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Abstract

This paper deals with the development of universal algebras. We first investigate
how the abstract algebra has emerged as a common generalization of arithmetic and
algebra of logic, which was finalized by A. N. Whitehead in his “A treatise on
universal algebra with applications.” And we investigate also the process of formalizing

universal algebras by G. Birkhoff.

0. A&
FUHA didte] wHe] oA" AL dgde]l o AMdd O AT, F AS
(arithmetic)oll A} Blojd w R E 21 Hojorgtr}, vju]X(Charles Babbage, 1791-1871), ¥ &
(George Peacock, 1791-1858) 5 9= F8A o] 9 &|A @HEE symbolical algebra([4],
[171)¢} E(George Boole, 1815-1864)9) w=&l&e] oi43k((11], [12D9 D= (William
Hamilton, 1805-1865)¢] 1844\dl =& Al (quaternion, [54]) T2 19417] o]d 9] di4
g, & Ao Eolx U Az RE FU3E duiuieE AASA HEN L, oA
W8t general algebra 724 FUWA tiF3e] shde] wrSol Aok 18984 3o E )
E=(Alfred North Whitehead, 1861-1947)7} 2.9 3 [B4]olA HFuUHA -z} 9 roA
FUAE deee dE-8 AFT o]|F=2, ¥ ZE(Garrett Birkhoff, 1911- )7} 19339 [6]
A generalized algebra®, TFA] 19359 [7]ol A abstract algebra® #Hol3le], Q731 A
1944 [8], 1945 [9]9] =& EdA & U A 48 (universal algebra)o. 2 807} # 32}
Hi olgx AYHUSL
£ =2dAMe dddsed 2HAYS 9 ARy, 1 Ao ot dd¥es gy
< FUHA g =434 2 2 F 19609 di7tA e 2ARAE S AHRE T
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1. Auussre 2

‘Algebra’gls ol 124710 o]&d AoA wEolA FHEloZ WHAE] XM FAZZ
2718 <3E = (al-Khwarizimi)9] “Kitab fi bisab al-jabr wal mugabala” F oA wu}&
al-jabrell Al A7 22 9o Lzyzvle] A EH9 %L “concentrated on the solution of
equations by essentially arithmetic algorithms”gtx ¥ ti[41]. o] oJ{dvk B El% algebra
7} abg9) AdelA Blolu ddigieR Hdtere B2 =] JUMS AR JxEn
1847] 9] Haz v F (George Berkely, 1685-1753, [39)+ %7] duiti<=ste] A}
S “science of signs'® WolEd Aoz WdANHTY, 29 A} philosophy of
arithmetic and algebrat @ &FZo] e A ZAAT 2 FA] Fatd Ao e FA £
A TH([39], [40], [41]). o) ¢} Zo] algebra=arithmeticol A BWoAU717F o A A&,
o F2(Thomas Hobbes, 1588-1679)7} geometrical model2 F#<2l A2l AAldl WA

FS FolA, iR FEAbEo]l Atmet o]l APy er Tlsgte

2 AZ#y) WEolsE a4l ol ABFe st sl M7 # wo]
. Fdo] AGEH(1760-1840) 0.2 18t A sto] Ao $&EHE Hol A
AARQL Aol W7t _‘?_““1 A=y -Jd AEFH E]iv‘:— g '5‘?—’3}?‘] X3ta 8ol =
}

N
N
X
%
g
o

of
18 ot
o
ACA

58 F

o
o
X

P
mlm
41
r =
o
Nor
_O,L
é
i)
2
=
fu
r.‘
i
o
2
2
-
e T
fo
ok
Aa
—‘—'
l>~
i
X
A
9_,(
N

ArEatE 2 e R 9 I FE 19417120 o] Fol Ao FAAE T HER F
th({4], [17]). I =L 1830 2 ¥ 3 A treatise on algebra(Cambridge)o] Al Al 3=
NEZFE 9o HET oA el ©X £ gl —.—1}9} NEE Ak
29 AZEAAGD AS IAF S AdFE :

& &= gtk Azete digste] AHolol dig 19 #P S e %v“’:q]/ﬂ =8

ki
%0
o

An algebra may be defined to be, the science of general reasoning by symbolical
language. --- it has been termed universal arithmetic: but this definition is defective,
in as much as it assigns for the general object of the science, what can only be

considered as one of its applications.
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(3) 24+ science of suggestion$] g s EWdl o9 Wolr)

(4) 5% “="& “‘geHoer FX"Z e

(5) the principle of the permanence of equivalence forms: At5¢ 949 vld] Y= o8 7}
A 8 guE Fe dds 47t 2asoh(4], [17D.

