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ON THE HENSTOCK INTEGRAL

Dong IL Rim and Won Kyu Kim

Abstract. In this paper we prove a controlled convergence theorem 
for the Henstock integral by using new conditions.

1. Introduction
In the 19505s J. Kurzweil and R. Henstock independently gave a Rie

mann Complete type integral, called the Kurzweil-Henstock integral (or 
KH-integral/H-integral). It has been proved that this integral is equiv
alent to the special Denjoy integral. Therefore the Henstock integral 
contains the Newton, Riemann and Lebesgue integrals. In 1985, P. Y. 
Lee and T. S. Chew [6, 7] gave the controlled convergence theorem. 
But we want to find a better convergence theorem. In this paper, using 
the UACG$ property, we give a controlled convergence theorem.

First we introduce some necessary terms. Throughout this paper 
D will denote a finite collection of non-overlapping tagged intervals in 
[a, &]. For D = {(如 [(切 씨) : 1 < i < N), we will write

N N
f(D) = E /(圮0 -酊，F(D) = £(F㈤— 

i=l i=l

N
and 卩(D) = £(& 一 ％).

2=1
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Let 5 be a positive function defined on 叵이. We say that D is 
subordinate to 8 if [冬(시 C (切「3("), ti + 机左)) for each i and that D 
is subordinate to 6 on [a, b\ if in addition P is a partition of [a, b\. A 
real-valued function / is said to be Henstock integrable to A on a closed 
bounded interval [a, b\ if for every e > 0 there is a function 机& > 0 
such that whenever a division D given by

a = xq < Xi < •― < xn = b

satisfies 0 < ^ — ^ <(5(&) and 0 < ^ — Xi-i <(5(&) for z = 1, 2,..., n 
we have

I- 시 VM, 
2=1

or alternatively,

where [u, v] denotes a typical interval in D with — 5(^) < u < ^ < 
v < 6 + d(f). Such a division Z) is said to be compatible with(5(g).

2. Preliminaries
Definition 2.1. (a) A function on [(為 이 is ACG? on X C [a, 6] if 

X is the union of a sequence of subsets Xi such that F is AC；(XJ for 
each i) i.e., for every e > 0 there are 〃 > 0 and > 0 such that 
for any 5-fine partial division/? = {([s 이M)} with g € * satisfying 
0)) £ k丿 — 씨 V 〃 we have 0)) £ |」F(s 7丿) | V 6.
(b) The sequence {Fn} is UACG? on X CZ [a, b\ if X is the union 
of a sequence of subsets X/ such that {Fn} is UAC/(X/) for each i〉 
independent of n.

Definition 2.2. Let {Fn} be a sequence of functions defined on 
[a, b\ and let X C [a, 이 be measurable.
(a) The sequence {Fn} is P-Cauchy on E if {Fn} converges pointwise 
on X and if for each 5 > 0 there exist a positive function 6 on X and 
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a positive integer N such that \Fn(D) — Fm(D)\ < e for all m.n > N 
whenever D is X-subordinate to S.
(b) The sequence {Fn} is generalized P-Cauchy on X if X can be 
written as a countable union of measurable sets on each of which {Fn} 
is P-Cauchy.

Define fx (⑦)=f(^) when x E X and fx (工)=0, otherwise.

Theorem 2.1. Let the following conditions be satisfied:

(i) fn,x(X) —> fx(硏 almost everywhere in [q, 이 as n T oo where 
each is Henstock integrable on [a, 이;

(ii) the primitives Fn)x of £z,x are tZAQ(X) with closed set X in 
叵 이.

Then fx is Henstock integrable on [a, 이 with the primitive Fx.

Proof. By (ii), for every 5 > 0 there exist a 5(^) > 0 and an 77 > 0, 
both independent of n, such that for any 5-fine partial division D of X 
satisfying

씨 < v we have (D) I死,x(Mu)| < &

By EgorofFs theorem, there is an open set G with |G| < 77 such that

& 一 /m(OI <8 for n,m> N and 提 G.

