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An efficient polygonal chain intersection algorithm

Sang C. Park*, Hayong Shin** and Byoung K. Choi***

ABSTRACT

Presented in this paper is an algorithm for finding all intersections among polygonal chains with an
O((n + ky+log m) worst-casc time complexity, where 7 is the namber of line segments in the polygonal
chains, & is the number of inlersections, and m is the number of monotone chains. The proposed
algorithm is bascd on the sweep line algorithm®. Unlike the previous polygonal-chain intersection
algorithms that are designed to handle special only cases, such as convex polygons or C-oriented
polygons, the proposed algorithm can handle arbitrarily shaped polygonal chains having self-
intersections and singularities (tangential contact, multiple intersections). The algorithm has been
implemented and applied to 1) testing simplicity of a polygon, 2) finding intersections among polygons

and 3) offsetting planar point-sequence curves.

Key words : polygonal chain intersection algorithm, point sequence curve
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Fig. 1. A general chain and a monotone chain.
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e Vertex (v): monotone chain’}e] 3t vertexE
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(v.pos) 222 vertex”’} 48 monotone chaing 7}
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L IFEe2 soningﬁ'}@] active-chuin-list(ACL)ﬂ] 9
o} Z7)ll¥ sweeping-chain-listq(SCL)Y output-
vertex-list{OVL)= n}e{¢le}.

s MCl={vl, v2, v3IMC.tv=vl};

MC2={v4, v5IMC fv=v4];
¢ ACL={MCI1, MC2}; SCL=0,
OVL=b;

1) ACL2] A =A MCMC1)9 front-vertexS
A gt (viI=MCLiv);

2) MC19] front-vertexZ v} vertex® HpZc}
(MC1.fv=v2),

3) MC19) front-vertex?} Del@ oo 2 ACLAM
= A A& ACL={MC2, MCl};

2. After v1: 2gleRle] vig #hilel] ui=l,
MCI12 SCLell 4htslel, afivkshd viel left-most
ver-tex®| 22, MC1e| SCL3} atx}siA] =)g17] w&
ojc}, o] 24 state vaniableS-S ThS zko] g}

o MCl={vl, v2, v3IMC.fv=v2);

MC2={v4, vSIMC.fv=v4},
o ACL={MC2, MC1}; SCL={MCI):
OVL=0;

1) ACLY 3 A MCMC2)2) front-vertexS
Ae gk} (va=MC2.fv);

2) MC29] front-vertex3 ©hg vertex® vHET}
(MC2.fv=v5);

3) MC29] front-vertex’} 2elH 2.2 2 ACLeAM
2 A ™. ACL={MC1, MC2);

3. After va: 2fleRle] vag ApRll wle),
MC2E SCLell Ahlsiet. siuksld va7l left-most
ver-texo| 22, MC27} SCL#} a3l %917 o2
o}, olw] MC2: ~YeElela} Expshe Ao Yabs
2283}ed SCLe ARI=E 2Rl S s Rt o=
# state vanable5-2 vhg3# o] Wi

s MCl={vl, v2, v3IMC.fv=v2};

MQC2={v4, vSIMC.fv=v5};
» ACL={MCI1, MC2};
SCL=(MC1, MC2}; OVL=®,

ol SCIsl MEe)l MCYl Fisglens
MC22) $)/ellel] Y28 MCEH W3} teseZ 3P ©
ot ¥ MCZ2] 23} est= A} 2 MCY frone-
vertexel] 9749 A MR ES/ =9 5398}, &
A MC28F 33} estE & MCE Zob¥sd, SCLel
MC2 stefjols e}lf- A= 3 el MClol gl
22, MCIvF) dehies AL & 4 9o MC2¢
MC18 33} rests= Z}2}e] front-vertex 2730l €4

g N aHE G, v2 & v4, v)Th) dede}. o o)
2y qiS 23S 5 g e q1E A7) Mcel
Asdska, 4zl MCE2] front-vertexE q1E BjE
o} o] 234 state variableS~2 87} 3ol Wi}
s MCl={vl, ql, v2, vIIMC.tv=q4l};
MC2={v4, qt, v5IMC.fv=¢l);
» ACL={MC1, MC2};
SCL=(MC1, MC2}; OVL=D;

