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ABSTRACT

We will define a base of a fuzzy (quasi-)uniform space and investigate some properties of bases. In particular, for
the family {3},  of fuzzy (quasi-)uniform bases on X, there exists the coarsest fuzzy (quasi-)uniformity on X which
is finer than fuzzy (quasi-)uniformity @ generated by S for each i€ T

1. Introduction and preliminaries

R. Badard er al. [1] introduced the gradation of
entourages called smooth fuzzy preuniform structure.
Moreover, S.K. Samanta [6] defined the fuzzy unifor-
mity as a generalization of that of B. Hutton [3].

In this paper, we define the fuzzy uniformity in a
somewhat different view of S.K. Samanta [6]. Moreover,
we will define a base of a fuzzy (quasi-) uniform space
and investigate some properties of bases. In particular,
for the family {3} r of fuzzy (quasi-) uniform bases on
X, there exists the coarsest fuzzy (quasi-)uniformity on
X which is finer than fuzzy (quasi-)uniformity @y
generated by B for each i€ I'". Throughout this paper, all
the notations and the definitions are standard in fuzzy
set theory.

Let £, denote the family of all functions U : X — [X
with the following properties:

(1) UC D)= 0, u<U(u), for every usr,
(2) UV ier th) =V ier UG, for {W}erTHK.

For U, VEQ,, we define, for all uEF,

Ulw=A{p | U( T-p)< T- u},
WU NV@=A UV Vi) | inV =n),
U V= UV(W).

Then UTTV, U-V and U'E 8, from Lemma 2 of
[3]-

For every U, V&L, we define U <V iff U <
W) for each uer™.

Lemma 1.1. (5] Forevery U, V W, U}, V,& £, the
following properties hold:
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(1) If USU, and V<V, then UNV <U, NV,
Q) UNV<U, UNV<V and UMNU=U.

@) UY'=U.

(4) USV iff Ulsyl,

(5) Let a function Uj:X—F be defined by
1 if u#0,

0 if u=0.

Then U; =U7 € Qy and UN U; =U.

6) (V-Uy'=Uts V1,

7 Wwnwl=u'nyl,

(8) (UNV)NW=U NV NW).

Us (1) ={

We define the fuzzy (quasi-)uniformity in which the
conditions (FQU?3) and (FU) are defined in a somewhat
different view of S.K. Samanta [6].

Definition 1.2. A function ®: ,—/ is said to be a
fuzzy quasi-uniformity on X if it satisfies the following
conditions:

(FQUI) for U, V€L, we have XU V)= (U)A
V),

(FQU2) if V<U, then (V)< (D),

(FQU3) for UE €, we have sup{®P(V) | V-V < U}
=),

(FQU4) there exists US £, such that &(U)=1.

The pair(X, @) is said to be a fuzzy quasi-uniform space.

A fuzzy quasi-uniform space (X, ) is called a fuzzy
uniform space if (FU) for UE €, we have sup { (V)

| v=U'} 2 ().

In the above definition, (FQU3) and (FU) are defined
in the sense of R. Badard er. af[l].

Let @, and @, be fuzzy (quasi-)uniformities on X. @,
is finer than @, (or @ is coarser than @), denoted by
D<@, iff for any UEQ,, &)< P(U).
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Remark 1. (1) The definition of S.K. Samanta [6] is
that of our sense.

(2) Let (X, @) be a fuzzy (quasi-juniform space. By
(FQU), (FQU2) and Lemma 1.1 (2), we have ¢(U T
V=) N A(V).

(3) Let (X, @) be a fuzzy (quasi-)uniform space. By
Lemma 1.1 (5) and (FQU4), since U< U iforall U €
Qy, we have P(U+)=1.

@) If (X, D) is a fuzzy uniform space, then, by (FU)
and (FQU3), we have sup{®V) | V<U}=q(U?).
From Lemma 1.1(3), we have (U )=@(U).

