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The method of calculating the excess Helmholtz free energy from the averaged effective acceptance ratio for 
the Lennard-Jones fluid and the inverse twelve fluid has been slightly modified and applied to the two-center- 
Lennard-Jones liquid. The excess Helmholtz free energy is calculated directly from the average of the modified 
effective acceptance ratio through a single Metropolis Monte Carlo simulation. Therefore this method does not 
need any reference system. The results of the present method were satisfactory compared with those of the per­
turbation theories and the overlap ratio method.

Introduction

The evaluation of the free energy or the entropy in com­
puter simulation has been the important but difficult subject. 
There has been rapid progress in the field of computer simu­
lation recently.1 For the evaluation of the free energy or the 
entropy in computer simulation, a number of methods1~3 have 
been proposed. The thermodynamic integration method4 has 
been used commonly in the absence of any satisfactory com­
puter simulation method of calculating the free energy. In the 
thermodynamic integration method, computer simulations 
on many densities or temperatures should be performed to 
evaluate the excess free energy. Also this method would not 
be able to avoid difficulties arising from phase transitions. 
Accordingly this method is a cumbersome and wasteful 
means of obtaining the free energy at high densities.2 The 
Widom’s particle insertion method5 evaluates the chemical 
potential from the potential energy according to random 
insertion of a test particle. Consequently this method is 
closely related to the grand canonical Monte Carlo simula- 
tions.1 The overlap ratio method,6,7 originated by Bennett,8 
evaluates the free energy through the comparison of energy 
distributions. The umbrella sampling method9,10 was pro­
posed as a way to obtain the free energy difference from a 
single Monte Carlo run in which the parts of configurational 
space relevant to a range of physical situations is sampled. 
The umbrella sampling method evaluates the average over 
non-physical sampling distribution to calculate the free 
energy difference. As a result, this method needs the relevant 
reference system. Also this method uses a trial and error 
choosing of the weighing function. The success of this 
method would be doubtful if two systems are not so simi- 
lar.11 Valleau et al. extended this method to the thermody­
namic scaling Monte Carlo method.12~14 The umbrella 
sampling method or the thermodynamic scaling Monte 
Carlo method gives the relative free energy, and so these 
methods need the relevant reference system.

It will be difficult to evaluate the free energy or the 
entropy from the canonical ensemble average.2 We proposed 

recently a practical method15,16 to evaluate the excess Helm­
holtz free energy from the averaged effective acceptance 
ratio in the Monte Carlo simulation for model potential sys­
tems, where the excess free energy represents the configura­
tional free energy of the model potential system over that of 
the ideal gas. In this method, the free energy has been evalu­
ated as the canonical ensemble average. This method did not 
need any reference system. The results of this method for the 
Lennard-Jones fluid and the inverse twelve fluid were satis­
factory compared with those of other methods. This method 
can be applied to high density fluids and also overcome the 
difficulties arising from phase transitions.17 The two-center- 
Lennard-Jones (2CLJ) fluid18,19 is composed of homonu- 
clear diatomic molecules with two Lennard-Jones interac­
tion sites. For the 2CLJ liquid, the effective acceptance ratio 
used in previous studies15,16 has been slightly modified. In 
the present work, the excess Helmholtz free energy for the 
2CLJ liquid has been evaluated from the modified effective 
acceptance ratio. The results of the present method for the 
2CLJ liquid were satisfactory compared with those of the 
perturbation theories and the overlap ratio method. Also the 
present method can be applied directly to molecular dynam­
ics simulation.

Method

We proposed recently an efficient equation15,16 for the 
evaluation of the excess entropy given by

S^x [f(rR, r)exp(-^/kT)dq
--- 늬n---- ------------------------ =ln f rR, r》 ⑴
Nk j exp(-  ̂kT) dq

where < > denotes the canonical ensemble average and r is a 
configuration of a molecule sampled during the Metropolis 
Monte Carlo simulation20 and rR is a random configuration 
within the cell generated by the separate parallel Monte 
Carlo procedure. The cell for the evaluation of the effective 
acceptance ratio fw、) was selected as a cube with fixed vol­
ume V/N centered on a configuration of a molecule sampled 
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during the Metropolis Monte Carlo procedure. The effective 
acceptance ratio introduced for the Lennard-Jones fluid and 
the inverse twelve fluid is slightly modified for the 2CLJ liq­
uid as

f(rR, r)=exp[—(伽-0)/kT], if 伽 > 0
f(rR, r) = 1 + 1.7(exp[-(0r - 0)/2kT]-1}, if 0r > 0

(2) 
where 0 is the potential energy of a molecule sampled during 
the Metropolis Monte Carlo simulation and 0R is the poten­
tial energy of random configuration of a molecule within the 
cell generated by the separate parallel Monte Carlo proce­
dure. In the cases of the Lennard-Jones fluid and the inverse 
twelve fluid, the value of 2.3 was used instead of 1.7 in Eq. 
(2) for the 2CLJ liquid. The physical meaning of these num­
bers will be discussed later.