1) ACLY A @A MCMC1)2] front-vertex s
Aegie (q1=MCL.fv);

2) MC19] front-vertexs ©H3- vertex® vl
(MC1.fv=v2);

3) MC12] front-vertex’} delz 222 ACLeIA
21 A A4, ACL={MC2, MCl};

4. After q1: 2=%1E1019] intersection vertex3! ql
< Auprdol utet b 2 A L3k 1)
qidlM MCI1# 2Xshe MCel MC2E 7HA2v,
2) MC2°] front-vertexZ thy  vertex@ npPcl
(MC2.fv=v5), 3) MC29] front-vertex’} etz on
2 ACLeM 1A A A1A. ACL={MC1, MC2} 2
2)52 4) SCLolM MCI13 MC29 1% E wipEc],
ksl intersection vertex qbS AjHA Az}
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o MCl=(v1, gqi, v2, v3IMC.fv=v2};

MC2={v4, g}, vSIMC.fv=v5};
« ACL=(MC1, MC2);
SCL=(MC2, MC1); OVL=(qi};

1) ACL2| A A MCMCI1)® front-vertexS
A9} (v2=MCL.fv);

2) MC19} front-vertexS ©H vertex2 wHET}.
(MC1.tv=v3);

3) MCI¥] front-vertex’} @2tz 2822 ACLRA
9= A MA. ACL={MC2, MCI};

5. o3} A%

4, Monotone chain intersection
algorithin
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&% formaBl Al 94 mY) Ao
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Fig. 4. Intersection lypes.
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Z] ¢k 2% A 9=by proper intersection® . report
ich A Aol Ake) HlaglEs} &t AHelM This 7T
X multiple interscctione]@l 3122 proper intersec-
ion2 24 report&te}. m}A|t £ 7}A|, partial- and
full-overlap intersection proper intersection®=.
HAFea gl FF Yoo ol Sl dFd
proper intersection ©] 212} interscctions B 2%¥ 7
$7} A& Zoleh. o)2d Ba s AWM= Add
A2 F-S I FAE T3 Jhsdie
Monotone chain intersection %322]F(MCI-4at
2|29 Eg3e AdE AsM 2 7 B9 ES
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« Monotone chain (MC) 45
- advance-fv-MC (MCi): MCi¥ front-vertexs
}& vertexZ vl
- insert-fv-MC(MCi, v): MC®] front-vertex %
o vE Adsist
« Active-chain-list (ACL) &%
-+ reposition-mc-ACL  (MCi): MCi®]  frontvertex®]
X3& NNFSR ACLMIA B4} S1AE 3
=t
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Fig. 5. Sorting of MCs in the SCL.

Sweeping-chain-list (SCL) 45

- insert-mc-SCL (MCi): MCiZ SCLell AHi%
o}, o]d] £ = Afizlels} walshe Mo Yk
& 7)1F2o g ARG (Fig. 5-a). B 22 Y
e A= Ao qlest, 1A el 419 slopeR
7 KFig. 5-b).

» swap-me-SCL ({MCi}y: F2= {MCilel &
g MCis-2 @4k ~felelate] mge] sl
of i}, o) Z} MCES slopeS @jsiA
SCLY A 1215 ANeh=) &g eh(Fig. 5. F2).

