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Characterization of Tensile Energy Absorption in Paper

Jong-Moon Park' and James L. Thorpe*

ABSTRACT

Tensile energy absorption in paper has long been measured as the area under the load-elon-
gation curve. Little effort has been made to define where and how that energy is used within
the paper itself. Characterization of tensile energy absorption in paper is discussed. Multiple
small elements within newsprint and kraft sack have been defined and the energy absorbed in
those elements are discussed. The tensile profiles of the weak paper, newsprint, and the tough
paper, kraft sack, are presented as separate strain profiles, stress profiles, and strain energy
density profiles. This allows a complete analysis of the energy absorption of both papers for

comparison or contrast.

1. Introduction

Strain fields at the tip of a crack define the
yield process in paper under tensile loading.
A series of strain fields at increasing load
intervals details the rate of crack propaga-
tion. Interestingly, when the crack propa-
gates it is not as a single line, but as a three
dimensional strain volume. The strain vol-
ume grows as the crack propagates causing
new material to be deformed. As the defor-
mation area increases in size an ever
increasing amount of energy is put into the
paper to maintain the necessary strain con-
centration for the expanding volume of
crack growth. This ever increasing deforma-
tion becomes the source of energy absorp-
tion within the sheet and stable crack
growth,

Can the energy required for stable crack
growth be quantified? If it is quantified, will

it measure a useful physical property of that
particular grade of paper? The answer to
both of these questions is yes. By combining
local stresses with local strains and sum-
ming the resultant quantities over the area
of interest yields the aggregate of energy or
internal work of that particular paper. The
conventional phrase to describe this quanti-
ty is strain energy density.

But, where do the stress values come
from? There is no experimental method to
define stress over multiple local areas with-
in a paper sample. The answer is from finite
element analysis (FEA) simulation. The
stress field within tensile specimens in
mode I fracture can be simulated giving a
good estimate of local stresses.

Kraft sack is contrasted with newsprint to
show the differences in the strain profiles,
the stress profiles and the strain energy den-
sity profiles in mode I tensile loading.
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The stress on each volume element of %
paper is not always the same. Therefore, the .
total strain energy in the entire structure is EJ Tl
obtained by taking the integral over the vol- 0;=0, (_3 Iny) Gij¢, n) [5]
ume of paper: %

Strain energy U(P) at a certain load level, 0
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Where V is a volume of a whole sheet. The
strain energy density, D, is obtained from
the integration of stress with elastic plus
plastic strain over the complete loading his-
tory, and in each load increment i the contri-
bution at point j is

AU]' = A Di x AV]
1
Where A D= (o, + 5 A0 (es+ep)  [2]

Where superscripts ‘e’ and ‘p’ denote elastic
and plastic components respectively, and A
V; is the volume associated with point j such
that Y AV; = V. Therefore, integration over
the whole structure and for all load incre-
ments up to load, P, gives

UP=35 (oi%mi Kase+0e0) 4V, 3]

The stresses and strains, for stationary
cracks, around crack tip of elastic-plastic
material has been derived theoretically
under yielding conditions.’® The strains and
stresses can be obtained from the following
equations at varying yielding conditions
from small-scale to fully plastic. From the
strain and stress equations, the strain energy
density equation is derived from the follow-
ing equations.

Where, E is an elastic modulus of the sheet
with cracks defined as yield stress/yield
strain, 6,/¢,; ] is J-integral, which is defined
by the path independent line integral*®; ¥
and # are polar coordinates of crack tip,
namely distance and angle respectively; I, is
a numerical constant which is a function of
n, the straining hardening exponent; €;(¢, n),
;(4, n), and &, are known dimensionless
functions of the circumferential position §
and n; o is remote stress at loading point;
and D is strain energy density.

Under tensile load, a material with cracks
experiences high stresses around the cracks.
Many materials including paper usually
exhibit some plastic deformation prior to
fracture. Depending on the extent of plastic-
ity, different fracture mechanics theory
should be applied because of the assump-
tions involved. Therefore, depending on the
extent of plasticity, it is useful to distinguish
four regimes of yielding as shown in Fig.®
The local stress near the crack tip is
expressed as 0, uniaxial yield stress as oy,
net section stress as 0, which is the stress at
the ligament, and the uniform remote stress-
from the crack is expressed as o. Fig. 1. a
shows the small scale yield case (6> ¢, > 0,
>0) which has a yield zone vanishingly
small in the immediate vicinity of the crack.
In the contained yield case (6> 0y > 0, > 0)
as shown in Fig. 1. b, the yielding zone is
contained within the structure but does not
spread to a lateral boundary of the struc-
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ture. Fig. 1. c is the gross yield case (0, > 0, >
o, > 0) which has a very extensive yielding
zone spreading to the lateral boundary
ahead of the crack and is, thus, not con-
tained. In the general yield case (0, > 0, > 0>
0,) as shown in Fig. 1. d, extensive plasticity
spreads across the whole area because the
applied stress, o, is greater than the yield
stress, Oy,

