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ON SIMPLE EXTENSIONS OF /-FRAMES

SEUNG ON LEE AND EuUN A1 CHoOI

ABSTRACT. In this paper, we introduce sub-d-frames and simple ex-
tensions on a d-frame, and study their properties.

1.Introduction

The study of topological properties from a lattice-theoretic view-
- point was initiated by H. Wallman [11]. In particular, C. Ehresmann
[5] and J. Bénabou [2] took the decisive step of regarding local lattices
as generalized topological spaces in their own right. Such a local lat-
tice is called a frame, a term introduced by C. H. Dowker and studied
by D. Papert [4], J. R. Isbell [8], B. Banaschewski [1], P. T. Johnstone
[9], Jorge Picado [10], and J. Wick Pelletier [12].

- We note that continuous lattices and frames are characterized by
certain distributive laws. We also note that a frame L is a complete
lattice but in the theory of frames, we use only finite meets. Consid-
ering countable meets, we will get more properties of frames.

In this paper, a partially ordered set is also called a poset. If < is
a partial order on L, the smallest (largest, resp.) element of L, if it
exists, is the element O (e, resp.) such that 0 < z (z < e, resp.) for
each z € L. Smallest (largest, resp.) elements are unique when they
exist, by antisymmetry. We call 0 (e, resp.) the bottom (top, resp.)

element of L. From now on, we denote a poset (L, <) simply as L.
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DEFINITION 1.1. Let L be a poset. We say that L is :

(1) a lattice if every finite subset of L has the least upper bound
and the greatest lower bound.
(2) complete if every subset A of L has the least upper bound

and the greatest lower bound.

DEFINITION 1.2. A map f:S — T between two posets S and T'
is called an isotone if for a <bin S, f(a) < f(b)inT.

DEFINITION 1.3. Let S and T be posets and let f : S — T and
g : T — S be isotones. Then (f, g) is said to be an adjunction or
a Galois connection between S and T provided for ahy z € S and
y€eT, f(z) <yiff x < g(y). In this case, f is said to be a left adjoint
of g and g a right adjoint of f, and we write f - g.

Every left adjoint preserves joins and every right adjoint preserves
meets when they exist. Furthermore, let S be a complete lattice and
T a poset, then f : S — T is a map which preserves joins iff f is an
isotone and f has a right adjoint. Dually, a map f : S — T preserves
meets iff f is an isotone and f has a left adjoint.

DEFINITION 1.4. Let E be a set, A C FE and R an equivalence
relation on E. Then A is said to be saturated with respect to R if for
each z € A, [z] C A.

DEFINITION 1.5. ([6]) A complete lattice L is called a frame (or
complete Heyting algebra) if for any a € L and S C L, a A (VS) =
V{aAs : s€S}.

DEFINITION 1.6. ([3]) A frame L is called a é-frame if for any
a € L and countable subset K of L, aV (AK) = AN{aVEk: ke K}.

DEFINITION 1.7. Let L and M be frames(d-frames, resp.). Then
amap f: L — M is said to be :

(1) a homomorphism(§-homomorphism, resp.) if f preserves finite

(countable, resp.) meets and arbitrary joins.
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(2) dense if f(x) = 0 implies z = 0.

Given a frame L and z, y € L, we denote z -y = \/{z € L: zA
z<y}l,sothat zAz<yiff z<z—y. . ‘ -

DEFINITION 1.8. A frame homomorphism f : L — M is said to be
openifforz, ye L, f(z — y) = f(z) = f(y).

DEFINITION 1.9. Let L be a quasi ordered set and F' C L. Then we
say that F'is a filter (6-filter, resp.) on L if F satisfies the following :

(1) F does not contain 0.

(2) F=1F={zx€L:a<czforsomeacF}.

(3) For any finite (countable, resp.) subset K of F, there isa € F
such that for all z € K, a < z. _

: DEFINITION 1.10. A filter F on a frame L is said to be completely
prime if \/ S € F (S C L) implies F (S # 0.

DEFINITION 1.11. Let L be a frame and M C L. Then M is said
to be a subframe of L if M is closed under finite meets and arbitrary
joins in L.

For a set X of filters on a frame L, let P(X) denote the power
set lattice of X and L x P(X) the product frame of L and P(X).
Then {(z, >]) € LxP(X): for any F € ), = € F} is a subframe of
LxP(X), which is denoted by Sx L. And the restriction s : SxL — L
of the first projection Pr; : L x P(X) — L is an onto, dense and open
homomorphism. Using these notions, we define the following :

DEFINITION 1.12. ([7]) The dense onto homomorphism s :
SxL — L is called the simple extension of L with respect to X.