- get-me-SCL (p, {MCi}): FoJ#l= A p= ¥
A el 22 Xghs 7hA o gt o|H)
SCLel 43} MCE FollM 2telql=}e] 24
o] p%} B MCES {MCijell otri Zs)
Zc}.

e dukQl fist A IFp(L=MC 32 SCL)
-prev(L, ey List L#lA element o] A
element® 23 38lc}, glom NULLS 29,
-next(L, e): List LoM  element ] =%
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elementsS s}, ¢glow NULLE £9.
o|2g 712 F5ES v[ed2 2 )2 monotone
chain5e] =& 2Y-S T3 MCHEE FE for-
ma]‘&}?ﬂ 7]%6}-52—3;‘ a.LI'l:}' MCi-2e| &2} "ﬂe—i% m
708l monotone chain® Z o] Fo|A ZjH{MC. i=1,
. mje] E3 £ BE wy Foir}. 1)x o
@ Al 7ol Ak} monotone chaine] 3t Aol Ty
¥ multiple intersections Tkt 7}Agke} )|
|28k multiple intersectionT 5 T#|s}e] 73}
odxre|go| dudd

o

el

MCI-4 22 & (monotone-chain-intersection)
/fmultiple intersection®] $1= 73-¢//
1) Initialzie: .

ACL={MCi, i=1, ..., m}; #/Active-chain-list//

SCL=®; //Sweeping-chain-list//

OVL=®, //Output-vertex-list//

for all MCi reposition-mc-ACL{MCh);

2) while ACL is not empty do {

2-0) MCa=the first monotone chain in ACL;
v=MCa.fv;
advance-fv-MC(MCa);
reposition-mc-ACL(MCa);

2-1) case v of left-most-vertex {
insert-mc-SCL(MCa);
find-intersection(MCa, prev(SCL, MCa)};
find-intersection{MCa, next(SCL, MCa));
)

2-2) case v of internal-vertex |
find-intersection(MCa, prev(SCL, MCa));
find-intersection(MCa, next(SCL, MCa));
)

2.3) case v of right-most-vertex |
MCp=prev(SCL, MCa);
MCn=next(SCL, MCa),
remove MCa from SCL and (rom ACL;
find-intersection{MCp, MChn);

}

2-4) case v of intersection-vertex {
MCb=the MC intcrsecting with MCa;
/1 stored in v.mc //
advance-fy-MC({MCh);
reposition-mc-ACL(MCb),
swap-me-SCL{{MCa, MCb });
if (MCa= =prev{SCL, MChb)) then{

find-intersection(MCa, prev(SCL, MCa)),
find-intersection(MCb, next(SCL, MCb));
} clse {

find-intersection{MCb, prev(SCL., MCb));
tind-intersection(MCa, next(SCL,, MCua));
}

adad v to OVL,

!

1 end of while //

3} Output OVL;

Aok MCI-2k37e)3¢) AIZH8A e O((n+k) -
fog myelel. old] nd verex¥] B4, me mono-
tone chain®] 7 2R k= 2YS) APLE e}
WAck, Step I(initialization)oll A1 m7W2] monotone
chain® front-verlex®) XZFO22 soringsheol dfog
O(m ~ log m&} AZ3EAEE 7HAC) Step 22} while
loop- A &3] neid A S, loopS} AZHEASE
= O(og myolel. 9 MCL-2elEo)A “find- inter-
section()™] k= 5 FoJA3= monotone chains
2} 2YE Foke weld, ¥ 4 monotone
chains2] 7} front-vertex?) ZA 2}9) Al 2HES7
2] YL FIHA " wef nglo) W kA
H intersection vertexE % monotone chainol] o}
25 akelshar, A9 intersection vertexE front-
vertex 2. #EY}. “find-intersection(y” TS ofwRel
Mhcis

Function find-intersection (MC1, MC2)
AL, L2: line-segments defined by their
start-vertex {.sv) and end-vertex {(.ev)//
i. If MCINull} or (MC2Null)
//No line-segment left in the MC/
then retumn;
2. //Retrieve the two front line-segments
(L1 and L2)//
L1.ev=MCL.fv; L1.sv=previMC1, MCI.fv);
L2.ev=MC2 fv; L2.sv=prev(MC2, MC2.1v),
3. 1f (LLsv=L2.sv) or {Ll.sv=L2.ev) or
(L1.ev=L2.sv) ot (L1.ev=L2.cv}
then return;
#/An extreme-vertex intersection is ignored//
4. If L1 and L2 intersect at p
then {
create a vertex v;
V.pos=p; v.type=intersection-vertex;
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v.me={ MCI1, MC2);
insert-fv-MC(MC1, v);
reposition-me-ACL{MC1);
insert-fv-MC(MC2, v);
reposition-me-ACL(MC2);
} else return;
oA Agkd MCI-222]5-2 multiple intersec-
tionol gletx 713k Aol A Z71E=9Ed, MCL-
ot312] &9 Step 2-45 ¥ 7o) AW multiple
intersection® A L 4 9o

