an arbitrary time satisfying
the extermnal boundary conditions and the int-
ernal heat transfer equilibrium equation.
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Fig. 2(s) Temperature-enthalpy relationship for a
pure substance( 4T, = T;,— T,= zerv).
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Fig. 2(b) Temperature-enthalpy relationship for an
alloy( 4T, = T,— T,%zero).
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Fig. 3 Newton-Raphson method used in calculating
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Fig. 4 One-dimensional phase change problem I of
the solidification of a slab.
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—— Exact Solution, AT=0
o Morgan'™, AT=0.5
o Morgan™, AT=1,0
& Morgan™, AT=2.0
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Temperavare, % °C )
=

Fig. 5 Temperature variation with time at x = 1 m
of the one-dimensional phase change proble-
ml
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P X(m)

n
v

Insulated 0074
Ty»-300°C TmAT=0°C L,=2x10*Jm?®
pe, = pe=2x10 m*°C Kk, =k = 1.0 W/n *C
Fig. 6 One-dimensional phase change problem II of
the freezing of a liquid slab.
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Exact Solution
0.005 o Present

) 1000 2000 3000 4000
Time(wec.)

Fig. 7 Varation of a freezing front location with t-

ime : one-dimensional phase change problem
IL

y(m)

Insulated

Ty T~0.0 °C Insulated

Xx(m
0 T, 4 )

Ty=-450°C T=T=-0.15°C L,=70Jm’
pc, =pe = 1JIm*°C  k=k=10Wm"°C
Fig. 8 Two-dimensional phase change problem of
the solidification of a slab.
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Fig. 9(a) Temperature variation with time at x = 1
meand y = 1 m of the two-dimensional
phase change problem.

0 1 2 3
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A  Present
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30

Fig. 9(b) Temperature variation with time at x = 2
m and y = 1 m of the two-dimensional
phase change problem.
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Table 1 Comparison of the calculated duration req-
uired for a complete solidification of a li-
quid slab by various finite element meth-
ods(an analytical solution : 20020 sec.).

Time Results(sec.)

step(sec.) | A B C D E F
2 20026(20127|33994|19869(22651]19925
5 20030(20122|30402|19861]22530|19919
10 20040(20123|24273|19875|22440(19924
20 20060(20126|26500| 19880 |20860|19938
50 20100/|20140(24950(19829|19500|19973
100 20200{20163|22400(19926{19500(19834

Time Error(%)
step(sec.) | A B C D E F

2 0.03 | 0.53 |69.80| 0.75 |13.14| 0.47

5 0.05 | 0.51 |51.86| 0.79 | 12.54] 0.50

10 0.10 | 0.51 [21.24| 0.72 [ 12.09] 0.48
20 0.20 | 0.53 {32.37] 0.70 | 420 | 0.41

50 0.40 | 0.60 [24.63] 0.95 | 2.60 | 0.23
100 0.90 | 0.71 [ 11.89| 0.47 | 2.60 | 0.93

A: Two-Level Scheme, Linear Element (Present M-
ethod)

B: Finite Element Method with Lumped Capacita-
nce (Pham(ﬂ)

C: Three-Level Scheme, Linear Element (Pham®)

D: Three-Level Scheme, Linear Element and Corr-

ector Step (Comini, Giudice and Sarom)

: Three-Level Scheme, Parabolic Elcmcnt(thn("))

: Three-Level Scheme, Parabolic Element and Co-
(7)
)

m

rrector Step (Comini, Giudice and Saro

A& 7HA 7] oIt

3.4 3AH Afpel 252 HE o

A5y FSarHY TP 339 AW
BAl] Hgsqack H4 ZY& Fig. 100 A
oo, o] RYL x = 00 WA @A z = 6
cmol] HAE doll 2+t hA S YR A= T
b siabal 1/4%H& 8N tjeE AAY Aotk
AR E ggs Mgon, y3 4 Ad
29, & y = 20 em¥ A9 AL YRF AL,
a8n s RAEAEE A vejA] &
& B 2EAAZAE ARk #4339
AAZAE Fig. 109 YA @A AR

A LTE 850 K, d4AH 2x¥ 930 K<
ME2A, 27]LEE 930 Koo, AL 0.5

L

- Insulated boundary conditions
face at x = 0 cm, face at =6 cm

- Convection boundary conditions
face at y = 20 cm
h,=85W/m?K  T,=293K

- Temperature boundary conditlons
face at x = 12 ¢cm, face at x =6 cm
face at y = 0 cm, facc et z=0cm
faceat6cm<x<12cmandy=14 cm
T,=300K

T,=930K T,=850K Tm=930K
p = 2700 kg/m? ¢, =0, = 1066 JAgK
L=395x10°Jkg k,=k;= 168 W/mK

Fig. 10 Application problem of a three-dimensional

phase change problem.

Node 1102 : x=8.25 , y=17 and 7=6 cm
Node 742:x=6 ,y=17 and z=6cm
‘Node 883:x=0 ,y=20 and r=6 om

1020 -

920

820
=a~Node 1102

—+Node 742
—%-Node_883

720

620

Temperature{K )

320
4201

320

0 5 10 15 20 25 30 35 40 45 50
Time(sec.)

Fig. 11 Temperature variation with time of the thr-
ee-dimensional phase change problem.

22 89 x, y, 2387} 47 6, 17, 6 em? A H
3 0, 20, 6 emQ) XA 283, 825 17, 6 em?
A A Aol thate] Aol gk Lx¥dE 50=
742 Fig. 119 A& 971M, &5 ¥7}
FA8 ¥t AAE & F slen, o AH
£ 2271 850 KQ To2 nAdst HALE
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o W R

ELE R Ry
G AG6E0R
8. L ESOR
4. BHE+DL
4.26E+02
3.63E+02
3.00E+02

(a) time = 1 sec.

9.30E+02
8.67E+02
B.04E+02
YA T
PR £
B.A8E+OR
} s.npev02
A4.BIELOZ
4.28E+02
3.83E+02
3.00E+02

(b) time = 15 sec.
4.02E4+02

3.92E+Q2

AR
B GIE+OR
. R
3.30E+02
3.20E+02
3.10E+02
3.00m+02

(c) time = 50 sec.

Fig. 12 Temperature distribution of the three-dimensional phase change.
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EHRAN e, 2a o HelAd KE ¥
goz 17 §u Y& veRATH

4. o B
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Aol £ @FolA @& HEE ohed ETh
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A 7HAH, 7 AR 149 AfER THA
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@) aE BA A H9 PHAE B
NreEs A LETNHE A YA
golz ¢4HQ #H# T¢ ¢ stk

(3) HIAALE EAF FAHNY ¢ B AT
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