The homonuclear 2CLJ potential U?clj has the form
2

U2CLJ = £ 미LJ( r ij
ij = 1

") = 5의2-㈢1 ⑶

where £ is the potential energy well depth and G is the length 
parameter with and i and j denote two interaction sites on 
different molecules. The distance between two interaction 
sites on one molecule is denoted by elongation l. The 
reduced quantities T*, p* and l* denote kT/£, pG3 and l /g, 
respectively.

In each configuration sampled during the Metropolis 
Monte Carlo simulation, the center of mass of a sampled 
molecule is moved temporarily to random position within 
the cell and rotated freely about the moved center of mass. 
Then the modified effective acceptance ratio at the tempo­
rary random configuration is evaluated and averaged over 
the canonical ensemble. Thereafter the temporary configura­
tion in the cell is removed and the usual Metropolis Monte 
Carlo procedure is performed. The excess Helmholtz free 
energy is obtained by

Aex=U - TSex (4)

where U is the potential energy of the 2CLJ system averaged 
over the canonical ensemble.

For the 2CLJ liquid, 108 molecules were used in the simu­
lation and about 5x105 configurations were averaged after 
equilibration. Only one atom was moved at a time. The 
mean acceptance ratio of the Metropolis Monte Carlo proce­
dure was adjusted to about 0.5. The long-range energy cor­
rection and the periodic boundary condition were used and 
the cutoff distance for the 2CLJ potential was half the box 
length.

Results and Discussion

Calculations have been performed for the 2CLJ liquids 
with elongations l* = 0.3292, 0.63 and 0.793, respectively. 
The values of excess Helmholtz free energy for the 2CLJ liq­

uid with l* = 0.3292 are listed in Table 1. For the 2CLJ liq­
uid with l* = 0.3292, simulations have been performed at 
various temperatures and densities. The results of the present 
method have been satisfactory compared with those of the 
perturbation theories18,19 and the overlap ratio method.6,7 The 
excess Helmholtz free energy in the present work is identi­
cal, in definition, with the configurational free energy in the 
perturbation theories.18,19 For the 2CLJ liquids with l* 
= 0.3292 at various temperatures and densities, the present 
method shows consistent tendency. The results for the 2CLJ 
liquids with l* = 0.63 and 0.793 were not good at high densi­
ties, but the results at some densities were satisfactory com­
pared with those of the perturbation theory.18 The values of 
excess Helmholtz free energy for the 2CLJ liquids with 
l* = 0.63 and 0.793 at some densities are listed in Tables 2-3, 
respectively.

The present method used only one fixed parameter for the 
modified effective acceptance ratio even though the value of 
1.7 used in Eq. (2) was different from the value of 2.3 used

Table 1. Excess Helmholtz free energy Aex/NkT of the 2CLJ liquid 
with l* = 0.3292

T* p* The present method Previous results
0.70 -1.75 -1.71a, -1.73"
0.68 -1.78 -1.81a, -1.75c

3.0
0.66 -1.83 -1.89a, -1.83c
0.64 -1.84 -1.95a, -1.90c
0.62 -1.89 -1.99a, -1.95c
0.60 -1.91 -2.02a, -2.01"
0.70 -4.75 -4.67a, -4.68"
0.68 -4.76 -4.71a, -4.72c

2.0
0.66 -4.71 -4.72a, -4.72c
0.64 -4.67 -4.67a, -4.69c
0.62 -4.64 -4.66a, -4.66c
0.60 -4.52 -4.60a, -4.58"

0.70 -7.55 -7.39a, -7.37"
0.68 -7.50 -7.36a, -7.37c

1.55
0.66 -7.41 -7.29a, -7.30c
0.64 -7.24 -7.19a, -7.18c
0.62 -7.04 -7.07a, -7.08c
0.60 -6.93 -6.92a, -6.97"

“Results of the perturbation theory from Reference 18. "Results of the 
overlap ratio method from References 6,7. cResults of the perturbation 
theory from Reference 19 for the 2CLJ liquid with l* = 0.33.