Consider the following, in which D is a 5-fine division of [x^ y] and 
D = Di U D2 so that contains the intervals with the associated 
points 匚 牛 G and D2 otherwise,

|7《,x(z,—死z,x(：S3/)| — I (D)，[{死,x(s©)-死i,x(sv)} I

< (玖)£|」％占(％。)— £璀代)(。一饥丨

+ (玖)£ I Fm,X(U, V)- -们 I

+ (玖)£ I 嵐X(£)-・fm,X(E) I 一 饥

+(如£| 死,x(u)|
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+ (Q2)£|Pm,X(3)|

6(4 4- b 一 o).

Hence, for any partial division D of [a, b\ we have

I (Z)) £{{%,x(叩丿)-环,x(%©)} I < for n,m>N.

Therefore the sequence {死,x} is generalized P-Cauchy on [a, b]. By [2, 
Theorem 13.32], fx is Henstock integrable on [a, b] with 난le primitive 
Fx. □

Definition 2.3. (a) A sequence {Fn} of functions is uniformly-AC7 
on X whenever to each s > 0 there exist 77 > 0 and a gage d : X 
such that

sup £ Fn(JQ 一 Fn(Lh) < & (1)
n JkEPi LheP2

for each & € [](X; d) with

I (UA) A (UP2) I < 77. (2)

(b) A sequence {凡} of functions is uniformly-ACGV on [a, 이 if [a, b] = 
l赤X/ where Xi are measurable sets and {7%} is uniformly-AC7 on each 
冷.

Proposition 2.2.】「f {死} is uniformly-ACG7; then {7%} is 
uniformly-A CG}.

Proof. Let [a, 이 = UK be such that {死} is uniformly-AC7 on each 
Xi. So to each e > 0 there exist a constant r] > 0 and a gage 6 
on each Xi such that (1) holds for each Pi, 7^ € H(X/；d) satisfying 
condition (2). Take D = {(&,c시叫)}當 with ^k\dk — 이 V 77 
and put P\ = {([야:, ""J •加(九) N 0}, P2 = {([이"시,：硃) :

Fn(아：) 妃 < 0}. So |(UFi) △ (UP2)| = \U D\ = 一 에 V 77
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and (2) holds. Then by (1)

半£ I死(張妃| = sup] £ Fn(ck,dk) - £ Fn(ck,dk) I < s
(Cfc,^fc)GPi (Cfe,dfc)G/^2

Hence {7%} is uniformly-ACG^. □

We get following theorem by Theorem 2.1 and Proposition 2.2.

Theorem 2.3. Let the following conditions be satisfied:

(i) Jh,x(X) -> almost everywhere in [a.b] as n T oo where 
each jn,x is Henstock integrable on [a, b];

(ii) the primitives F%x of J、,x are UAC^(X) with closed set X in 
秘, 이.

Then fx is Henstock integrable on [a, 6] with the primitive Fx.

3. Controlled convergence theorem

Definition 3.1. Let F ： [a, 6] R and let X c 叵 이. A function 
F is A(" on X if for each e > 0 there exist a positive number rj 
and a positive function 6 on X such that |F(D)| < § whenever D is 
subordinate to 毎 all of the tags of D are in X, and 卩(D) v A 
function F is ACG§ on [a, 6] if [a, &] is the union of a sequence of set 
{Xi} such that the function F is AC^XJ for each i.

Definition 3.2. Let F ： 血 이 t 1R and let X c [a, b], A function F 
is 厶Q*(X) if for every s > 0 there is 〃 > 0 such that for every finite or 
infinite sequence of non-overlapping intervals {[akl 써} with ak,bk e X

£ 1% - 서 < 〃 implies £心(卩; [ak,bk]) < e 
k k

where s denotes the oscillation of F over [ak,bk]. A function F is 
AC이* on 0, 이 if F is continuous and 旗 이 is 나le union of a sequence 
of sets {Xi} such that the function F is AC*(Xj for each i.
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Proposition 3.1. A function F is ACG^ on [a, b\ if and only if it 
is ACG* on [a, 이 .