For a frame L and any z € L, let ), = {F € X : z € F}. Then
the right adjoint s, of s is given by s.«(z) = (z, )_,) for any z € L.
For a frame L and a set X of filters on L, if s : Sx L — L is the simple
extension of L with respect to X and B = {(z, )_,) : ¢ € L}, then

we have that
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(1) B=s.(L),
(2) Xa=2a
2. Simple Extensions of J-Frames
DEFINITION 2.1. Let L be a §-frame and M C L. Then M is said

to be a: sub-6-frame of L if M is closed under countable meets and

arbitrary joins in L.

PROPOSITION 2.2.
(1) If M is a sub-6-frame of a d-frame L, then M is also a d-frame.
(2) Let L and M be d-frames. Then L x M is also a J-frame.

Proof. (1) It is trivial. (2) For any subset {(za, Ya) : @ € A} of
L x M and countable subset {(z;, y;) : 4 € N} of L x M, we define

V (:Ba, ya) = ( \/ Ta, V ya), /\ (33.,;, yi) = (/\ Ti, /\ yi)'

a€A a€EA a€A 1€EN €N €N

Since L x M is a frame, it is enough to show that for any (z, y) €

Lx M, (z, y) V(A (zi, v;)) = A ((z, v) V(x;, yi)). Since L and M
;€N ieN
are J-frame,

(@, )V (A (@i, 9:)) = (&, ) V(A zi, A i)

ieN ieN i€N
=@V (A=), yV(A v))
iEN iEN

=(A@Vz), NlyVu))
i€N iEN

=A@V, yvy) = A (z, v)V(zi, %))
ieN - i€N

Thus L x M is a é-frame. O

Let L be a d-frame and X a set of d-filters on L. Then we will
denote the power set lattice by P(X) in which the meet and the

join are given by \/ A; = J 4i and A A; = ) A4; for any set I,
i€l i€l i€l iel
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respectively. Then by Proposition 2.2, L x P(X) is a é-frame. Let
SxL={(z, >)) € LxP(X): forany F € ), z € F}. Using this

notation, we have :
LEMMA 2.3. SxL is a sub-6-frame of L x P(X).

Proof. Take any countable subset {(z;, »;) : ¢ € N} of SxL.
Then

A @i )= (A s AS)=(Az N eLxPX).

1€N 1€EN 1€EN i€EN €N

If Fe (), then Fe ), forallieN, hence z; € F for all i € N.

i€eN
Thus A z; € F, since F is a d-filter on L. Hence (A z;, [) Y_;) €
i€N ieN  ieN
" SxL. Thus SxL is a sub-d-frame of L x P(X). O

THEOREM 2.4. Let L be a d-frame and X a set of -filters in L.
Then the map s : SxL — L given by (z, ) — x is a dense onto

open 6-homomorphism.

Proof. For any countable subset {(z;, »_,):i € N} of SxL,

s(A (@i 22:)) = s((A =i, N 22))= A zi= A sz, 22)
ieN ieN  ieN ieN ieN
Since the map s : SxL — L given by (z,) ) — z in a frame
L is a dense onto open homomorphism, s is a dense onto open §-

homomorphism. O

DEFINITION 2.5. The dense onto J-homomorphism s : SxL — L
in Theorem 2.4 is called the simple extension of L with respect to X.
REMARK 2.6. Let L be a d-frame, X a set of J-filters on L, and
s : SxL — L the simple extension of L with respect to X. For any
x€L,let Y. ={F¢€X:zec F}. Then the following are equivalent

(1) (2, ) €8xL. (2) X C 3y 3) (= ) < (=, 225)-
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PRoOPOSITION 2.7. Let L be a é-frame, X a set of d-filters on L,
and s : SxL — L the simple extension of L with respect to X. Let
s« : L — SxL be the map defined by s.(z) = (z, )_,) for any

x € L. Then s, is a right adjoint of the simple extension s.

Proof. Since L is a frame and s is the simple extension of L with

respect to X, it is trivial. O

LEMMA 2.8. Let L be a §-frame, X a set of d-filters on L, and
s : SxL — L a simple extension of L with respect to X. Then for
any countable subset {z; : i € N} of L,

2pm = () D

ieN 1€EN
Proof. Since F' is a é-filter on L,
Fed pngp = NzieF

ieN 1€N
< zx; € Fforalli:eN

< Fe), forallieN
= Fe)),-

i€N 0
THEOREM 2.9. Let L and M be §-frames, X a set of -filters on
L and s : SxL — L the simple extension of L with respect to X. Let
f: M — L be a d-homomorphism. Then the followings are equivalent.
(1) There is a §-homomorphism g : M — Sx L with sog = f.
(2) There is a 6-homomorphism T : M — P(X) such that

T(y) € X
for all y € M.

Proof. (1) = (2) Put

T:M%SxL —1— L xP(X) L2 P(X)

inclusion .
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Since g, j, and Pry are 6-homomorphism, 7' is a d-homomorphism.