Tt
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d. General yield
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Fig. 1. Schematic representation of four
regimes of yield.
a. small scale yield, b. contained yield,
c. gross yield, d. general yield.

Linear elastic fracture mechanics (LEFM)
may be applied to small scale yield and con-
tained yield. Elastic-plastic fracture mechan-
ics (EPFM) may be applied to contained
yield, gross yield and general yield.
Recently post-yield fracture mechanics
(PYFM) has been proposed for gross yield
and general yield.® As a fracture criterion,
different parameters are used for different
yield as summarized in Table 1. They are
stress intensity factor, K, J-integral, J. , and
strain energy density, D, where subscript ¢
means critical value. Gross yield and gener-
al yield can be observed in tough paper on
tensile loading, where strain energy density
can be used as a fracture criterion.
Therefore, in this study, strain energy densi-
ty is observed and analyzed.

1. 1. 1 Strain energy density

Analysis of strain energy density of small
localized areas is important to understand
the fracture phenomena of paper, because
paper is a non-homogeneous non-isotropic
material. Strain energy density has been
reported as a failure criterion for a material
with flaws.”® According to the criterion,
failure initiates when the strain energy
stored in a unit volume of material ahead of
the notch reaches a critical value. This value
corresponds to the area under the
stress/strain curve.

There are two sources of energy that can
be supplied to extend the crack. One is from
the work done by the applied external load
and the other is the strain energy stored in

Table 1. Yeild classification and its related theory and criterion

Yield classification Theory Fracture criterion
a. Small scale yield LEFM K.
b. Contained yield LEFM, EPFM, PYEM K. J. D,
c. Gross yield LEEM, EPFM, PYEM K. Jo D
d. General yield EPFM, PYFM Je, De
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the structure during deformation by the
applied external load. the latter type of ener-
gy increases with crack propagation, as the
structure’s capacity to store the strain ener-
gy decreases. The compliance, which is
defined as the deformation per unit load,
increases as the crack propagates.” As the
compliance increases, local structure reaches
a limit that the structure can store the strain
energy which is defined as strain energy
density.

2. Materials and Methods

Double-edge notched specimens were
used as described in previous work.!® The
image observation area was 280 pixels by
400 pixels. That area was broken into 280
strain observation elements, a 14 by 20 grid
of elements, each 2.61 mm wide by 2.12 mm
high. The total size of observation area is
365 mm width and 423 mm height. The
finite element analysis grid for calculating

Ovseryation area
by Linear Image
Stram Analysis

2 20 mm a‘l \
Ona-quarter of S mm

obsarvation area
by Lnear Image Strain Analysis

Crack

Fig. 2. Nodes and elements for finite element
analysis.
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stresses was identical in size.

In this study, stresses were obtained from
isoparametric quadrilateral 8 node elements
in three dimensions with ANSYS
Engineering Finite Element Analysis
System.!V Specimen is symmetric to hori-
zontal and vertical axies, so one-quarter of
specimen is analyzed by 207 nodes and 182
elements as shown in Fig. 2. Near the crack
tip, more refined elements are produced and
the crack tip solid element is used to incor-
porate the inverse square root singularity of
displacement field.

3. Results and Discussion
3. 1 Resulis
3. 1. 1 Strain profiles

The strain profiles at increasing load
increments in the cross machine direction of
the kraft sack are shown in Fig. 3. The cross-
machine direction strain profiles of
newsprint at increasing load increments are
shown in Fig. 4.

The kraft sack cross-machine direction
strain profiles are shown in Fig. 3. a - 3. c.
The total strain to failure was 2.72% at a
load of 20.8 Kg. In Fig. 3. a at a whole speci-
men strain of 1.08% the strain region above
2.5% emerges. In Fig. 3. b, at a wholespeci-
men strain of 1.73%, a region of strain above
3.0% appears not only at the crack tip, but
also in isolated upper locations. The length
of isolated regions with 3% strain reaches 15
mm at the distance of 15 mm from the crack
tip. The area covered by strainsgreater than
3.0% is now approximately 330 mm?. In Fig.
3. ¢, at a whole specimen strain of 2.38%, the
strain region above 3.0% has widened and is
connected to the upper location.

