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GENERALIZED REGULAR HOMOMORPHISM

JUNG OK YU

Abstract. In this paper, we introduce a generalized regular homo
morphism as the extending notion of the regular homomorphism.

In [1], J. Auslander introduced regular minimal sets which are the 

universal minimal sets for certain properties. The class of regular min

imal sets is shown to coincide with the minimal right ideals of envelop

ing semigroups of transformation groups. The classification of minimal 

sets has been strengthened and extended by consideration of homomor

phisms.

In this paper, we introduce a generalized regular homomorphism, in 

connection with a certain subset of the automorphism group Q of the 

universal minimal set (M, T), as the expending notion of the regular 

homomorphism defined by P. Shoenfeld ([6]).

Throughout this paper, (X, T) will denote the transformation group 

with compact Hausdorff phase space X. A closed nonempty subset A 

of X is called a minimal subset if for every x e the orbit xT is 

a dense subset of A. A point whose orbit closure is a minimal set is 

called an almost periodic point. If X is itself minimal, we say that it 

is a minimal set.

The compact Hausdorff space X carries a natural uniformity whose 

indices are the neighborhoods of the diagonal in X x X. Two points x 

and g of X are called proximal provided that for each index a of X,
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there exists a i € T such that (xt, yt) e a. The set of all proximal pairs 

is denoted by F(X).

A continuous map 7r from (X, T) to (匕 T) with 7r(xt) = {x E 

X) is called a homomorphism. If Y is minimal, 7r is always onto. 

Especially, if 7r is onto, tt is called an epimorphism. A homomorphism 

7r from (X)T) onto itself is called an endomorphism of (X, 7), and 

an isomorphism 7r : (X, T\ —> (X, T) is called an automorphism of 

(X, 7). We denote the group of automorphisms of X by 4(X).

The enveloping semigroup of denoted E(X), or E is defined 

to be the closure T in Xx providing with its product topology. The 

enveloping semigroup E(X) is thus a compact semigroup in Xx. The 

minimal right ideal I is the nonempty subset of E(X) with IE C L 

which contains no proper nonempty subset of the same property.

Definition 1. Let (X, T) be a transformation group. Two points 

x and x1 are said to be regular if h{x) and xr are proximal for some 

automorphism h of X. The set of all regular pairs in X is denoted by 

R(X).

Definition 2. Let T be an arbitrary topological group. A minimal 

transformation group (M, T) is said to be universal if every minimal 

transformation group with acting group T is a homomorphic image 

of The group of automorphisms of (虬 T) is denoted by Q.

Given a minimal transformation group (X, T) and a homomorphism 

7 : Af —> X, we define G(X, 7) = {a £ $ | ya = 7}.

Definition 3. ([6]) Let (X/T) and (Y,T) be minimal transforma

tion groups and let (M, T) be a universal minimal set. A homomor

phism 7r : X T Y is said to be regular if for given 丁 ： M T X and 

6 : M X with Trd = 7T7, there exists an automorphism h : X X 

such that hS = y and 7rh = 7r.

Lemma 1. Let (M, T) be a universal minimal set, (X)T) a minimal 

set, and let 7 : M X be a homomorphism. Let (皿 xf) be an almost 
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periodic point of (X x X, T). Then there exists an m E M and an 

automorphism a e G such that 7(m) = x and ya(m) = *.

Proof, Let (x,xr) be an almost periodic point of (X x X, T). Then 

there exists an almost periodic point (m, m') e M x M such that 

7*(m, mf)=(气*), where 7* : MxM-^XxX is defined by 

7*(m,mf) =(7(m),7(m,)). Since M is regular minimal, given m and 

there is an ce € such that

a(m) = mf .

Therefore, y(m) = x and ^a{m) = 了(诚)=xf. □

Let (M)T) be a universal minimal set and let (X, T) be a minimal 

transformation group. Given a homomorphism 7 : M X and an 

automorphism 力： X T X, let

&(X, 7)= {a £ 0 I hya = j }.

It is clear that if we take h = then &(X, 7) coincides with G(X, 7). 

For a homomorphism 冗： X —and an automorphism k : Y —> Y, 

Sk(Y, 7T7)is defined obviously.

Remark 1. S%(X,7) is nonvoid for each h e A(X). In fact, let 

x e X. Then £ X xX is an almost periodic point. Therefore,

there exist an m e M and an a G such that 7(m) = h{x) and 

7a(m) = x by Lemma 4. Thus,

h^a{m) = h{x) = 7(m),

which implies that a e S%(X点).

