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Almost Sure Convergence of Randomly Weighted Sums

with Application to the Efron Bootstrap!
Tae-Sung Kim?2), Hyuk Joo Kim3, Eun-Yang Seok?
Abstract

Let {X,;,1</;< n,7=1} be a triangular array of random variables which are
neither independent nor identically distributed. The almost sure convergences of

randomly weighted partial sums of the form i“ W, X, are studied, where
I=

{(W,;,1<j<n,n=21} is a triangular array of random weights. Application
regarding the Efron bootstrap is also introduced.

1. Introduction

Let {X,: n=>1} be a sequence of independent random variables and {w,;, 1<j<#n, n>1}

a triangular array of numbers. The almost sure convergence of the partial sums ﬁ‘lwan j
=

were extensively investigated by Chow(1966), Stout(1968), Rohatgi(1971), Chow and Lai(1973),
Adler and Rosalsky(1987), Yu(1990) and Cuzick(1995) among others. For a triangular array of

random weights {W,;, 1<j<n, =1} the almost sure convergence of the randomly weighted

partial sums ﬁ‘lW;,ij was studied by Buldygin and Solntev(1986), Cuzick(1995), and
f=

Arenal-Gutiérrez, Matran and Cuesta-Albertors(1996).
In this paper, for a triangular array {W,;, 1<j<n,n=1} of random weights and a
triangular array {X,;, 1<j<n, n>1} of random variables which are neither independent nor

identically distributed, the almost sure convergences of the randomly weighted partial sums of
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the form 2 W,; X ,; are derived.
=

In section 2, conditions are imposed on the triangular array of random weights
{W,;,1<j<n,n=1} and on the triangular array of random variables (X ,;,1</<n,n>1}
which ensure the almost sure convergence of 2anX,,,-. Applications regarding the Efron

=

bootstrap are also discussed in section 3.

2. Results

Let {X,;,1<j<n,n>1} be a triangular array of random variables which are neither

independent nor identically distributed. In this section, we study the almost sure convergence

of the form of i“ W, X yj.
=

Theorem 2.1. Let {X,;,1<j<#%n,n>1} be a triangular array of positive random

variables such that
lim -~ X,;=DB a.s. (2.1
7

where B is a constant or an almost sure finite random variable, and let

{W,;,1<j<mn,n>1} be a triangular array of random variables such that for all e>0

P{limsup]gHVV,,,-—L‘Z—e—]}:O. (2.2)

n—oo n n

Then f‘ W,; X ,; converges almost surely to the almost sure limit of % 2}( i
7= =

Proof. From (2.2) we obtain that for all &> 0
§ _ 1 e ) _
P{{U]W= |25} i 0 )=0 23)

and thus in view of (2.3), for arbitrary &>0, in a set of probability one there exists a

positive integer #g such that for all n=#n

2‘[ W, X, — L ]Z‘ X, < ,;‘mf_‘limf << ;*1 X, (2.4)

which converges almost surely recalling (2.1). Since &> 0 is arbitrary it follows that

]Z; anXm‘_% 12-“ X,;,—0a. s. (2.5)
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Thus the desired result follows.

Corollary 2.2. Let {X,;,1<j<n,n>1} be a triangular array of positive random
variables satisfying (2.1). Let {W,;,1<j<n,n>1} be a triangular array of positive random

variables such that for all >0

3 PUw,-Lis £y 26)
n=1 j=

n

Then i‘i W,; X ,; converges almost surely to the almost sure limit of -17 : X,
7= 7=

Proof. By the Borel-Cantelli lemma (2.6) implies (2.2). Thus the desired result follows by
Theorem 2.1.

Lemma 2.3. Let {X,;,,1<j<#n,n>1} be a triangular array of positive random variables
and let {W,;,1<j<m,n>=1} be a triangular array of positive random variables such that

for all >0

P| lim sup _L"J1 {(IW,,— EW,;\ zeEW,,,})zo.. 2.7)
n->00 =
If
lim 2, E(W,) X,j=B as. (2.8)

where B is a constant or an almost sure finite random variable then ﬁ‘l Wi X i
f=

converges almost surely to the almost sure limit of ﬁ; E(W,) X,
~

Proof. In the proof of Theorem 2.1 by putting EW,;= '11; we obtain the desired result.