The strain profiles of the newsprint cross-
machine direction are shown in Fig. 4. a - 4.
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Fig. 3. Strain (unit : %) profiles of kraft sack
paper in the cross-machine direction.

c. The total strain to failure was 1.32% at a
load of 3.83 Kg;. Fig. 4. a is a strain profile at
a whole specimen strain of 0.87% The region
of above 2% has been observed in front of
the crack tip. In Fig. 4. b, at a whole speci-
men strain of 1.08%, strains above 3.0%
appear at the crack tip. Isolated areas above
1.5% strain have a total strain area of 40
mm? In Fig. 4. ¢, at a whole specimen strain
of 1.30%, the area of the strain region above
1.75% approaches 200 mm?.

3. 1. 2 Stress distribution

The kraft sack stress profiles of cross-
machine direction are shown in Fig. 5. a - 5.
c. In Fig. 5. a, the regions above 1.75
Kg:/mm? stress are shown in front of the

Load 2.7 Kgy
70.0% of ultmate load

St QK%

Crag_l’(_;f\\% L B0.7% ot ultimate stran
o I
o

Load 3.1 Kg:
81.4% of ultimate load

Strain 1.08%
82.1% of ultimate stramn

Load 35 Kge
91.4% of ultimate load

> Strain §.30%
™™ 985% of ultimate stran

Fig. 4. Strain (unit : %) profiles of newsprint
in the cross-machine direction.

crack tip at 13.6 Kg; load. In Fig. 5. b, the
regions of 2.25 Kg;/mm? stress start to
appear at 17.3 Kg; load. In Fig. 5. c at 19.6
Kg: load, the regions above 2.50 Kg¢/ mm?
stress is shown in front of the crack tip. At
the center location, the region below 2.00
Kg¢/mm? stress appears.

The newsprint stress profiles of cross-
machine direction are shown in Fig. 6. a - 6.
c. In Fig. 6. a, the regions above 1.00
Kg¢/mm? stress are shown in front of the
crack tip at 2.7 Kg; load. In Fig.6. b, the
regions of 1.125 Kg;/mm? stress start to
appear at 3.1 Kg¢ load. In Fig. 6. c at 3.5 Kg;
load, the regions above 1.25 Kg;/mm? stress
are shown in front of the crack tip.
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Fig. 5. Stress (unit : Kg/mm?) profiles of kraft
sack paper in the cross-machine direc-
tion (failure load = 20.8 Kg;, failure
strain = 2.72%).

3. 1. 3 Strain energy density

The strain energy density profiles of kraft
sack and newsprint are shown in Fig. 7. a -
7. c and 8. a - 8. ¢, respectively. The strain
energy density has units of Kg;/mm?2. In Fig.
7. a, at 13.6 Kg; load, the strain energy densi-
ty of 2.50 X102 Kg;/mm? starts to appear
infront of the crack tip. The strain energy
density of 1.00 X102 Kg;/mm? is extended
38 mm from the crack tip. In Fig. 7. b, at 17.3
Kg; load, the strain energy density of 5.00 x
102 Kg¢/mm? is observed at the crack tip.
Even with this high strain energy density
value, whole specimen sustains its external
loading without fracture. Areas of the strain
energy density of 2.50-3.00 x 102 Kg¢/mm?
are connected. The total area of the strain

814% of ultimate loac

Strain 108%
82.1% of vllimate strin

Load 35 Kge

1.2 91 4% of ultimate load

‘1.2

. Strain 130°%
b b 985% of ulumate stran

Fig. 6. Stress (unit : Kg/mm?) profiles of
newsprint in the cross-machine direc-
tion{failure load = 3.8 Kg;, failure
strain = 1.32%).

energy density above 2.00 X 102 Kg¢/mm? is
about 900 mm?. In Fig. 7. ¢, at 19.6 Kg; load,
most of the observation area has the strain
energy density greater than 3.00x 102
Kg;/mm?2.