12

=g 9

2] 7} Wed 2 F A 8A 222 “General notions respecting analys1s "o Al thagol] o

g I35 Aot olF vld 4ng AA Y ATHBritish Museum Manuscripts Roomol]
BM37202% B ¥#= o] & [17D.

=392~ (Robert Woodhouse)= Hju|x|u #Zxck WA 18039 =29 AM The

principles of analytical calculation®| X 489 AALLE A=l A 99 F 8
o FFHe AR HIAY. wiuxd wFe M2 e IAFE gAmde] Fo
AR, 25& FAo2A E £ FR ojn d2 £IAYY $=de29 g s
< BWol FustHvtn §oh. 28 The principles of analytical calculation& 182738 $Z&
Sh9-27F 2 F 1833 1E0) Aoz HIPYA 3ﬂ°i ;“Z)(Q‘:‘r[4]

Sy E oo} gt "374%‘3} A 2
3o ol dwtstd A7} glojo Fa FolA 2
Z3E T¥et= B Yol fFESTn HoFHordvtn F3 4l _

ojflol & 7[E2 HI% £AEE = T Z7HAugustus De Morgan, 1806-1871),
a2 a2l(Duncan F. Gregory) ol USch uhde] si@e e Aol 7)o 73] vy
st Yol ATh([29], [33], [53D). slHH® ofyz) @e F3aEe) o3 73 bl
. symbolical algebra® Wl #ste FAEL g Azre] wlg(mind)olY
o)

=34 &’J(physical universe) $o] = ¢tol

{

2
e oW AL A Fd= symboldt sign
gtolm, matA IF 5o 7lzd HIe rjExezn 2

Ll

9

o #

oln] ¢l= symbold} signe] g

AN v@EP/t 1 FAlE £33 A-F(mathematical freedom)e] 7@ o] wetE )

MololA #]o] FHL Iz E8u ZEL WE sy a2y sdee] A4

TEo] 3 FEAT BRBAE BYSBN I Fo aE9 FAo wolsodzith U

AMdEE 2 A URE 713 RololA Fo FolEF s FUMAE 4E =3uA
i AEEe] FUMA g9 AAea stojof ki 23 g

18473 & =29 AAdE dssstsd AFsA ‘3}[11]) azv @A Boolean

algebra®} 28 29 joine disjoint elementd g+ AL A7 Aol 18673 o] 3 A(Charles
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Sanders Peirce, 1839-1914)7} & A} 2] Boolean algebraclA g} & o)3tdale g 715 +9}
xg WM FEH2=Z Boolean algebra® E st H A& 1880d [34]91A, partial
order& YetUl= 7]15E WA @A 87t €3 U partial order$}t greatest lower
bounds, least upper boundsZ 34 A}(lattice)E& AHeldlyg Azl zZtxn Q= FJSAE =
idempotency, 23tH 2 AW A absorption lawe & Ry E xR F3
vk 2y EulEES AHFIA @52 2 73U (Emst Schroden)ol 938t A7) =Y
o e H2o dedte] FEH P2 ZA YT DolA, Buid o] HYPsA @

S g EQEd, 2 A BE FAL 2U & oF =g dsse] 2419 By
| o

H & o] 19 algebraic number theorydl Al HhF ¢4} 3

A A AE A3, FE5He F4Mdez a4 27t
Aot a2 FA duIEE 2R L dual groupelgt 23, F A
skl A, AU A I absorption law7l A@3le Aoz AHoddHT, Z o
modular lawg T2 FE /M ZAL AAR Ns&, TulHEA S 4F8R &de 3

