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ON SIMPLE EXTENSIONS OF ^-FRAMES

Seung On Lee and Eun Ai Choi

ABSTRACT. In this paper, we introduce sub-(5-frames and simple ex­
tensions on a d-frame, and study their properties.

1.Introduction
The study of topological properties from a lattice-theoretic view­

point was initiated by H. Wallman [11]. In particular, C. Ehresmann 

[5] and J. Benabou [2] took the decisive step of regarding local lattices 

as generalized topological spaces in their own right. Such a local lat­

tice is called a frame, a term introduced by C. H. Dowker and studied 

by D. Papert [4], J. R. Isbell [8], B. Banaschewski [1], P. T. Johnstone 

[9], Jorge Picado [10], and J. Wick Pelletier [12].

We note that continuous lattices and frames are characterized by 

certain distributive laws. We also note that a frame L is a complete 

lattice but in the theory of frames, we use only finite meets. Consid­

ering countable meets, we will get more properties of frames.

In this paper, a partially ordered set is also called a poset. If < is 

a partial order on」L, the smallest (largest, resp.) element of L, if it 

exists, is the element 0 (e, resp.) such that 0 < x (x < resp.) for 

each x e L. Smallest (largest, resp.) elements are unique when they 

exist, by antisymmetry. We call 0 (e, resp.) the bottom (top, resp.) 

element of L. From now on, we denote a poset (Z, <) simply as L.
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Definition 1.1. Let L be a poset. We say that L is :

(1) a lattice if every finite subset of L has the least upper bound 

and the greatest lower bound.

(2) complete if every subset A of L has the least upper bound 

and the greatest lower bound.

Definition 1.2. A map f ： S — T between two posets S and T 

is called an isotone if for a < & in *S, f(a) < /(b) in T.

Definition 1.3. Let S and T be posets and let / : S' —> T and 

우 : T —今 S be isotones. Then (/, g) is said to be an adjunction or 

a Galois connection between S and T provided for any x e S and 

y E T, f(x) 으 y iS x 冬 g(y). In this case, f is said to be a left adjoint 

of g and g a right adjoint of /, and we write / 너

Every left adjoint preserves joins and every right adjoint preserves 

meets when they exist. Furthermore, let S be a complete lattice and 

T a poset, then / : S —-> T is a map which preserves joins iff f is an 

isotone and f has a right adjoint. Dually, a map f : S — T preserves 

meets iff f is an isotone and f has a left adjoint.

Definition 1.4. Let」E* be a set, ACE and R an equivalence 

relation on E. Then A is said to be saturated with respect to R if for 

each x E [x] C A.

Definition 1.5. ([6]) A complete lattice L is called a frame (or 

complete Heyting algebra) if for any a e L and S 으 L, a /라J S) = 

V{ a A : s E S }.

Definition 1.6. ([3]) A frame L is called a 6-frame if for any 

a e L and countable subset K of L, a V (/\ K) = /\{a V A: : fc € K}.

Definition 1.7. Let L and M be frames(5-frames, resp.). Then 

a map f : L ——> M is said to be :

(1) a homomorphism(6-homomorphism, resp.) if f preserves finite 

(countable, resp.) meets and arbitrary joins.
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(2) dense if = 0 implies ⑦ = 0.

Given a frame I』and :r, y E L, we denote x — y = \/{z E L: x A 

之 < y}, so that x/\z<yiSz<x^y.

Definition 1.8. A frame homomorphism / : L 3 M is said to be 

open if for x, y € L, f(x -스 y) = f(x) —> f(y).

Definition 1.9. Let L be a quasi ordered set and F C L. Then we 

say that F is a filter (6-filter\ resp.) on L if F satisfies the following :

(1) F does not contain 0.

(2) F = ^F = {xeL:a<x for some a E 2고}.

(3) For any finite (countable, resp.) subset K of F, there is a e F 

such that for all x E a < x.

Definition 1.10. A filter F on a frame L is said to be completely 

prime ii\J S e F (S 으 L) implies F「| 日 于 仏

Definition 1.11. Let L be a frame and M 으 L. Then M is said 

to be a subframe of L if M is closed under finite meets and arbitrary 

joins in L.

For a set X of filters on a frame」L, let P(X) denote the power 

set lattice of X and L x P(X) the product frame of L and P(X). 

Then {(冗, 江) e」L x P(X) : for any F e 分, ⑦ € 7가 is a subframe of 

LxP(X), which is denoted by Sx】」. And the restriction s : SxL —> L 

of the first projection Pr± : L x 1기乂X) -> L is an onto, dense and open 

homomorphism. Using these notions, we define the following :

Definition 1.12. ([7]) The dense onto homomorphism s :

SxL ——> L is called the simple extension of L with respect to X.

For a frame L and any x E L, let 乞⑦ = {F e. X : x e F}. Then 

the right adjoint s米 of s is given by <s*(:r) = (⑦, 乞⑦) for any x E L. 