Proof. See [3, Theorem 5, Theorem 6]. 口

Theorem 3.2. The following conditions be satisfied：

(i) —> /(rr) almost everywhere in [(為 이 as n —> oo where each 
fn is Henstock integrable on [a, b\;

(ii) the primitives Fn of fn are UAC시#

(in) the sequence Fn converges uniformly to a continuous function F 
on[a^b\.

Then f is Henstock integrable on [a, 이 with the primitive F.

Proof. By condition (ii) there exists a sequence {*}, [a, 이 = U酒* 

such that Fn e UAC^ in Xi a bounded, closed set with bounds a and b 
and put X = 丿如. Since Fn F everywhere on 皿 이 by (iii), we have 
F E AC* on X and hence F € AC시# on 皿이. By Proposition 3.1, 
F e AC* on X and hence F e ACG* on [a, 이 and also F € AC 
on X and hence F € ACG on 皿 이. Now we prove Ff(x) = f (工) 
almost everywhere on [a, b\. Let Gn : 叵 이 一> R equal Fn on and 
extend Gn linearly to the closed intervals contiguous to X. Likewise 
we define G from F. We see that Gn and G are uniformly absolutely 
continuous on [a, 비. First we will prove G'(z) = f{x) almost everywhere 
on X. By (iii) Gn(x) T G(x) on 叵 이. Let 。시, & = 1,2，… be the 
intervals contiguous to X. Then we have \Gfn(x)\ < M加s E (야;,亦), 

n = 1, 2,..., and hence for A; = 1,2,..., {Gn} € AC(杷加 (시) uniformly. 
Further,

加 = 也씌二也으丄 xe(ck,dk).
dk ~ck

Consequently, Gfn(x) converges on (c加血))Zc = 1,2,.... Hence G'n con
verges on [a, 비 almost everywhere. Since {Gn} G AC on X uniformly, 
then G^x) = fn(x) on X and Gfn(x) = fn(x) T f(x) on X. Therefore



ON THE HENSTOCK INTEGRAL 101

by [7] Corollary 7.7, G'(x、) = g(w) = f{x) = F'{x) almost everywhere 
on X. Thus F'{x) = almost everywhere on 叵 이 by Theorem 2.1. 
Therefore there exists an ACG# function F on [a, b\ such that Ff = f 
almost everywhere on [a, b\. Hence / is Henstock integrable on 叵 이 

with the primitive F by [2, Theorem 9.17]. □

References

1. R. A. Gordon, Another approach to the controlled convergence theorem, Real 
Analysis Exchange 16 (1990-91), 306-310.

2. , The integrals of Lebesgue, Denjoy, Perron, and Henstock, A. M. S., 
(1994)

3. R. A. Gorden, A descriptive characterization of the generalized Riemann inte
gral, Real Analysis Exchange 15 (1989-90), 397-400.

4. J. Kurzweil and J. Jarnik, Equiintegrability and controlled convergence of 
Perron-type integrable functions, Real Analysis Exchange 17 (1991-92), 110- 
139.

5. K. Liao, Two type of absolute continuity used in Henstock and AP integration 
are equivalent, Real Analysis Exchange 19 (1) (1993-94), 212-217.

6. P. Y. Lee and T. S. Chew, A better convergence theorem for Henstock integrals^ 
Bull. London Math. Soc. 17 (1985), 557-564.

7. P. Y. Lee, Lanzhou lectures on Henstock integration, World Scientific, 1989.
8. , Generalized convergence theorems for Denjoy-Perron integrals^ New 

Integrals, LN 1419, Springer-Verlag, 1990.

Dong IL Rim
Department of Mathematics, College of Natural Sciences, Chungbuk 
National University, Cheongju 361-763, Korea

Won Kyu Kim
Department of Mathematics Education, Chungbuk National Univer
sity, Cheongju 361-763, Korea