2. Fuzzy quasi-uniform base

Definition 2.1. Let &, be a subset of £y. A function
B :©x—l is said to be a base for a fuzzy quasi-
uniformity on X if it satisfies the following conditions:

(FQBY) B (U, NU)=BUY AR,

(FQB2) for US @4, we have sup{ V) | V-V U)
=AU),

(FQB3) there exists UES @y such that S(U)=1.

The pair (X, B) is called a fuzzy quasi-uniform base.

A fuzzy quasi-uniform base (X, f) is called a fuzzy
uniform base if
(FB) for UE @, we have sup{B(V) | VSU} =

BU).

Remark 2. Every fuzzy (quasi-)uniform space (X, &)
is a fuzzy (quasi-)uniform base in the sense of © ,=£2.

A fuzzy (quasi-)uniform base f always generates a
fuzzy (quasi-)uniformity @z on X in following theorem.

Theorem 2.2. Let (X, ) a fuzzy (quasi-)uniform
base. Define, for every US £,

sup{BV|V<U} if {Ve @X|VSU}¢®,

0 otherwise.

PyU) = {

Then @5 is a fuzzy (quasi-)uniformity on X.

Proof. (FQU1) For any U,, U,=£, we will show
that

DU, NU,) 2 PLUYN PU).

If @4(U)=0 or PU,)=0, it is trivial.

If @4U}) # 0 and PU,) # 0, for € such that PU))
AP Uy)>e>0, there exist V), V,& & such that

BV)=dU-¢ ViU,

B2y = DUy~ Vo< U,

Since V, MV, < U, NU,, we have
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DU, NUY =BV, NV;)
= BUN A BUs)
= U A BLUs)- €.

Since € is arbitrary, this gives the desired result.

(FQU2) It is easily proved from the definition of @

(FQU3) If Pu(U)=0, then there exists the identity
function E€ & with E- E<U such that @gE)=0.

Let @4 U) # 0. Suppose that there exist /< Qy and
r<(0, 1) such that

sup{ ®U)) | Uyo U, S U<r<®y(U).

By the definition of @, there exists V<U such that

BHU) = BV)>r.

Since sup{B(V}) | V- V, <V} = B(V)>r from (FQB2),
there exists WE & such that Wo W<V and

BW)>r.

From W-W=<V<U, it follows

sup{DLUY) | Uye U< U} 2B W)>r.

It is a contradiction. Hence sup{@(U)) | U,-U, <
GELN))

(FU) It is similar to (FQU3).

Definition 2.3. A function f is said to be a base for
a fuzzy (quasi-)uniformity & on X if @e=

Definition 2.4. Let B, and S, be fuzzy (quasi-)
uniform bases on X. We say f3, is finer than 8, denoted
by B,>f,, iff for any B,(U)>0 and £>0, there exists V
< U such that B,(V)=B()-¢&.

Theorem 2.5. Let (X, B) and (X, B,) be fuzzy
(quasi-)uniform bases for (X, &) and (X, @),
respectively. Then @, <@, iff B,<f,.

Proof. For any B,(1))>0, since &, <@, we have
(V)2 o (V)= B,

From the definition of ¢, for £>0 there exists V C
U such that
B(V)= &y(Uy-£2 By(U)-¢.

Hence B, <B,.

Conversely, suppose that there exist UEQyand r&
(0, 1) such that

D U>>Py (V).

By the definition of @, there exists V< U such that

D (V)2 Bi(V)>r>Dy(U).

Since B, <B,, for B(V)>r and €= B(V)-r, there
exists W=V such that

B(W) = (B(V)y-€)=r.

Hence &y(U)= (W)= B(W)=r. It is a contradic-
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tion. Therefore &, <d,.

Lemma 2.6. Define U,: *—IX as foliows.

0 if A=0,
U (M=ip  if 0#A<p,
1 otherwise.
Then:
) U,€Q,
Q) (Up)y'=Us,,

@) Uy« U, = U,and (U, N Uy - (U, NU) = U,NU,,

Proof. (1), (2) and U, - U, =U, of (3) are easily
proved.
Since

0 if A=0,

UAD if6¢/1suAp,
Ut =1 # if ffl{‘; fj‘;u,

uvp ifASuvp AEui £p,
1 otherwise.

we have (U,NUY - U, N UY =U,NU,.