For a frame L and a set X of filters on L, if <s : SxL 3 L is the simple 

extension of L with respect to X and 匕 = {(⑦, 乞⑦) : x e £}, then 

we have that
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(1) 5 = s*(L),

(2)

2. Simple Extensions of(5-Frames
Definition 2.1. Let Z be a 5-frame and M Q L. Then M is said 

to be a sub-6-frame of L if M is closed under countable meets and 

arbitrary joins in L.

Proposition 2.2.

(1) If M is a sub-5-frame of a 5-frame L, then M is also a 5-frame.

(2) Let L and M be J-frames. Then L x M is also a 5-frame.

Proof. (1) It is trivial. (2) For any subset {(rra, ya) : cv G A} of 

L x M and countable subset {(⑦己 沙J : i G N} of L x M, we define

V (冗Vol) = ( V ^ot ? V Vol}’) A (⑦己 Vi) = ( A ⑦心 A Vi)' 
aCA aeA «eA iGN iGN iGN

Since L x M is a frame, it is enough to show that for any (x, y) G 

L x M, (⑦, ?/) V ( /\ (物, yi)) = A ((⑦, y) V (物, 坑)). Since L and M 

are(5-frame,

(:r, y) \J ( A (:成, 物)) = (⑦, ?/) v ( A Xi, A yi)

= (^ v (A 에 ?/v(A yA)

= U\(x'이xi), NW)

= A {xV Xi, y\f yi) = A ((幻 y) v (:成, 坑))• 
zen “ ieN

Thus L x M is a 5-frame. □

Let L be a(5-frame and X a set of ^-filters on L. Then we will 

denote the power set lattice by P{X) in which the meet and the 

join are given by \J A》= (J 八 and /\ 八 = Q 八 for any set Z, 
iei iei iei iei
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respectively. Then by Proposition 2.2, L x P(X) is a 5-frame. Let 

SxL = {(財 乞) G L x 1기乂X) : for any F e 乞, x G F}. Using this 

notation, we have :

Lemma 2.3. SxL is a sub-6-frame of L x P(X).

Proof. Take any countable subset {(此, 乞J : z E N} of SxL. 

Then

A C1가?〉己) = (A 立자? A= (A 기자? A三 刀〉< 'P(x). 
ieN ieN ieN ieN

If F e Q 으三, then F e 으) for all z e N, hence Xi e F for all i 6 N. 
iGN

Thus /\ xi E F, since F is a 5-filter on L. Hence ( /\ 物, Q 乞J G 
ieN ieN

SxL. Thus SxL is a sub-5-frame of L x P(X). □

Theorem 2.4. Let L be a 6-frame and X a set of 6너filters in L. 

Then the map s : SxL ——> L given by (x, 乞) i——> x is a dense onto 

open 8-homomorphism.

Proof. For any countable subset {(쩌, 乞J : z € N} of Sxl斗

s( A (:成, Z〉)) = s(( A xi^ A = A 久자 = A s(xi^ 
ieN 2GN iGN ieN ZEN

Since the map s : SxL ——> L given by (丁,〉2) i———> x in a frame 

L is a dense onto open homomorphism, s is a dense onto open 6- 

homomorphism. □

Definition 2.5. The dense onto 5-homomorphism s : SxL ——> L 

in Theorem 2.4 is called the simple extension of L with respect to X.

Remark 2.6. Let L be a 5-frame, X a set of 5-filters on」L, and 

s : SxL —> L the simple extension of L with respect to X. For any 

x E let 乞⑦ = {F E X : x E F}. Then the following are equivalent 

: (1) (幻 E) e SXL. ⑵ E 으 江. ⑶ (:r, £) < (:r, 江).
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Proposition 2.7. Let L be a 6-frame, X a set of 6-filters on L, 

and s : SxL —斗 L the simple extension of L with respect to X. Let 

s* : L ——> SxL be the map defined by = (:r, 乞⑦) for any 

x E L. Then s* is a right adjoint of the simple extension s.

Proof. Since L is a frame and s is the simple extension of L with 

respect to X, it is trivial. □

Lemma 2.8. Let L be a S-frame, X a set of 6-filters on L, and 

s : SxL — La simple extension of L with respect to X. Then for 

any countable subset {xi : i G N} of L,

乞 A 어 — .Qt 匕어 으

Proof. Since F is a 5-filter on L,

乃 三 E A 어 =今 Kxi^F

<==> Xi e F for all i € N

… FeE— for allz € N

= 프 AE<
□

Theorem 2.9. Let I』and M be 6-framesX a set of 6-filters on 

L and s : SxL —> L the simple extension of L with respect to X. Let 

f : M -今 L be a 8-homomorphism. Then the followings are equivalent.

(1) There is a 3-homomorphism g : M -今 SxL with s o g = f.

(2) There is a 8-homomorphism T : M — P(X) such that

for all y E M.

Proof. (1) = (2) Put

T : M A SXL ———'——> L x P(X) 르斗 P(X}
inclusion
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Since g, j, and Pr^ are 5-homomorphism, T is a d-homomorphism. 

For any y € .M, let g(y) = (a，E), then g(y) = (/(?/), E), for 

引W)) = /(?/)； hence

T(y) = (Pr2 o j o g)(y) = Pr2(g(jj)) = 江 .