In Fig. 8. a, at 2.7 Kg; load, the strain ener-
gy density becomes slightly greater than 0.5
x 10?2 Kgs/mm?. In Fig. 8. b, at 3.1 Kg; load,
high strain energy density above 1.00+102
Kg:/mm? is apparent at the crack tip. Most
of the observation area has a strain energy
density value of 0.25x 102 Kg;/mm?. The
area of the strain energy density above 0.50
Kg:/mm? is about 500 mm?. In Fig. 8 ¢, at 3.5
Kg; load, strain energy density above 2.50 x
102 Kgg/ mm? is observed at the crack tip.
Areas of 1.00 X102 Kg;/mm? strain energy
density are connected crack tip to crack tip.
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Fig. 7. Strain energy density (unit : X 102
Kg#/mm?) profiles of kraft sack paper
inthe cross-machine direction (failure
load = 20.8 Kg;, failure strain = 2.72%).

The strain energy density of each element
is summed throughout the whole observa-
tion area. The strain energy values of kraft
sack paper are 2.45, 6.52, and 11.78 Kg; - mm
for whole observation area of Fig. 7. a, 7. b,
and 7. ¢, respectively. The strainenergy val-
ues of newsprint are 0.20, 0.49, and 0.81
Kg; - mm for the whole observation area of
Fig. 8. a, 8. b, and 8. ¢, respectively.

3. 2 Discussion
3. 2. 1 Strain profiles
There are apparent differences between

kraft sack paper and newsprint in strain
profile development. These two grades con-

Load 2.7 Ker
005 of ultimate load

Stan 0874
B57% of ultimate <train

Load 3.1 Kgr
BL4% of sltimate load

Strom 108%
821% of ulimate stroin

Lond 35 Kar
914% of wlimate toad

Strain 130%
985% of ullimate strain

1.00 x 102 xgfsmm®

% 1.50 x 107 kg /mm?
% 2,00 x 102 kygfsmm?

Fig. 8. Strain energy density (unit : X 102
Kg¢/mm?) profiles of newsprint in the
cross-machine direction (failure load =
3.8 Kg;, failure strain = 1.32%).

trast the differences between the strain pro-
files of a tough paper and a weak paper.
Kraft sack paper in the cross-machine direc-
tion has widely distributed areas of sub-crit-
ical strain before the ultimate failure of the
sample. When the critical tensile load is
reached, some of the highly strained areas
are connected and the sample fails. The
shape of sub-critical strain area is two-direc-
tional with a barrier at the center of the
crack tip. By contrast, the newsprint cross-
machine direction has narrower distributed
areas of sub-critical strain just before the
ultimate failure of the sample than the kraft
sack paper. Even when the critical tensile
load is approached, highly strained areas
are not connected as is shown in Fig. 4. ¢,
but concentrated around the crack tip.
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3. 2. 2 Strain energy density

Strain energy density is calculated from
the summation of individual element strains
and the stresses with equation [3]. Strain
energy density is usually high near the crack
tip, because the strains and stresses are high
near the crack tip. The stress becomes stable
and approaches to the average stress value
of whole specimen at 5 mm from the crack
tip.

The strain energy density of kraft sack
before failure in front of the crack tip covers
a wide area over 5.00 x 102 Kg;/mm?2. By
contrast, newsprint has a small area which
has strain energy density of 2.50 x 102
Kg¢/mm? in front of the crack tip. The wide
area of high strain energy density for kraft
sack paper can be related to the blunting
phenomenon in front of the crack tip.
Blunting is due to plastic deformation.®
When sufficient plastic deformation can
occur to relieve stresses, fracture will be
postponed. Blunting is a relaxation process
that distributes stress concentration. Local
blunting in front of the crack tip ameliorate
conditions through lower stresses and larger
plastic strains to absorb the applied energy
by the external load. Thus, kraft sack has a
wide area of high strain energy density and
fracture is delayed by having extensive
blunting. The extent of stress concentration
is determined by the shape of crack tip dur-
ing the fracture process whether it is sharp
or blunted. If the crack tip is sharp, the
extent of stress concentration increases and
stable crack growth will be rapid. Therefore,
the magnitude of blunting is closely related
to the toughness of material. When a materi-
al has significant blunting, it gives the high-
er toughness. This delayed initiation of sta-
ble crack growth will result in high strain
energy density and additional loading.

When the strain and strain energy density
profiles of kraft sack and newsprint are
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compared, toughness factors can be specu-
lated on. Toughness is determined by the
extent of stress and strain during loading.
Kraft sack has a high toughness because it
has widely distributed high strain profiles
that result in a high strain energy density
profile before failure.