Example 1. Define B; and 3, on X as follows:

1 if U=UT’
At = Vit u=u,
and

Lif U=U,
Bz(U) =

T
3 if U—UPHU‘“-

From Lemma 2.6, B, and f3, are fuzzy quasi-uniform
bases on X. From Definition 2.4 we have f <f.
From Theorem 2.2 we obtain the followings:

1 if U=UI'
I
Ppi(U) =13 if UpsU<U;,
0 otherwise
and
1 If U= U-l',
Pp(U) =12 if U,N U,sU<U;,
0 otherwise.
Then ¢ﬂls¢ .

Theorem 2.7. Let (X, ) be a fuzzy (quasi-)uniform
basis of (X, @) for each &I Let

@F{ M4, Uy l Bu(Uw)>0 for all kEK]},

Oy={N"_, V,; | d(V,)>0 for all kEK}

for every finite index set K={k,,...,k,} & I". Define the
function B: &@,—I by

BUy=sup{ }\ BU) | U=, Uy}
and the function § :©®',—1 by

B'(Uy=sup{ J\ &V, | U=N7, Vi)

for every finite index set K={k,,...,k,} ZI. Then:

(1) The structures f and ' are fuzzy (quasi-)uniform
bases on X.

(2) The fuzzy (quasi-)uniform structure @ generated
by B is the coarsest fuzzy (quasi-)uniform structure on
X finer than ¢ for all i€

(3) P=Dy-

Proof. (1) We will show that § is a fuzzy (quasi-)
uniform basis on X.

(FQB1) For any U, VE ®,, we will show that

BUNV)ZBUABY).

Since B(U)>0 and B(V)>0, for € such that S(U) A
K V)>e>0, there exist finite index sets K={k,..., k,},
L={l,..., 1,} I such that

,-/:\ &(ka)zﬁ(m_a ﬂ’fﬂU,ﬂ:U,
J/S ﬁ’l(‘/[})zﬂv)_gy n ’;1:1 V,,:V.

Since UMV= (M & UH (N 7,

BUNVZ( A BUd) A (A BV
2 BN BV)-¢.

(FQB2) Suppose that there exist UE @y and r& (0,
1) such that

sup{BV) | Vo V<U{<r<BU).

By the definition of B, there exists a finite index set
K={ky,..., k,} I such that 17_,U=U and

r<f BlUs < BU).

For each k, €K, since (X, B) is a fuzzy (quasi-)
uniform base, by (FQB2), we have

sup{Bu(V) | Vo VS Uy} 2 B(Up)>r.

Hence there exist V; & & and r,&€(0,1) such that
Viie Vu< Uy and

Bi(Vi) =r>r.

Put V=072, V,. For each kK, €K, we have

V.V V4o Vi

From Lemma 1.1 (1) and (2), it follows

Vi), we have
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VoV < TL (Ve Vi)
< T2, Us<U.

Then we have Vo V<U and
BV) Z,Z\ BV) = ,/S, r>r.

Therefore sup{ (V) | V- V<U)>r It is a contradic-
tion. Hence for U< &,

sup{ V) | V-V UY2 BO).

(FOB3) Since (X, B) is a fuzzy (quasi-)uniform base,
by (FQB3), there exists U, &y such that B(U,)=1. For
all finite index set K={k,,..., k,} I, put U =T1%, U,.
Then there exists UE &y such that S(U)=L1.

(FB) Suppose that there exist U,€ &, and r& (0, 1)
such that

sup{BV) | VU< r <BU).

By the definition of S, there exists a finite index set
K={k,...k,} ©TI such that U=1%, U, and

r< A BulU)<BU)

For each k€K, since (X, B is a fuzzy uniform base,
by (FB), we have

sup{BulV) | VUG ) 2 BulUd>r

Hence there exist V,,€ ©, and r,£(0,1] such that V
<U;' and

BuViyZr>r.