For a given h G A(X), let us set

Rh(X) = {(%*) € X X X I (zM(矿))G」P(X) }.

Then the set of all regular pairs R(X) can be written as the union of 

all!认(X) 0£0(X)).
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Remark 2. Let (X, T) be a minimal set and let (z, xf) be an almost 

periodic point of (X x X)T、). Then (%,/') G Rh(X) if and only if 

h(xf) = x.

A subset Sh，(X)7) of Q plays an important role to define a generalized 

regular homomorphism. Let a G & (X点)for some a E G and let 

m e M. Then (m,a(m)) is an almost periodic point of (M x M,T). 

Define 7(m) = x and ^a{m) = xf. Then (rr, x1) is also an almost 

periodic point of (X x X)T). Since a G S九(X,y), we obtain that

h(xf) = h^ya{m) = y(m) = x .

We conclude that a € &(X点)implies that there exist x and x' such 

that (气矿)is almost periodic and (or, x1) e &(X).

Now, conversely, suppose that there exist x and x' in X such that 

(x, x1) € X x X is almost periodic and {x.x1) e Rh(X). Then by 

Remark 2, h(xf) = x. Since is almost periodic, there exist 

m e M and a e Q such that 7(m) = x and = xf by Lemma 4. 

Therefore,

hya(m) = h，(矿)=x = 7(m),

나lat is, hya = 7 and that a € S%(X点).

The next theorem follows from the discussion in the previous para

graph.

Theorem 1. Let (X, T) be a minimal transformation group, (M, T) 

a universal minimal set, h E A(X) and 7 : M X be a homomor

phism. Then the following are equivalent ;

(1) a e Sh，(X)7) for some a e G .

(2) There exist x and. x1 such that {x, xr) is an almost periodic point 

of (X x X’T) and e &(X).

The following theorem is analogous to Theorem 1 ([2]).
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Theorem 2. Let (X, T) and (K T) be minimal transformation groups, 

(M, T) a universal minimal set and let tt : X Y, y : M X be 

homomorphisms. The following are equivalent ;

(1) There exists 奶 xf e X with (7r(x),7r(xf)) e J?(y)such that 

(財)i R(X).

(2) a e Sa； (y, 7F7)— Sn (-V, 7)for some k 6 A(K) and for all h e，4(X).

Proof. (1)二》(2) : Let %, xf e X with(7「(z), 7「(z')) G J?(y). Then

7T(E)q = k7V(w')q

for all q in a minimal right ideal J in E(Y) and for some k G X(F). 

Let v be an idempotent of J. Then = v for some idempotent u in 

E(X),where 亓:(E(X\T) —> (E(Y), T) is the epimorphism induced 

by 7r. It follows that

7T(XU)= 7F(J；)7f(?Z)= 7T(X)V = klT(X^V =加「(Z‘)亓(")=加【(廿 U).

Since {xu^ xfu) = {xu^ x'u)u^ (xu^ x'u) is an almost periodic point of 

(X x X, 7). By Lemma 4, there exist m e M and a € Q such that

7(m) = xu and ^a{m) = xfu.

It follows that

加耳 a(m) = k7((xfu)=加「(矿)0 = — = 7T7(m)

and thus a e 风(匕"y). Furthermore, (xu^ xfu) £ because 

(rr, xf) £ 刷X). Thus h[xu)尹 xfu for all h G A(X), that is, hya(m)丰 

7(m), which shows that a £ S/JX, 7).

(2) 二> (1) : Let m e M and let a e S%(匕 ”)—&(X点)for some 

k E A(Y) and for all h £ 厶(X). Then (m, a(m)) is an almost periodic 

point of (M x M, T). If we put x = 7(m), x1 = then (rr, x1) is 

an almost periodic point of (X x X, T). Since a e 风(匕 冗了) — &(X,",

tt(x)二二 7T7(m) = k7rya(rn) =
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for some k e A(y), but

h{x') = h^a{m)多 7(m)二二 x

for all h e &X). Therefore, by Remark 6,(7「(z)/(*)) G R(Y), but 

(气 *)#R(X). □

Definition 4. Let (X)T) and (K, T) be minimal transformation 

groups, (M, T) a universal minimal set and let k E A(Y). A homomor

phism 7r : X T Y is said to be k-regular if for given 7 : M -> X,

6 : M X with k7r6 =爪丫 there exists an /z 6，4(X) such that 

h8 = q and kir = 7다1.

