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Nonparametric Estimation of Reliability in Time

Dependent Strength-Stress Model
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Abstract

We treat the problem of estimating reliability R(t) = P[Y (t) < X (t)] in the
time dependent strength-stress model in which a unit of strength X (t) is sub-
jected to environmental stress Y (f) at time t. In this paper two nonparametric
approaches to estimate of R(t) are analyzed and compared with parametric
method by simulation.
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1. Introduction

A system, whether of a single or multiple components, functions under environ-
mental stress caused by numerous factors. Strength-stress models deal with how
long a system functions under stress with how much strength, or how much is the
probability that a system functions for a given amount of time. Let ¥ and X be
the stress and strength variables with cdf’s F(z) and G(y), respectively. Then, the
probability that a system’s strength is greather than the stress under which the

system is put, i.e. reliability can be calculated as follows;

R=P(X<Y)= /0 ” F(u)dG(u) = /0 ” S(u)dF(u)
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here, S(u) =1 — G(u).

Previous work in this field is mostly occupied by the parametric approaches
for continuous data. The most general parametric model is the one in which both
the strength and the stress are normally distributed. Church and Harris(1970),
Downton(1973), Woodward and Kelly(1977) and Reiser and Guttman(1986) have
done various analyses in such case. Birnbaum(1956) has proposed the following

nonparametric estimator for the R above ;

B = / Fn(2)dGr()
1 n

1
= %{number of (i,7) pairs such that Y; > X;},

where Fi,(-) and G,(-) are empirical cdf’s of the X’s and Y’s respectively.

As briefly stated, the formal studies were about reliability or failure probability
of system or components under constant stress independent of time. But, it is easily
believed that studies concerning strength-stress models where the stress varies in
time should be performed. Until now, works in this direction were few due to various
difficulties. After Basu and Ebrahimi(1983), who briefly intoduced X (t), Y (t), the
strength and stress variables at time t, this study were not much explored until now.
Lee and Kim(1996) studied reliabilities of systems such as computers or TV’s where
a large amount of stress is given at first when the electricity is turned on, and then
decreasing stress in time. Consider the time between the point when the power is
turned on till the power is turned off as a cycle. In a cycle, the largest stress will
occur when the power is turned on. At this point, if this stress exceeds the fixed
strength of the system, this system will cease to function. Otherwise, the system will
function until the next cycle. If a breakdown occurs in the k-th cycle, the later cycles
will not be of consideration. So, in n number of cycles before time t, the probability
that this system will continue to function is equal to the probability that the stress

is less than strength in all cycles. Let’s assume that N(t), the number of times the
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power is turned on before time ¢, is a Poisson process. That is,

B (At)ne—/\t
- n!

P[N(t) = n]
Then, the reliability R(t) until time ¢ is

o0
R(t) = Z P{The event that n number of stress occur until time ¢}

n=0
X P{The system keeps functioning after n stresses}
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_ e—/\te—)\pt — e—(l—p)/\t

where p = P{ The system keeps functioning after one stress }.
We propose a new statistic in section 2, and give properties of it and results of

the simulation using this statistic. In section 3, simulation results and conclusion is

given.
2. Estimators of R(t)
Let Ny, Na, - - -, Nj, be random variables denoting the number of stress until time
t. Assume Nj, Ny, ---, Ny, are independent and Poisson distributed with mean At

- Also let X(t4)), X(t3,), -+, X(tiy,) be iid with cdf F, denoting the stress random

variables at time ¢; (i =1,2,---,m, j =1,2,--- | N;).

2.1 Wilcoxon-Mann-Whitney type Estimator

In generally, it is well known that if Ny, Ny, - -, N,, are independent and Poisson
distributed with mean A, then > ; N;/n is Uniformly Minimum Variance Unbised
Estimator(UMVUE) of A and that if X(t), Xa(t),- - -, X,(t) be iid with cdf F, then
the empirical cdf p = P(X(?) < s) = %, I(Xi(t) < 8)/n = Fy(s;t) is UMVUE of
p for the fixed strength value s.
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So, Lee and Kim(1996) proposed the following estimator for R(t) using the em-
pirical cdf for p.