Put V=T14, V,. For each k<K, by Lemma 1.1 (1)
and (7), we have

V=N Ut =N, Uy '=U".

Then we have V<U"' and

BV = A BuVi=A r>r

Therefore sup{(V) | V< U'}>r. It is a contradiction.
Hence for UE @,
sup{ B(V) | V!'<U}YZB0).

Similarly, 8 is a fuzzy (quasi-)uniform basis on X.

(2) First, we will show that for all UEQy and i€ I”

)< PHU).

Suppose there exist US€Qy and jETI such that

D> PHU).

Since f3, is a base of (X, @), there exists V& @ ysuch
that V<U and

)= BVI>PAU).

On the other hand, from the definition of 3, we have

D) = DLV) = BV = B(V).

It is a contradiction.

Second, if QU)< P*(U) for all US L, i€ T, we
will show that

PLU) < PHU).

Suppose there exists UEQy such that
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DHU)>DH(U).

Then there exists VE &, such that V< U and

D) 2 BV)>D*(U).

On the other hand, from the definition of £ there
exists a finite index set K={k,,...k,} CI such that V=
N, Uy<U and

BVIZ A BLU>PHU) .

Since B(Uy) < P (Uy) < P*(U,) for all K, EK, we
have
A Bl A @*(U)
< QXTI Uy
< ).
It is a contradiction.

(by (FQUL)

(3) We will show that PLU)=D g (V) for all it U
Q..

Since B(U)<P(U), we bave $z= -

Suppose that®s; & P . Then there existU & £y and
re(0,1) such that

PU)<r<d (V).

From the definition of @ 4, there exists a finite index
set K={ky,...k,} ©I such that " U, <U and

n

A PulUg)>r.

Since P (Up)>r for all it i=1,...n, there exists V&
®; such that V,<U, and
D(Uk) = Bu(Vi)>r.

Hence @4U)= ,/:\ B.(Vi)>r . Tt is a contradiction.

Theorem 2.8. Let 8: &, —1 be a fuzzy quasi-uniform
base on X. Put & ={U | U''E 8, }.

We define for U= ®L,

BUO=RU").

Then:

(1) A structure B is a fuzzy quasi-uniform base on X.

(2) The coarsest fuzzy quasi-uniform base $* on X
finer than B and B! is a fuzzy uniform base.

Proof. (1) It is easily proved from Lemma 1.1.

(2) From Theorem 2.7, there exists the coarsest fuzzy
quasi-uniform base 8* on X finer than 8 and 8} where

O =(U,NU, | BUN>0, B(U)>0).

We only show the condition (FU).

(FU) Suppose that there exist USE & and r& (0, 1)
such that

sup{BV) | VU )<r<BH(U).
By the definition of B*, there exist U,, U, such that
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U-_—Ul HUZ and

By = U A B (U)>r.

Since U=U, NU, iff U'=U;} MU, from Lemma
1.1(7), we have

BUNABNUN=B UM ABU >

Hence sup{f*(V) | V<SU"Y ZBYUMHA BU >
It is a contradiction.

Example 2. Let 8 be a fuzzy quasi-uniform base on
X as follows:
Lif U=U;,
B =11 '
i if U= Up.
We obtain a fuzzy quasi-uniform base ! as follows:

1 if

ﬂ_‘(U)= 1
3 =7/~ =
> if U=Up'= Ui—p'

—yUs=l= U-
U—U1 —Ul,

From Theorem 2.8, since @y ={U, MU, | KU)>0,
Bl (U,)>0}.
by Lemma 2.6 and Lemma 1.1(2,5), we have
Ox={Ur1, U, u;t, u,nul b
Therefore we have

1 if U= UTl = UT’

prUy=1; . _ i o

3 if U=U,U;,U,n U

Hence we obtain fuzzy uniformity @g* on X as
follows

Pp(U) =11 i U,NU;'sU<U;
0 otherwise.
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