Multiple-intersection-module:

2-4) case v of intersection-veriex {

2-4-1) gel-me-SCL(v.pos, S);
T=S-{MCa};

2-4-2) for each MCj in T do {
v.me—MCj; #v.ameoll MCiE S5/
insert-fv-MC(MCj, v);
advance-fv-MC(MCj));
reposition-mc-ACL(MC;j);

} /fend of for#/

2-4-3) swap-mec-SCL(S);

1150, sl: first and last elements of S/

2-4-4) find-intersection(s), prev(SCL. s0));
find-intersection(s1, next(SCL, sl));

2-4-5) add v to OVL;

Viend of case//

MCI-2}aze]52] Step 2-4F multiple intersection
moduleZ A3k, kg MCL-LIFE A& T
gl<}. Multiple intersection moduled] A 7H533HE =
el 5] seep 2-4-3(swap-me-SCL(S))ell APt 5
wd), 2710] A7HEREEE O -log s)°et. ol &
Sol] 48 monotone chainge] 7Jse]vt, Multiple
intersection2 7 ¥x} W& proper intersection®)
o}Fo]zl Holmg A MCIETE)FS] AlRHS:
A=y Q3P| ot

5. Mietgl etne|Fel 3820k ¥
AL

o] Md MCIUTEFE o83l TR
= Ad A my G2eF PCHAEYAF)S =
3} o] T4 5 vk w2 2l H2RIES A
o]™ m2 monotone chain® 74 22| = ALY

o 742} shat,
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1. A9 FAE monotone _chains-F 23 O(n)

2. Monotone chainE-% YHPL2 2 3o MCl-L
AEL oS O(n+k) - log m)

3, ghek 9y A A 3 Wgsisled G4
Hb 2 3 W gkgiet

2 AoMe AR PCrdelSe] M 7] &8
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#AA 1Y) o5 Wd deF O -log mET F
o, B3| po] AALE 1 o) YAl ot
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{a) Boundary polygons by SSl-operation

(b) Offset the poygon

Fig. 6. Planar-curve offset example.
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Fig, 7. Non-simple polygons for performance test.
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Table 1. Test results

wh, sk, #ET

Fig. 8. Plotting of the test results.

6. dE U EE

B =20 O((n+k) « log my2) AZHEREE
7hA= Hd T4 ®29YJ(Polygonal chain intersec-
tion) kx22]|Z2S- Agksisdct. AlA AAL AL n+k
o A8z gxole Ao AYE Fileo] AAH
o}, g udsl monotone chain®| H(m)ye] Yuty
22 gl AU ES] M (mel wisl) wil$ 2] 9
Fo)c, ¥at oh2} Algke PCl YE|FS tangen-
tial comact 3-& multiple intersection?} & sin-
gularity7h SR AQ FAle) dlsi= o
AP AL Bolzye wade] ndedy 1, w7
535-7ke] mel F&}7] e ofakd curved] offsct
£ o2 5.