For any y € M, let g(y) = (a,)_), then g(y) = (f(y),>), for
s(9(y)) = f(y) ; hence

T(y) = (Praojog)(y) = Pra(g(y)) = -

Thus by Remark 2.6.(2), T'(y) = 3° C > ()

(2) = (1) Define g : M — SxL by g(y) = (f(y), T(y)) for any
y € M. Since f and T are §-homomorphisms, for any countable subset
{yi : 1 € N} of M, '

9(A i) =(F(A wi), TCA wi)) = (A fw:), A T(w:))

iEN €N €N ieN €N
= AN(F(w), T(wi)) = A 9(vs)-
i€N €N
Hence g is a §-homomorphism. And (sog)(y) = f(y), for any y € M.
O

In general, for any subset AC L, |J 32, C>\yabut U >, #
€A T€EA

ZVA' For example, let L = {0, a, b, e}, where 0 < a, b < e, and
a and b are non-comparable. Let X = {{e}, {a, e}}. Then SxL is
given by

{0, 0), (a, 0),(b, 0), (e, ),

(@, {{a, e}}), (e, {{e}}); (e; {{a, e}}), (e, X) }

and ZGUZb = {{a, e}} # X = Ze = Zavb' Thus ZaUZb #
Zavb'

REMARK 2.10. Let L be a -frame and X a set of completely
prime §-filters on L. Then for A C L,

Z\/A = aLEJAZG :
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Proof. In general, |J >°, € >_\ 4. To show the reverse, take any
acA

Fe)ya Then\VA€F = a€cFforsomeac A= Fe€},

forsomeac A= Fe | }_,. O
a€A

THEOREM 2.11. Let L and M be é-frames, X a set of completely
prime 6-filters on L, and s : Sx L — L the simple extension of L with
respect to X. Then for any §-homomorphism f : M — L, there is a
0-homomorphism g : M — SxL withsog= f.

Proof: Let a map T : M — P(X) define as T'(y) = 3_;(, for any
y € M. Since f is a §~-homomorphism and by Remark 2.10, for any
subset {y, : @ € A} of M,

(a\e/A o) Zf(a\e/Aya) Za\e/Af(ya) aLGJAEf(%) Q\E/A (¥a)

And T is a 6-homomorphism such that T'(y) = > ;) € >4, for all
y € M by Lemma 2.8. Thus there is a -homomorphism g : M — Sx L
with so g = f by Theorem 2.9. O

THEOREM 2.12. Let f be a dense 6-homomorphism from a 6-
frame M to a 6-frame L. LetY be a set of completely prime §-filters on
M which are saturated with respect to ker(f) = {(a,b) : f(a) = f(b)}.
Let X = {[f(F)]: F € Y}, where [f(F')] denotes the d-filter generated
by f(F), and s : SxL — L the simple extension of L with respect to
X. Then there is a -homomorphism g : M — Sx L with sog = f.

Proof. 1t easy to show that [f(F)] is a d-filter on L, since f is a
dense d-homomorphism and F' is a é-filter. Let T : M — P(X) be
the map defined by T'(y) = > 4, for any y € M. Since f is a J-
homomorphism and F is a é-filter on M, T preserves countable meets
by Lemma 2.8. To show that T is a §-homomorphism, it is enough to

show that for any S C M, T(\/ S) = V T(s). Take any subset S of
s€eS
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M. Then
[F(F)] € SLEJS Y55y = [F(F)] € Xy for some s € §
= f(s) € [f(F)] for some s € S
= s\E/Sf(S) € [f(F)]

= [f(F)€X v f6) -

SES

Moreover,

FENeXy fo = Vf(S)G[ ()]

sES

:>f( )< V f(s) for some y € F
sES

and hence

Fly)=fy) Al \E/Sf(S)) = V(WA F(s)=F(V (yns)).

seS sES

Thus (y, \V (yAs)) € ker(f). Since F is saturated with respect to
s€S
ker(f), \/ (yAs) €y] CF. Since F is a completely prime J-filter

on M, y/\sEFforsomeseS hence s € F. ThusforsomeséS
[f(F)] € Xps C U 25 (s) -

Therefore ) V f(s) & U Zf(s) ,hence U Zf(s) 2 V f(s)

s€S

Hence T(V s5) = Zf(Vs)_ZVf(s)_ sz(s>— Y TG).

SES sES
Thus T is a 6-homomorphism. There is a 0- homomorphlsm g M —
Sx L with sog = f by Theorem 2.9. a

COROLLARY 2.13. Let L and M be d-frames and f : M — L
a dense onto d-homomorphism. Let Y be a set of completely prime
0-filters on M which are saturated with respect to ker(f). Let X =
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{f(F): F €Y} ands: SxL — L the simple extension of L with
respect to X. Then there is a -homomorphism g : M — Sx L with

sog=f.

10.

11.

12.

Proof. 1t is immediate from Theorem 2.12 and the fact that [f(F')]
f(F), because f is onto. O
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