Table 2. Excess Helmholtz free energy A/NkT of the 2CLJ liquid 
with l*= 0.63

T* p* The present method Previous resultsa

2.5
0.48 -0.91 -0.93
0.46 -0.98 -1.01

2.0 0.48 -2.07 -2.02
0.46 -2.11 -2.07

1.5 0.48 -4.06 -3.93
0.46 -4.02 -3.89

aResults of the perturbation theory from Reference 18.
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Table 3. Excess Helmholtz free energy A/NkT of the 2CLJ liquid 
with l* = 0.793

T* p* The present method Previous resultsa

2.0
0.40 -1.31 -1.29
0.38 -1.35 -1.33

1.75
0.40 -2.02 -1.92
0.38 -2.02 -1.94

"Results of the perturbation theory fom Reference 18.

for the Lennard-Jones fluid and the inverse twelve fluid.16 
The effective acceptance ratio was introduced to reduce the 
fluctuations originated from the average of the Boltzmann 
factor. Accordingly, the value of 2.3 in the effective accet- 
pance ratio used for the spherically symmetric model poten­
tial systems can be changed appropriately in the unsymme- 
trical 2CLJ system. The present method using the modified 
effective acceptance ratio gives consistent results for the 
2CLJ liquids with l* = 0.3292. Also, the present method 
does not need any reference system. As a result, the present 
method gives the free energy and other thermodynamic 
properties in a single Metropolis Monte Carlo run. Because 
the separate Monte Carlo procedure is adopted for the evalu­
ation of the excess entropy, the present method is very easy 
to implement. The present method can be applied directly to 
molecular dynamics simulation because the present method 
evaluates the average of the effective acceptance ratio over 
the Boltzmann distribution. As pointed out by Mezei and 
Beveridge,3 such methods as the present method may not be 
applied efficiently to systems consisting of large molecules. 
Nevertheless, the present method using very simple effective 
acceptance ratio can be a practical and efficient method to 
evaluate the free energy because general method of evaluat­
ing directly the free energy in computer simulations has not 
been known yet. Accordingly, the present method may be 
extended to more complex molecular fluids. If we want fast 
evaluation of the free energy for simple fluids, we would be 
able to use the present method. Considering the present 
method has been applied satisfactorily to the inverse twelve 
fluid with only repulsive potential,16 it is thought that the 
present method does not depend sensitively on model poten­
tial function. The quasi-ergodicity related to slow potential 
energy barrier crossing behavior of the Metropolis Monte 
Carlo method may be overcome using the jump-walking 
method21〜23 or the restricted random search method.24

The umbrella sampling method9,10 or the thermodynamic 
scaling Monte Carlo method12〜14 gives free energy differ­
ences or relative free energies in the range covered over non­
Boltzmann sampling distribution. Of course, these methods 
gives at the same time the usual mechanical quantities such 
as energy and correlation functions. On the contrary, the 
present method gives the free energy over Boltzmann sam­
pling distribution. The efficiency of the method using the 
effective acceptance ratio was represented in our previous 
work.15 For the square-well fluid at T* = 1.29 and p* = 0.68, 
the thermodynamic scaling Monte Carlo method14 gives the 
result of A比/NkT = -1.33 through average of about 2x109 

configurations, using the square-well fluid at T* = 1.29 and 
p* = 0.1 as the reference system. However, the method 
using the effective acceptance ratio gives the result of A이 
NkT = -1.34 through a single Monte Carlo run of 1x106 con­
figurations for the square-well fluid at T* = 1.29 and p* 
= 0.68 with no reference system.25 As a result, the present 
method is very efficient method for calculating the free 
energy.

In cases of the Lennard-Jones fluid and the inverse twelve 
fluid, the present method gave excellent results for high den­
sity fluids.16 A method similar to the present method had 
been applied to hard sphere and hard dumbbell fluids previ- 
ously.26 From the average of the acceptance ratio or the 
effective acceptance ratio within the cell centered on the 
sampled molecule, the excess free energy can be calculated 
efficiently for hard26 or soft15,16 potential systems. Even 
though Eq. (1) is an approximate equation, the effective 
acceptance ratio must be a useful function. The present 
method needs further study.

Conclusion

The method of calculating the excess Helmholtz free 
energy from the averaged effective acceptance ratio has been 
applied to the two-center-Lennard-Jones liquid. The effec­
tive acceptance ratio used for the Lennard-Jones fluid and 
the inverse twelve fluid was slightly modified for the appli­
cation to the two-center-Lennard-Jones liquid. The excess 
Helmholtz free energy for the two-center-Lennard-Jones liq­
uid could be evaluated efficiently from the average of the 
modified effective acceptance ratio through a single Metrop­
olis Monte Carlo run.
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