Thus by Remark 2.6.(2), T(y) = E 으 E/》

(2) = (1) Define 으 : M —> SXL by g(y) = T{y、)) for any

y e M. Since f and T are 5-homomorphisms, for any countable subset 

{yi : z G N} of M,

A 坑) = Cf( A yi), 흐(A yiY) = (A /GaL A 끄G/d)

= A 7\坑)) = A 9(yi)'

Hence 이 is a 5-homomorphism. And (s 令 g)(y) = f(y), for any y e M. 

□

In general, for any subset 丄4〔 으 L, U 乞三 으 12v a but U 羊 
xEA xE：A

乞V* 日01 ex하11pie, let L = {0, a, b, e}, where 0 < a, & < e, and 

a and b are non-comparable. Let X = {{e}, {a, e}}. Then SxL is 

given by

{ (0, 0), (a, 0),(b, 0), (e, 0),

(<z, {{a, e}}), (e, {{e}}), (e, {{tz, e}}), (e, X) }

and= {{지’ e}} 羊 么 =〉2e = '亡aW Thus〉2aU〉2b 羊 

SaVb*

Remark 2.10. Let L be a 5-frame and X a set of completely 

prime 5-filters on L. Then for A 으 L,
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Proof. In general, |J 으三 으 a- To show the reverse, take any 
a£A 니

F 6 仁<• Then \J A e F == a e F for some a e A == F G 乞三 

for some a E A == F G U Ea- □
a£A

Theorem 2.11. Let L and M be S-frames, X a set of completely 

prime 8-filters on L, and s : SxL —> L the simple extension of L with 

respect to X. Then for any 6-homomorphism f : M -今 L, there is a 

6-homomorphism 이 : M —> SxL with s o g = f.

Proof: Let a map T : M —今 1기)C) define as T(y) = Z} (아) for any 

y € M, Since / is a 5-homomorphism and by Remark 2.10, for any 

subset {ya : 伏 € A} of M,

T( V ☆) = v ☆) = 乞 V f(w) = U E/(》)= V 
aGA aeA aGA aGA

And T is a 5-homomorphism such that T((y) =(하) 으〉2f(?/) f°r 예 

y e Mby Lemma2.8. Thus there is a d-homomorpliismg : M —斗 SxL 

with so g = f by Theorem 2.9. □

Theorem 2.12. Let f be a dense S-homomorphism from a 5- 

frame M to a 6-frame L. Let Y be a set of completely prime 6-filters on 

M which are saturated with respect toker(f) = {(a, b) : f(a) = /(&)}. 

Let X = {[/(F)] : F e Y}, where [/(F)] denotes the 6-filter generated 

by f(F), and s : SxL —> L the simple extension of L with respect to 

X. Then there is a 6-homomorphism g : M —今 SxL with s o g = f.

Proof. It easy to show that [/(F)] is a 5-filter on L, since / is a 

dense 5-homomorphism and F is a 5-filter. Let T : M —今 ^(X) be 

the map defined by T(y) =(아) for any y e M. Since f is a 6- 

homomorphism and F is a 5-filter on M, T preserves countable meets 

by Lemma 2.8. To show that T is a 5-homomorphism, it is enough to 

show that for any S C M, T(\/ S) = \J T(s). Take any subset S of 
sES
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M. Then

L/W] e u Ef(s) == C/(F)] 三 Zf(s)for s°me seS 
s乞S

== f (呂) G [/(F)] for some s E S

= V /(s) e[/(F)]
ses

== [/(乃)] e E： v f(s)•
ses

Moreover,

[/(月)] e E v %)=> V /(s) e[/(乃)]
s£S SES

=> f (y) < V f (昌) for some y e F 
ses

and hence

f(y) = f(y) A (v /(s)) = V W A f(s)) = /( \J (y A 日). 
ses ses ses

Thus (y, \/ (y A s)) 三 ker(f). Since F is saturated with respect to 
ses

ker(f), V (?/ 八 5) 仁 떼 으 오고. Since F is a completely prime 5-filter 
ses

on M, 沙 A s G F for some s E S \ hence s E F. Thus for some s E S,

[/(乃)] e E/(s)으 U E/(s)•
s^S

Therefore £ v f(s) 으 U E/(s)； h^nce |J E/(s)= E： V /d
ses sES s^S ses

Hence T(\j s) = E/(v s) = E V f(s) = U E/(s)= V 끄(《)• 
sES ses ses sES sES

Thus T is a J-homomorphism. There is a ^-homomorphism g : M

SxL with s o g = f by Theorem 2.9. □

Corollary 2.13. Let L and M be 5-frames and f : M —今 L 

a dense onto 6-homomorphism. Let Y be a set of completely prime 

6-filters on M which are saturated with respect to ker(f). Let X = 
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{/(F) : F E Y} and s : SxL —> L the simple extension of L with 

respect to X. Then there is a S-homomorphism g : M -今 SxL with 

s°g = f.

Proof. It is immediate from Theorem 2.12 and the fact that [/(F)] 

= f(F), because f is onto. □
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