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UNIFORMLY FUZZY CONTINUOUS 
ON THE FUZZY REAL LINE

Dae Ho Cheoi, Tae Soo Kim and Mi Hye Kim

ABSTRACT. In this paper, we shall define the usual fuzzy distance 
between two real fuzzy points, using the usual distance between two 
points in R. We introduce the fuzzy sequence in the fuzzy real line 
and the notion of limit of fuzzy sequence in F수(R), and obtain uni
formly fuzzy continuous in Fp (R).

1. Introduction
Throughout this paper, we denote the closed interval [0,1] by I, 

while Iq = (0,1] and R+ = [0, oc). A fuzzy set A in the set X is 

characterized by a membership function f丄人 from X to I. The set 

Ix is the set of all fuzzy sets in X. Two fuzzy sets A and B are 

said to be equal iff(하) for all x E X. The support 

of A € Ix, denoted by S(>1), is the ordinary subset of X, that is 

S(A) = {⑦ € X|凶4(立) > 0}. The union and intersection of {Aj G 

Ix\j E J}, denoted by and Qj^jAj respectively, are defined

by the membership functions

〜하소(⑦) = V Wb•(해)’ 

jeJ

l』MjejA人x) = 八 /MjCr) for all x e X. 

jeJ

A is said to be included in B, denoted by A C B , iff /za(:r) 冬 /丄b(x) 
for all ⑦ G X.
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A fuzzy point in R is a fuzzy set in R which is zero everywhere 

except at the one point, say ⑦, where it takes a value , say a , in Io- 

This fuzzy point is denoted by xa^ which is called a fuzzy point with 

support x and the value a. The collection of all fuzzy points in R will 

be denoted by 2}(R). A fuzzy point xa is said that xa is an element 

of A, denoted by xa E A iS a < ^(rr).

If xa 6」F},(R), the fuzzy absolute value of xa, denoted by |a?a|, is 

defined by
xa if x> 0,

(—⑦)a if t < 0.

Define a relation < in 2}(R) by for any xa,y/3 G xa < yp if 

x < y m x = y and a < /3. The relation < in 2}(R) satisfies that for 

any xa,y(3,2스 e 2}(R),

⑦ a — ⑦a,

⑦a < yp and y(3 < xa imply xa = yp,

⑦a < y/3 and yp < 幻 imply xa <

We call that the relation < in is the usual fuzzy order. In 

particular, we write xa《 y, if x < y and a < j3.

For a metric space (X, D), a fuzzy distance D between fuzzy sets 

A and B in X is defined using D as

以£“3)(5)= V 0시씨 A MbH) for all 6 6 R+,

6=D(u,v)

where P is a mapping from [F(X)]2 to F(R+).

We define a distance function d : FP(X) 乂 FP(X) —今 F(R+) by the 

restriction of D to [jF}(X)]2. Note that each pair (xa,y/3)in [FP(X)]2 

corresponds to the fuzzy point D(x^ y)a^/3 with support D(x,y) and 

the value cv A/?.

Definition 1.1. [3] The usual fuzzy metric d :」F수(R) x」F}(R) —> 

-P(®+) is defined by d(xa,y日 = \x - y\a^ for every (xa,y0)€ 

FP(W) x 2}(R). We call the pair (R, d) the usual fuzzy metric space.
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M』4（：心） =

Definition 1.2. [3] The open fuzzy ball B(xa\ ra) with center xa 

and radius ra is the fuzzy set

」W：a； G)= |J{如 e ^(R): 으어’卵) 드 r사’

where \x — y\a/\/3 드 ra means that \x — y\ < r and a /\ (3 < a.

We see that S[B(xa] ra)] = (x — r, ⑦ + r) and MB(：ra；r으)(?/) = 伏 for 

all y € (x — r^x + r). As in the notation of a fuzzy point we denote 

B(xa] ra) by (⑦ 一 r, ⑦ + r)a and call it the open fuzzy interval with 

the value a .