AZAZ MsE FohAHEA T EHd dstq [55] #x).
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2. HolEd=e FUMNA S

19M 712 R 742w E o] g8t QAa FAoR g F 79 ojgdite] Fojx F
%22, 350] Z+ Add wgt 59 QN2 RE WEAN AR} Fo4e 4Bl =8 g
o] dFtollA eI Fx F AR B F YUY SelEF = 19 A A treatise
on universal algebra with applications[54]0 A o2 259 47X 72 Y3 FE
He wye 2948 Al7sta, AECA tl$E symbolism? systemS.Z o] oy &
Alol] &3kel F/4dutstd] #@E Atue FEY JtsAS AFsle =72 A9 £ Q7]

£ nigty 23 9ok

UM A d4(universal algebra)gte €& SlolEH =7l AW AE(]. ] Sylvester,
1814-1897)2] = #3 =F “Lectures on the principles of universal
algebra”(American Journal of Mathematics, Vol. 6, 1834)l A ¢l &3 d&=d], A9 &1
HA o+ BthE general algebra®l %02 Az A Zvh 2RAE o|dALS A
= 2A, 29 #Ho] Book I, Chapter II9] “Principles of Universal Algebra”(18-32%)
o] Mol “Universal algebra is the name applied to that calculus which symbolizes
general operations, defined later, which are called Addition and Multiplication.”e)&}x A
9]3l1  Addition® Multiplicationg o|&dite g Aozt T 19%9 Principles of
Additionel 2 ¥ “Consider a group of things, concrete or abstract, material things or

merely ideas of relations between other things. Let any two of the group of things be
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capable of a synthesis which results in some third thing.”elg}3 ] o}& A 3| o3

AAE 52 YT EJAT 2 FAARAY 715 +4 —, X FoA "oy Vs

1 5 749 “things” a, bol A EASE a~bE EF 22 HolAY Holx &
AE F9 stydolr dvdx st A F It 2= o)y} AlxIidolg

A Fod AL FFY MEE FHHA &1 UeS

]

2 B

HAANA =HAh F BAY AdAM Badoz ArE FABAA
o] FejHy] o)A o]ES XF AlAF A7l ot o]FAAte] 2u7tX] 9
At A FAstA orld wEPAT AFH o] AHEY da flo] Feddes 49

of golEF = o] A [B4lelA 19-21 Al Fell 2X ZA AEstn ot YA
dHAL Wz AHeg Fo, additione LFHAF AP o] FYsie olFgdate

multiplication& &Y 3 AFYPH zH0] gle o|FdFe2 H9dti, subtraction
WA x+ag=b9 FolZ, QWA g FFTUL g—aE A3t T FuiHA S Aty
AxE 1 Q7R thFo oW Aldg oy yE F 52 X diFe Fx2E WA
I 54 F e olgdite] dE FXRE Y. $HSE idempotency’t A ”3kE o]
Aoz FAYH AT B A4 +9 xZ EASY, SHTERARNE A}
gy 1= WE FIH(vector space)d 2ZE FAL die2 HIIHUE g+ad 22

Aol dxtztg Wwolsgdrh. @AY FUBlAH dolA o dit(operation)ol 3™ o}
FL Moz, 53] dFANS AANA XA FOEFH=TE 19 HoA HEX
o] e A RER AL ofyx tiFEre] A Ay KolX 7|27 o] F X
ol 53 a7 78oR o]&3 AL Jet2¥HGrassman)® Ausdehnungslehre(1844)%3
, 1 B ojm 1 Jide] HAdEe] & Mo U Lectures on quaternions?] A
, A (Hankel)2] Vorlesungen iiber Complex Zahlen(1896), & R.237+9 Trigonometry
and Double Algebra 5°] 3, 53 = 272 “On the Foundation of Algebra”g= A
&9 489l =F(Transactions of the Cambridge Philosophical Society, 1839, 1841, 1843,
1844)0.2 71d&t3 ¢t}