Fo|zl A FAelle BYY Mgk T 7
olt}. 2#v} monotone chain®l 75 me sweep-
ing dircctiondl] ule} Debd 4= gle}. F i AP
2] monotone chain® 2. £&-2 715 3= opti-
mal sweeping direction®] E3|'"lcl= ejn]o]c,
w3t B4 application®] FZ el wle}l proper inter-

section®] A7} gl X Qled, o]7L A

FZCAD /CAME S| =F3 A4 A3Z 19993 9Y

I

Typel {(ml=74) Type2 (m2=26)
nl ki Time (sec) n2 k2 Time (sec)
1212 105 ¢.0120 - 1718 28 0.0078
1377 135 0.0137 2211 32 0.0117
1661 165 0.0205 2952 43 0.0146
3135 63 0.0166 3260 68 0.0176
4401 g1 0.0303 4386 86 0.0273
5373 136 0.0430 5368 82 0.0361
6187 203 0.0501 6193 63 0.0410
Tirr:; (msec) o typel(m=74) o: type2(m=26) PClIA Y ES 237 o431 7158 Zolet
9 f e e anes
0 = * e
° 1. Shamos, M.I. and Hoey, D.J.. Geometric intersection
3 . problems. in Proc. 17th Annu. Conf. Foundation of
° Computer Science, pp. 208-215, Oct 1976
U ¢ res 2. Bentley, J.L. and Ottmann, T.A., Algorithms for rcport-
&t o i ing and counting geometric intersections. IEEE Trans-
V""" o actions on Computers 28, pp. 643-647, 1979.
0 ) ‘ ) ) ‘ 3. Prcparata, EP. and Shamos, M.1., Computationalgeom-
0 1000 2000 3000 4000 5000 6000 ( +LO)OO etry-An introduciion. Springer Verlag, New York, 1985.
n

. Chazelle, B. and Edelsbrunner, H. An Optimal algo-

rithm for intersecting line scgments in the plane. Jour-
nal of the Association for computing machinery, Vol.
39, No. I, pp- 1-54, Janvary 1992

. Nievergely, J. and Preparata, EP,, Plane-sweep algo-

dthms for intersecting geometric figures. Convnunica-
tions of the ACM, Yol. 25, No. 10, pp. 739-747, 1982.

. Edetsbrunner, H. and Maurer, H.A. Polygonal intersec-

tion scarching. fnformation processing letters, Vol. 14,
No. 2, pp. 74-79, 1982,

. Bentley. JL. and Wood, D. An Optimal worst-case

algorithm for reporting intersections of rectangles.
IEEE Trans. Comput. C-30, pp. 147-148, 1981,

. Xue-Hou Tan, Tomio Hirata and Yasuyoshi Inagaki,

The intersection searching problem for c-oriented
polygons. Information Processing Letters, Vol. 37, No.
4, pp. 201-204, 1991.

. Chan, T.M. and Simple, A., Trapezoid Sweep Algorithm

for Reporting Red/Blue Segment Mtersections. Proc.
6th Canad. Conf, Comput. Geom., pp. 263-268, 1994.

. Held, M. and A geometry-based investigation of the

tool path generation for zigzag pocket machining. The
Visual Computer, 7, pp. 296-308, 1991,

Allan Hansen, Farhad Arbab, An algorithm for
generating NC tool paths for arbitrary shaped pockets
with island, ACM Transactions on graphics, Vol. 11,
No. 2, pp. 152-182, April 1992,



,—

A Fe 2P BEHoR e Gl 199

% o @

19473 KAIST 53t g4t

19963 KAIST 43 &2t 44

199643~ 8 4 KAIST 49 3 8=} 44

B33 2ok Geomeuic algorithms in CAD/
CAM, CAPF. System modeling
& simulation

5 8

1985 M et dod Tt Shat

198790 KAIST 43} %2 44

1991 KAIST 443153 whAb

1991482 of % DiamlerChrysler?] ad-

vanced CAD/CAM engineer

74l -E-oF: Geometric modeling, Tool path
generation, Computational geo-
meay

H 4 7

1973 AL m 4)F8e 34f

19755 KAIST 4k 532k Ak

19821 0| F Purdue A4 E 33} vb2}

198243 -8 2] KAIST 4 F 83} ey Y

KAIST CiM < FAEH A

A #ok: Surface Modeling, CAD/CAM,
CAPF, ALE3} A=A 25 24
g A a4

PHCAD,/CAME 3] =33 A4 A3E 19993 94