Remark 3. If we take k = ly, the identity of 4(F), then k-regular 

homomorphism coincides with regular homomorphism.

Lemma 2. ([2]) Let (X, 7) be a minimal transformation group, 

(M, T) a universal minimal set and let 7 : M T X and. 5 : M X 

be homomorphisms. Then there exists an a E G such that 5 = ya.

Theorem 3. Let (X, T) and (匕 T) be minimal transformation groups, 

(M, T) a universal minimal set k e A(Y) and let tt : X Y,

7 : M T X be homomorphisms. The following are equivalent;

(1) Sk(Y, 7T7)C &(X, 7) for some h G &X).

(2) For any x,xf e X with (x, x1) almost periodic and 兀(了)) G 

Rk(Y), there exists an h e A(X) such that

h(x') = x and 1다1 二二 kir.

Proof. (1) => (2) : Suppose that 风(匕 7「/) C &(X点)for some h E 

A(X). Let X, x' € X with (:饥*) almost periodic andG 

Rk(Y)- Since (以矿)is almost periodic, there exist m e M and a e Q 

such that 7(m) = x, ga(m) = x' by Lemma 4. Since「(女'))is 

almost periodic and (7「(⑦)，冗(*)) £ RkiY)- From Remark 6, we obtain

辰7「(3') =
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and

人mja(m) = &(z') = 7「(z) = 7耳(丁n).

This 아lows that a G 风(匕my), and by assumption a e S%(X,g) for 

some 力 € w4(X). It follows that

h(矿)= hya(m) = 7(m) = x

and

7rh(xf) = 7T(X)= &7r(j/).

that is, h(矿)=x and irh = kn.

⑵=> (1) : Let a 6 风(匕 ”).Then by Theorem 7, there exist g, yf in 

y, such that (y,矿)is almost periodic and (饥矿)e R人;(Y). Since (g, yf) 

is an almost periodic point of (Y x 匕 7, 난iere exists almost periodic 

point (%*) E X x X such that 亦(⑦*) =(7「(z), r(%')) = (g,矿)，where 

亦:XxX->YxYis the homomorphism induced by % : X -^Y. 

Therefore, by assumption, 나lere exists an /i G 厶(X) such that h(xf) = x 

and 7다i = k7r. Since (z,*) is an almost periodic point, there is an 

(m, m1) in M x M such that 7(m) = x and 7(mz) = xf. Define 

a(m) = m!. Then,

7(m) = x = h(xf) =

we conclude that hya = 7 and thus a e S%(X, 7). □

Theorem 4. Let (X, T) and (匕 T) be minimal transformation groups, 

(M T) a universal minimal set k € 4(F) and let tt : X Y, y : M 

X be homomorphisms. The following are equivalent ;

(1) 7r is k-regular.

(2) Sk(Y,7ry) C Sh(X,y) for some h E A(X).

Proof. (1)二》(2) : Let a e 风(匕 7"). Then 加耳a =7T7- Put S = 

ga. Since tv is k-regular, 난lere is an /z 6 厶(X) such that hqa = h6 = 丫 

and 7r/z = km This show that a e S%(X, 7).

(2)二》(1) : Let 7,5 be given with 膈d = 7耳.By Lemma 11, there 

is an a € G such that 8 = *匕 and so k叫a = kir6 =不* that 
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is a e 风(匕 h). By assumption, we have a € S》(X, 7) for some 

h G -A(X), and therefore,

h6 = hya = 7.

Now, let m E M. If we let x = ya(m) and x' = 7(m), then

= kTrya(m) = 7T7(m) = 7r(z') =

which shows that

k7r = 1다1.

Therefore, tt is k-regular. □

Proposition 2.2.8([6]) is the corollary of Theorem 3 and Theorem 4.

Corollary 5. Let (X, T) and (K, T) be minimal transformation 

groups, (A么 T) a universal minimal set and let tt : X —> 7 : M

6 : M X be homomorphisms. Then the following are equivalent ;

(1) % is regular.

(2) G(Y, %7)C &(X点)for some h 6 4(X).

(3) For any two points x^xf E X with tt(x) = 7「成)：there exists an 

h e 4(X) such that (re, xf) G &(X) and 1다1 = 7T.

(4) For any two points x,xf e X with (x, xf) almost periodic and

= 4(*), there exists an h e &X) such that h{x') = x and 

7rh =冗.
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