B E BlolEd=rt 19 Mol & chapter “Principles of universal algebra”o]Al “A
treatise on universal algebra is also to some extent a treatise on certain generalized
ideas of space”2t 2 tZ([54], 32%&) Lwt3le] IR Ao oA EAHoZ LA g o|r}
I UAND Aok, Gutstel ojFiA Zpzte] FxE B £ S B ol AR Hlu T3
= A% 7FsRg,
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AeE & ZAo] glo], 18989 slo|lEd =9 A3} 1933, 193532 Wz Z ol =&[6],
(7] Atolell= FUHA didte] digh od A= g 7t gloh 28y Mz =7} 193343
(6191 A generalized algebraZte o]&02 A o] FUWA d4ste) st Axs w
B E£5E Wol v £ UMY AL I Atelo FuigiEo] wAEEA Az HAYPHE
(161, [51) #HAAM FE3 £8]71 HAY] W&ol HEH(Emmy Noether)$t 1 FH9] <
g zLE o] groups with operatorsZ ATFZAIE YRR 2 <tol] oln] FUBAH U4 )
B oJidel Agtn UATH2D. doiddto]l 24 FelEo % w2 w2 d(Bartel van der
Waerden, 1903-1996)0] ¥ ¥ Modern Algebra([16], [651])¢} 2 3}o]*(Speiser)e]
Gruppen TheorieZ A3& T2 HIAXE[2]= 129 AFS FHEYTNA diggoz vpi
of FyvlAd diFste rixd tid B dHS R 1933de] HEE HIZo =§
“On the combination of subalgebras”[6]9l| A generalized algebrazZte o] o2 HaAle &
HA g Zos A& LstE dsd 2o

Let C be any class of ‘elements,” and let D denote the ‘space’ of the ordered sets
0 of elements of C. Let F be a class of ‘operators’ fi, f2, f3, fa, ---. Let further each f;
of F assign, to any ‘point’ in a certain domain D; of D, an element f;(0) of C. Then
the couple (C, F) will be defined to be a generalized algebra, to be called, for
shortness in this paper, algebra.

a5 E 19353 LHEI =&
abstract algebra® &3t} °] F =%
o2 UHE o &3 HzZe] =F [7]de FUUA digse side Aol # ol
1Rz dEd B ZFAEo] UebA 19359 o]F 19500 71% 9] tlRrE =EES H=
Z9 [7]o] wetA =YL 2 FEE I M g dFEI Ut

19458 ¥ 3=Z7} First Canadian Mathematical CongressolA 233 “Universal
algebra”[9]°l & subalgebra, homomorphism, direct union(=direct product), subdirect union
(=subdirect product), equational theory 5¢ A2} I w7xe] ZAxEo] 2 A Fo
AL, AT FUHA digol didte g Zo] 23 9l

)

The topic of “universal algebra” should be of interest to the algebraist, as it
concisely express principles which pervade all branches of algebra. It should be of
interest to the mathematical logician, as it is the only field except the foundations of
the theory of real functions and axiomatics, in which his proud boast “Mathematics

i1s a branch of logic” is really justified.

=, 2& [9]o} A abstract algebra® thS-3 Zo] Aot}
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An abstract algebra is a set with operations. In general, we must also require

{ @) The operations are single-valued.

(B The operations are universally defined - ie, fixi, ..., xa) exists in A for all
X1, ..., Xn EA.

(7) The operations are all finitary, i.e., n-ary for finite integer n.
In addition, we may be interested in having also

( 8 The number of distinct operations is finite.

However, this seems to play no essential role, nor need it be true for vector spaces

or groups with operators.

MzEsl 10489 29 A [10]o) Astel & fUMA dfel HeE oA asEw

By an algebra A, we shall mean below a set of elements, together with a number
of operations fo. Each fu shall be a single-valued (univalent) function assigning for
some finite n=n(a) to every sequence (xi, ..., x») of n-elements of A, a value falxi,

., Xn) In A.