RWI{;V(t) = o~ (lpwmw )Xt

~
s
v
N
N——

where Xi; = X(tij), N = ZNi(t),
=1

X1 = X1, Xo = Xug, -, Xy = Xanvg, Xt = Xon, -+, Xv = X

In other words, piwaw = >y I(X; < 8)/N, XA = N/mt, where I(X; < s) = 1 if

X, < s and 0 othérwise.
Also we showed that Ry aw (t) is a consistent estimator for R(t).

2.2 Kernel type estimator

We propose the following estimator, using for the A a UMVUE type estimator

and for the p the Kernel density estimator of.

—

Rie(t) = e (-Pre )Xt

(i [ (55)w) 2]

where k(-) is a kernel function and h is a bandwidth.

The bandwidth is selected by the biased cross-validation method for R which is
proposed by Scott and Terrell(1987).

Now we show that Ry (t) is a condistent estimator of R(t).

Elprat] = EO::OE /

—00

8

A(u)du% |IN = n] - P(N =n)
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, where f(-) is the pdf of F'(-). Here I(z) = 1 if £ > 0 and 0 otherwise, and K()is
the cumulative distribution function of k(-). Therefore E [( 1~ Prar)At] = (1 — p)AL.
So (1 - pKeT))\t is asymptotically unbiased.

Var((1 - pra)3] = Var( s°° f(u)du%)

1
— —{p'mAt + p(1-p)mAt} ash—0

1
= me/\t — 0 as m — oo.

This shows that since (1— p};):\t satisfies asymptotic unbiasedness, it is a consistent
estimator for (1—-p)At asm — oo and h — 0. So it follows that R/K\er(t) is a consistent
estimator of R(t).
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2.3 Case of known stress distribution G

In some applications, the stress distribution may be known to the investigator.
The following is an example of situations in which the stress distribution may be
known. Assume the parametric model Y ~ G(:|f) for stress. Instead of piig =
P(X? 5|6), we use G(s]0) by caculating the maximum likelihood estimator(M.L.E.
: @) of 8. For example, when Y ~ N(u,0?), let G(s 10) = & ((s — )/6) where j
and & are M.L.E. of u and o, respectively. Then

Razp(t) = exp (— (1- G(slé))f\t)

Now we discuss the consistency of R;;;E(t).

Under some regularity conditions on G (see Lehmann (1983), P409, for ex-
ample), the MLE g is a consistent estimator of 0 . Suppose, in addition, that
SUP|g_g|<c %G(y|0’)l < M(y) for all y in the support of G(-|0) with E(M(Y)) < oo

and ¢ > 0. By Taylor expansion, we have

9

G(s10) = G(s19)+ (6 —0) - 500 109
where 6” is a point on the line segment joining 6 and 6.
Thus
ot 1) - G5 10)] = l(é —o). %G(s 10%)
= |9- 6| M(s)

— 0, in probability.

This show that it is a consistent estimator of R(t).

3. Simulation Results

In order to get the performance of estimated values of R(t) and their MSE’s(Mean
Squared Error), computer simulations using FORTRAN IMSL (International Math-
ematical and Statistical Library), were performed. In this simulations, the distribu-

tion of stress was taken as Weibull, in which the scale parameter was fixed as 2.0
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and the shape parameter took varying valus 0.5, 1.0, 3.0 and 3.5. The stress value
was fixed at 3.0, the time ¢t was changed from the point at which R(¢) took value
0.05 to the value 0.95. This process was repeated 3,000 times, calculating the MSE.

The result of the simulation study is as follows. The MSE was shown to be in
the increasing from when the value of R(t) was in the range of 0.05 0.5, and
decreasing from in the range of 0.5  0.99. For the interval where 0.1 < R < 0.9,
MLE method is always the best and KER method is best in the tail part, R < 0.1
or R > 0.9. The MSE’s of the nonparametric approach are some unstable where
the value of the shape parameter is big. Looking from the MSE point, the Kernel
method yielded the least MSE and thus is favorable in the nonparametric approach,
but its simulation time was very long compared to the other methods.

The following figures 1 4 shows the changing level of MSE as the value of the

shape parameter of the Weibull distribution varies.
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Figure 1. Weibull Case (Shapé Para=0.5, Scale para=2.0)
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