A fuzzy set >1 in R in called an fuzzy open interval with the value 

a for cv € Iq or simply fuzzy open interval iff S(A) is an open interval 

(a,b) and

a if x e S(A),

0 otherwise.

In this case, we shall denote by (a, 5)a. Similarly, we can define the 

other fuzzy intervals with the value cv, [a, 이아, [a, 6)Q, (a, 6]아, where 

a = —oc and 6 = oo are admissible.

Definition 1.3. [3] A fuzzy set 刀 in R is called an open fuzzy set 

if and only if for every x € S(A) and for every 0 < A < there 

exits an e > 0 such that (:r — c, ⑦ + 6)入 C A.

Proposition 1.1. Let U be the family of all open fuzzy set in R. 

Then U satisfies the following:

(1) For each a e I, (—oo,oo)a € U, where (—00,00)0 means the 

empty set.

(2) If {Ai e U\i e I}, then UieIAi e U.

(3) If A, B e U, then Ar\B EU,

The family U in the above proposition is called the usual fuzzy 

topology for R and the pair (R, U) the usual fuzzy topological space.
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Definition 1.4. Let (R,Z7) be a usual fuzzy topological space, 

and x\ e Then a mapping f : —> FP(W) is said to be

fuzzy continuous at x\ if for each open neighborhood V of f(、x\), there 

exists an open neighborhood U of x\ such that f(U) C V. And the 

mapping f is said to be fuzzy continuous on R if it is fuzzy continuous 

at each x\ G

Definition 1.5. [4] A usual fuzzy real sequence < ⑦g? > converges 

to a fuzzy point xa ifa:(n)—今 x and an —今 ct, that is 己(冗쎄 ⑦아) —今 0a. 

Thus, we have that ―今 xa if for any given c > 0 there exists 

a natural number N such that n > N implies |rr(n)— 씨 < e and 

\an — cv| < g. In this case, xa is called the limit of < >•

Proposition 1.2. A fuzzy sequence can converge to at most one 

fuzzy point of R.

Proposition 1.3. Let < >—> xa and < y삐 >—> yp. Then,

we have the followings;

< 士 > converges to xa ± yp.

For any given k斗 G FP(W), < > converges to (fcj;)7Aa.

< 拙y삐 > converges to (xy)a^.

Let y幻1〉Q for all n eN and let ?/ 尹 0. Then, < /y&g > 

converges to {x/y)a^p.

Here, x띠 土 y찌 = (:z:(")士 洪刀아人유 :忌句賈 = (꼬(nVn))a„/\/3„ and 

拙/y빠 = (셔"y{n) 羊 o.

Corollary 1.4. A fuzzy set A in R is bounded iff S(A) is bounded 

in ordinary set R.

Definition 1.6. A usual real fuzzy sequence < > is said to

be bounded if < j：(n)> is bounded, i.e., there exists a real number 

M > 0 such that \x^\ < M for all n G N.
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Proposition 1.5. A convergent sequence of real fuzzy points is 

bounded.

Remark. A sequence < ⑦사? > is bounded if and only if the set 

e 2V} is bounded in

2. Uniformly fuzzy continuous
Definition 2.1. [5] A function f from a subset D of jF^(R) into 

is called a usual fuzzy real function.

Since we may identify a fuzzy point xa in R with the point (x, a) 

in the plane, it is natural to define the following.

Definition 2.2. [5] A subset C of」F}(R) is called a usual fuzzy 

curve if the subset {(rr,a)\xa € C} of R2 is a curve, i.e., there is a 

continuous function c from an interval [a, 이 in R onto {(⑦, o)\xa G C} 

in R2. In this case, we say that C is a curve from the fuzzy point c(a) 

to the fuzzy point c(b) or c(cz) and c(b) are joined by C.

Definition 2.3. [5] A subset D of 2}(R) is said to be fuzzily 

connected if every pair of fuzzy points xa and yp in D can be joined 

by a curve that lies entirely in D.

Note that we have

Df= U ( U 흐)’

xE.S(Df) 0<A</ijDy (x)

where S{Df) is the support of Df. In this reason, we may identify 

a fuzzy set Df in R with the subset D = {x\\x G *S(」Dy),0 < A < 

/AO jO)} of 7}(R).