At the same 1.08% strain of whole speci-
men as shown if Fig. 3. b and 4. ¢, kraft sack
supports 75% more load compared to
newsprint when the load is normalized by
the basis weight. High toughness than
newsprint is given by the better efficiency of
kraft sack to support higher load and have
widely distributed high strain regions.

The possible reasons for higher toughness
of kraft sack can be ascribed to (a) structural
effects, like thickness and density of paper,
(b) intrinsic fiber strength, (c) fiber bonding,
and (d) fiber length. The effects of thickness
and density of paper are well known as they
increase ; load, which can be supported is
increased. The effects of intrinsic fiber
strength, fiber bonding, and fiber length on
the supportable load will need to be further
examined.

The plastic region in the stress-strain
curve of paper has been ascribed to the rup-
ture of fiber-to-fiber bonds.1? If this is the
case, the widely distributed plastic zones
and resulting extensive blunting shown in
Fig. 3. c for kraft sack may be related to fiber
length, fiber strength, andstrong fiber-to-
fiber bonding.

The extent of blunting is proportionally
related to the magnitude of yield stress and
the extent of crack propagation.’ Yield
stress corresponds to the intrinsic fiber
strength and fiber length.

Generally, kraft sack paper can be charac-
terized as having long fibers, high fiber
bonding, and high intrinsic fiber strength.
Whereas, newsprint has short fibers, low
fiber bonding, and low intrinsic fiber
strength. Therefore, long fiber, high fiber
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bonding, and high intrinsic fiber strength of
kraft sack may be beneficial to high tough-
ness. In kraft sack paper, widely distributed
high strain areas show that plastic deforma-
tion has occurred extensively. The plastic
deformation causes blunting, thus, fracture
is delayed and applied energy is efficiently
absorbed. The blunting is a process of shar-
ing applied energy with surrounding area
and relaxing stresses which induce high
toughness. Further study of the effects of
intrinsic fiber strength, fiber bonding, fiber
length, and other factors on the paper
toughness will show the importance of each
factor.

Comparing the strain profiles of kraft sack
and newsprint at 1.08% strain, reveals no
large dissimilarities. Both show a distribu-
tion of 1.5% strains across the ligament
between the two crack tips. Both show
about the same 2.0% strain area. Both the
kraft sack and newsprint began to yield at
about 0.5% strain. For some reason, kraft
sack is able to strain an additienal 1.64%
prior to failure while the newsprint strains
only an additional 0.24% before failure.

At 1.08% strain kraft sack has 13% of the
observation area over 1.5% strain and 2% of
the observation area over 2.0% strain.
Newsprint at 1.08% strain has 7% of the
observation area over 1.5% strain and 0.5%
of the observation area over 2.0% strain.
Newsprint at 1.30% strain, which is 98.5% of
failure strain, has 32% of the observation
area above 1.5% strain and 4% above 2%
strain.

The mechanism for strain distribution that
appears to be similar for both materials
reaches a limit for newsprint. The blunting
and plastic failures within the newsprint no
longer distribute the strains beyond 1.32%
strain.

The kraft sack is interesting to follow at
increasing strain values. At 1.73% strain,
55% of the observation area is below 2.0%

strain. Forty-one percent of the observation
area is between 2.0% and 3.0% strain, while
4% of the observation area is beyond 3.0%
strain. Very little material would appear to
have failed completely at this level of strain.
At 2.38% strain, 64% of the observation area
is below 3.0% strain. Thirty-one percent of
the observation area is between 3.0 and 4.0%
strain and 5% of the observation area is
above 4% strain.

4. Conclusions

Strain energy density can be calculated by
combining and summing linear image strain
analysis (LISA), local strain values and finite
element analysis (FEA), and local stress val-
ues, which can be used as a measure of ener-
gy absorption within the sheet of paper.

The intensity of the stress profile in Mode
I fracture depends on the distance and angle
from the crack tip. The intensity diminishes
with distance from the crack tip. The strain
energy density of kraft sack is greater than
that of newsprint before failure.

High toughness of kraft sack compared to
newsprint can be characterize by widely dis-
tributed high strain regions and high strain
energy density regions. By having extensive
blunting in kraft sack, applied energy is
absorbed efficiently and fracture failure is
delayed. Possible reasons for high tough-
ness may be related to the intrinsic fiber
strength, fiber bonding, fiber length, but
more study is required to confirm these fac-
tors.
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