Theorem 2.4. Let {X,;,1<j<n,n>1} be a triangular array of nonnegative random
variables satisfying (2.1) and let {W,;,1<;<n,n>1} be a triangular array of positive
random variables satisfying (2.7). Assume _
lim #(min ,<;<,EW,;) =1 and lim {n(max |<jc, EW,)}=1. 29

n—>0
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Then 2 W,; X ,; converges almost surely to the almost sure limit of Jn‘ 2 X
= 7=

Proof. It is enough to show that (2.8) holds : To see this, we observe the following
inequality

n(minlstn Emj)% ]g X, = minlstnE(Van)Janj

< JZ“E(Wm')an (2.10)

<max j<jen £ (W) ]; Xy
= n (max lstnE( VV;/‘ ))'711' ]Z; an,
It follows from (2.1) and (2.9) that both sides of (2.10) converge almost surely to B, that

is, (2.8) is obtained and the proof is complete by Lemma 2.3.

Theorem 25. Let {X,;,1<j<n,n>1} be a triangular array of nonnegative random
variables. Let {W,;,1<7;<mu,n>1} be a triangular array of random variables satisfying
(2.2). Assume that

lim L JZ}(X,,,——EX,,,»)= 0.a. s. (2.11)

n—oo 1

and that there exists a positive finite constant A such that for all #n=1

L S ex, <A (2.12)
n ;=1
—_— 3
Then 21 W,; X,; converges to the almost sure limit of " X,;. Moreover, ) W, X
7= = =

converges to the almost sure limit of il W, E(X,;).
=

Proof. It follows from (2.2) and (2.12) that for arbitrary ¢ >0, in a set of probability one,

there exists a positive integer z, such that for all # = n,

Z‘ Wi X — % Z\X"" < Z\’ W, — %iX""
_% ZlX”j

<< ]Zl (X, — EX,)+ e A. (2.13)




Almost sure Convergence of Randomly Weighted Sums 589

which converges almost surely recalling (2.11). Since &> 0 is arbitrary it follows that

1
,Z“ Wy Xoy — ]Z X, —0 a.s. (2.14)

and the first result follows. It follows also from (2.2) and (2.12) that for arbitrary ¢ >0, in

a set of probability one, there exists a positive integer #, such that for all » = #n,

| 3 W B — & B (X))

< 3| Waim o | B

2.15)
<< gE(an)< c A
Since € » 0 is arbitrary, it follows that
WL EX) L SEX,) = 0a. s, (2.16)
Note that
B WXy — 23 Wa B(X,,) |
| B WXL Bx, L B x- L REx,+ L N EX, - R W, EX,)
S’; W= L3 x4+ ‘% (X EX,)| + lZl WyE(X,)~ L ZﬁEX"f -
(217)

By (2.14) the first term on the right-hand side of (2.17) converges to O a. s., the second
term converges to O a. s. by (2.11), and the third term converges to 0 a. s. by (2.16)
respectively. Thus the second desired result also follows.

Theorem 2.6. Let {X,;,1<j<n,n>=1} be a triangular array of nonnegative random

variables such that

lim 13X, — EX,, =0 as. (2.18)
2

noo N

and let {W,;, 1<;<mn, n>1} be a triangular array of nonnegative integrable random

variables, such that

P( lim sup{max 1<;z,| Wps = EW,| = = }) =0.. (2.19)
Assume that (2.9) and (2.12) hold. Then 2‘1 W,; X, converges to the almost sure limit of
~

Z‘ W,,EX,.
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Proof. First note that (2.18) implies (2.11). It follows from (2.12) and (2.19) that

/Z anan_ E( an) an S —;_ ]Z‘an

g% 24 (X, = EX,) + eA

which converges almost surely by (2.11). Since €>( is arbitrary

2_“ W, X, — E(Wy) Xy — 0 as.