Definition 2.4. A subset D of」F}(R) is called a (fuzzy) domain 

if it is connected and there is a fuzzy open set Df such that D = 

{xx\x e S(」D/),0 < A < D is called a fuzzy open (closed)

domain if S(Z)y) is a open(closed) interval in R .
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In R2, we say that (x,y) approaches (a, &), written (rr, y) (a, 6) 

if x approaches a and y approaches b. In this reason, it is natural to 

say that :z:入 approaches tza, written x\ aa if x a and A —今 ce.

Definition 2.5. Let D be a (fuzzy) domain and let / be a function 

from D into Fp(W), We say that f has the limit Ip G」F}(R) as 

x\ approaches aa, written lim：^—f(x〉〔) = Ip or /(⑦入) —> Ip as 

x\ aai provided that for any given e > 0 there is a 5 > 0 such that 

\x — a| < 5, |A — /키 < 5 and x\ E D — aa imply |S(/(j；a)) — l\<e and 

|V(/(xa)) — /3| < e, where V(/(^a)) is the value of the fuzzy point 

/(◎)•

Proposition 2.1. Let D be a domain and let j\g : D —斗 

If lim /(久入) = s사 and lim g(xx) = ty, 
XX ~Xx

(1) lim [/(xA) + 少⑦入)] = = (s + t)M/\p.
x\—^aa

(2) lim If— g(xx)] = 外—tu = (s — i)MA가
⑦ A ―y(l(x

(3) For any given le, lim [스/(⑦入)] = les나 = (ls)e人}

(4) lim [/(鉛入)以(：27入)] = Sptu = (st)p~,.
⑦ A —+⑴ a

(5) Let 0 g S(^(jD)) and let i 于 0. Then, lim [/(冗入)/以(冗入)] =
⑦入一

으 pjtif = (s/i)^Ap-

Remark. Let Z) be a domain and f : D -今 2하(R). We define 

that f is fuzzy continuous at aa e D if lim：》—사/(◎) = /(aQ).

Definition 2.6. A function f : D ―> 2}(R) is said to be bounded 

on D if 5(/(Z))) is bounded on R. That is, there is M > 0 such that 

|S(/M)|<M for all^ eP.

A mapping is bounded if its range is a bounded fuzzy set in 2고 (R).

Theorem 2.2. Let D be a fuzzy closed bounded domain and let 

f : D —今」F》(R) be fuzzy continuous on D. Then f is bounded on D.

Proof. Suppose that f is not bounded on D. Then, for any n G N, 

there is a fuzzy point:rg? € D such that |S(/(a:(지))| > n. Since D is



UNIFORMLY FUZZY CONTINUOUS ON THE FUZZY REAL LINE 175

bounded, the fuzzy sequence < XaJ > is bounded. Therefore, there 

is a subsequence < ⑦幻? > of < > that converges to a fuzzy

point xa(a 羊 0). Since S(D) is closed and the elements of < >

belong to Z), xa G D. Hence f is fuzzy continuous at xa , so that

< /(：z뻬) > converges to The convergent fuzzy sequence

< /(⑦수:이) > must be bounded. But this is a contradiction. □

Definition 2.7. Let jD be a domain and let / :—>」F；(R). We 

say that f has a maximum on D. if there is a point M\ 6 D such that 

«f(Mj > f(xa) for all xa e D. We say that f has a minimum on D 

if there is a point e D such that f(m〕) < /(xa) for all xa G D. 

M\ is a maximum fuzzy point for / on P, and mM is a minimum fuzzy 

point for / on D if they exist.

Theorem 2.3. Let D be a fuzzy closed bounded domain and let 

f ： D -스 Fp(W)be fuzzy continuous on D. Then f has a maximum 

and a minimum on D.