Haszel 1930 d ] Aeoleh 19409 A& H|wetd, Aol o= partial algebra©] i,
T oarity® 999 arityE 3E3te vl 9urA A th5(=generalized algebra)e}i, F#} e
e 25 g7t AHEsE $olEF finitary universal algebra® < & +
£, B8 59 ddidisolAM 1 7122 del Ugttne A A4t arityE Al
A+ nez &8 @A 27t AFstE FUHA WY Fort ©EoIR Fo|t. infinitary
algebra®l =2 ZQ A+ [46]AAM ®IEHUL, I F compact Hausdorff space’t
infinitary algbera® o|a ¥ o] 7 FQ Aol % == lch

finitary algebradlA] 83 F-&o] stes FYHA 49 elementarily definable class
o thgk AFfld, o)]AE HIEyF 29 =8 [7]dAM equational class®] @S Ao,
w+UB A o2 class7t equational classZt FH71 9% HeFRFH] o] class7t
homomorphic image, subalgebra®} direct productell wHeiAd & Q= AYS Z=HE
T Z2e typed HuUHA 49 equational classE 9 collection©] complete latticeZ7} ¥
TEeAT A7l o]olA BE F8AEC] equational classel W ATE A (3],
[44], [47D), Ttolyt wr, AR}, EE unary operation 3 7H9HE zte SUB A dif SS9
=S¥ ol A= equational class® ©oj8& ol &3l @ ZAF}so] IR H(19], [26],
[30], {311, [32], [35], [52)).

direct union®] A2F FUHA th42] factorization 52 A7 AlL=H (1], 5], [8],

f
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[36], [45], [50)), &3] 1944do] wWzZE [8]d) REE finitary algebra®™ subdirectly
irreducible algebra®] subdirect product®} 53o] S ¥, /lgToly 2R 59 E
H2ozr LAY EI FUAH )49 homomorphic imager congruence relation®l
oA ZAEEE congruence latticed]l W3 AFE Bo] o]FojHul([10], [14], [20], [24],
[42], [47]).

Hii_i_ﬂ (710 A free algebra® A&t 1, o|& FAst, 2 EAA i 2745 I&

% free algebradl i3 B2 dATFZAIAEo] FEFHJAY(15], [18], [20], [21], [23], [25], [27],
[28], [37], [48], [49D.

1960 category theoryE& A FUB¥Ad tisshEs AYRAL, o =F9 HH o=
2 g7 e =3A ged.

4. 4E

22 gAEo] FUHAM digrt 189839 SolEd=9 A A treatise on universal
algebra with applicationsZ2 58 Al&d ZAoZ ¢ govi(20], 19 A7 & =59
A AR B a2, 1933d HEZe =§ [6ldA FUMA dise] fde] wrEozon,
FolEF e HAs] o 7HA Y oA IRE /\}z1°d/\h+ =g AE A A8 +
AE =79 oS AXNT Aeg 19 FUHA dss @AY FUHAE dsges o)
7 AARE Ao Frlv HAY AAR 1947129 8 Ho|A vt -8 H3}, T A

HE AR 83 ¥ 48 FEAH HZE I3 Y2 F1 U= doirh

FUHA biFe 1?2 A9 nrary QAEER olFoj AQQH], 1930d 7R wAE
oo v, &, 3, HE FIH ZAAL Boolean algebra% el FXRZHEH Yntdld o2
o7 vzxo odte =YHQT}. 2E VA partial universal algebra® E Y3t o) &
general algebra =& abstract algebra® FZ2tt7F & @A 9 finitary universal algebrag
=stdt. 2+ AAAA field, FHI= TE ST & UL E HIFsHL A
partial algebra®} infinitary operationg A Z}3l%i o}

T FUHA doo HAHA25EH 449 g5y F2E
Tr"]‘ﬂ’“ ) 48te] AEFR|Q Algebra Universalis7t Z7kEo] &
Atk FUHA e 2 9AE AT AR AT 3}
ot UF 497t WA FRE 727 4X 2 A ZAN, gy s We oejz 2
TZE 4¥ I el FE PRz F B2Y Edy, F2 FEY AF XA A o 9
BEFE Fv Ao HAAE AHE + e & FFo|Hh

gQl, &3t Utk 19719
A FAII} HEE T

Ae FARE BA B Hol

R
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