Proof, Consider the non-empty set f(D) = {f(xa)\xa € D} of 

values of f on D. Then f(D) is bounded. Let (昌*)入 = sup/(£>), 

(昌*)사 = inf f(D). We claim that there exist points Ma and m乃 in D 

such that(5*)a = f(Ma) and (s*)아 = /(m心). Since (s*)A = sup/(」D), 

if n G N, then the point(5* — 느)入 is not an upper bound of f(JD).

Consequently there exists a point G D such that

(s* — < /CEj?) < (呂*)入 for n e N.

Since D is bounded, the sequence X =< > is bounded. There

is a subsequence Xf =< > of X that converges to some point

Ma. Since D is a closed domain and the fuzzy points of Xf belong 

to D, Then Ma G D, Therefore f is fuzzy continuous at Ma so that 
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lim < /(心게) >= f (Ma). It follows that

(s* — })“/«；)) 引s*)A for ne N.

I Lfp

We conclude that lim < /(⑦쎄) >= (昌*)入. Therefore we have

/(Ma) = lim < /(⑦恩；)) >= (Oa = sup/(」D).

We conclude that Ma is a maximum point of f on D. Similarly m乃 

is a minimum point of / on Z). □

Corollary 2.4. Let D be a fuzzy closed bounded domain and let 

f : D -今 2}(R) be a fuzzy continuous function such that >

0 for each xa in D. Then there exists a fuzzy point n\ such that 

f(xa) > nx, n > 0 for all xa in D.

Definition 2.8. Let D be a domain and f : D -수 2고p(R). We say 

that f is uniformly fuzzy continuous on D, if for each e > 0, there is 

a 5(e) > 0 such that if xaj yp E D and if \x — y\ < 5(c), \a — (3\ < 5(e) 

then \S(f(xa)) — 日(/(卵))| < e, |V(/(^Q)) — 으(/(卵))| < e.

Theorem 2.5. Let D be a closed bounded domain and let f : 

D —> Fp(W) be fuzzy continuous on D. Then f is uniformly fuzzy 

continuous on D.

Proof. If f is not uniformly fuzzy continuous on D then there exists 

co > 0 and two sequence < > and < > in D such that

I셔지 一 y^\ < n’ lQn “ ^1 < n 히1d 1日(/(》셰)) 一 之 e0,

I우(/(⑦??)) — 以(/(?4삐))1 之 €o, for all n € N. Since D is bounded, the 

sequence < > is bounded. Then there is a subsequence < >

of < :r恩 > that converges to an element xa. Since D is closed, the 

limit xa belongs to D. It is clear that the corresponding subsequence 

< > also converges to ⑦Q, since

⑵(H)- x\ < |以(*너 一 ⑦(nfe)| + I⑦(’아J — x\.
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Now if f is fuzzy continuous at xai then both of the sequences

< 브) > and < 이어) > must converges to But this is
Pn 휴

not possible since

KfCEJ)) —W(<)))Ho,

for all n € N. □

References

1. C.K.Wong, Fuzzy points and Local properties of Fuzzy Topology, J. of Math. 
Anal, and Appl 46 (1974), 316-318.

2. G. Gerla, On the concept of Fuzzy points. Fuzzy Sets and Systems 18 (1986), 
159-172.

3. J.Y. Choi and J.R. Moon, Usual Fuzzy Metric Space and fuzzy Heine-Borel 
Theorem, Proceedings of KFIS Fall Conference 5 (1995), 360-365.

4. J.Y. Choi and J.R. Moon, Some Sequence in the Fuzzy Real Line, Proceedings 
of KFIS Spring Conference 6 (1996), 308-311.

5. J.Y. Choi and J.R. Moon, Limit Properties in the Fuzzy Real Line, Proceed
ings of KFIS Fall Conference 7 (1997), 65-68.

6. O.Kaleva and S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems 12 
(1984), 215-229.

7. Pu Pao-Ming and Liu Ying-Ming, Fuzzy topology I. Neighborhood structure of 
a Fuzzy point and Moore-Smith convergence, J. of Math. Anal, and Appl. 76 
(1980), 571-599.

Department of Mathermatics

Chungbuk National University

Cheongju 361-763, Korea