As in the proof of Theorem 2.5 we consider

]Z; Wi X — Jg W EX 5
Jg Wi X i — JZE Wi X s

< +

ﬁ“E Woi X nj — ﬁ“E W, E X,
= i=

+

fg Wi B X0 = Z‘E W, EX,;

One observes

S EW, X~ S EWEX,

= | REW(X,— EX,)

< max 1jenE Wy 23] Xy EXo]

= {n(max lstnEan>}_;l,;]Z|an—Eanl_)O a.s.
by (2.9) and (2.18) and that

2 W, EX,i— 2‘1 EW,EX,
= i=

< 3} | Wy — EWylEX,,

<& X EX, (by 2.19)
n ;=
(eA—0 a.s. (by 2.12)

(2.20)

(2.21)

(2.22)

(2.23)

Thus it follows from (2.20), (2.22) and (2.23) that the right hand-side of (2.21) converges to

0 a.s. and the desired result follows

Theorem 27. Let {X,;,1<j<n,n>=1} be a triangular array of positive random

variables and {W,;: 1 <<, n=1} be a triangular array of integrable random variables.

Assume that there exists a triangular array of positive constants {a,; : 1<7j<n, n= 1}

such that

lim a,; Xn =B a.s.

n—ooo j=

(2.24)
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where B is a constant or an almost sure finite random variable, and for all > 0

P{ lim sm)jL:J1 [\W,,j—%l2eanj]}=0. (2.25)

200

and there exists a positive constant C such that

2 4w EX,<C (2.26)
~
for all n#>1 and 1<j<#. If (2.11) and (2.12) hold then 2 W,; X ,; converges almost surely
=
to the almost sure limit of 2 W, EX,,.
f=

Proof. It follows from (2.25) that for all €> 0

P{ lim sup [ max j<jcp
n »00

mj—%le,,,-]}:o (2.27)

and thus in view of (2.27) for arbitrary &> 0, in a set of probability one there exists a

positive integer g such that for all n = ng

1
2 X 5y 2 X

which converges almost surely recalling (2.24). Since ¢ > 0 is arbitrary, it follows that

1
; Wy X, — - Z‘ X, =0 as. (2.29)

Finally, as in the proof of Theorem 2.6 we consider the following inequality.

WXy = 2 W EX,y
)Z‘ Wi X — % Jg X

<e3layX, (2.28)
2

<

1 1 A
+‘n ]an, L3 Ex,

| waEx,~ L R EX,

The first term on the right-hand sider of (2.30) converges to O a.s. by (2.29), the second
term converges to 0 as. by (2.11). Now it remains to show that the third term converges

(2.30)

almost surely to zero. Note that

W EXy— D EX,

< 2 w-L|Ex,

<e ; 2, EX,y—0 a s (by 2.26)

since € 0 is arbitrary. Thus the desired result follows.

Theorem 2.8. Let {X,;, =1} be a triangular array of positive random variables and
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{W,;, 1</<m, n>1} be a triangular array of integrable random variables. There exists a
triangular array of positive constants {an,-, 1<j<n, n=1} satisfying (2.24), (2.26) and for
all €>90

P{ lim sup \J [ W,; = EW,1 = sa,,,—]}=0 . (2.31)
Assume that
’111_{2 ~ E Van (Xm'_EXm') = a. S. (2.32)

Then i‘l W,;X,; converges almost surely to the almost sure limit of i‘l W, EX ;.
1= 1=

Proof. It follows frow (2.31) that

3 Wy Xy — 2 Wy EX,
7= 7=

3 Wi Xy = 2 E WX

= E,g @ X+ \JZ‘ EW, (Xy—EXy) |+ E,Z @ EX . (2.33)

The first term on the fight-hand side of (2.33) converges to 0 as. by (2.24), the second
term converges to O as. by (2.32) and the third term converges to 0 a.s. by (2.26). Hence
the desired result follows.

<

| R E W Xo— 2 EWSEX,
= 7=

| 2 WX~ 3 EWLEX,

3. Application

Finally, we introduce the strong law of large number for the bootstrap mean and show the
bootstrap strong law of large numbers by applying Theorem 2.5 (see Theorem 3.2). The

ordinary Efron bootstrap sample Y,;, Yo, =*, Yo of size m(n) picks randomly, with
replacement, m (%) elements from the set {X,, -, X,}. Therefore, if {Z,} n=1,
1<i<m(n) is a triangular array of random variables, with Z, uniformly distributed on
(1,2, -, n} and Z,, Z,, ***y Zumn independent for every n=1, 2, -+, the bootstrap

variables can be represented as Y ,;= X . Now, introducing the weights

1 ) :
Wi = ") Iz,=p, 7=1,2,, n

1=

the bootstrap sample mean, X, ,is
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1

X:’ = m(n) < Y.,
- M(ln) ng,,
= m%n) S?Xil(z..;:n
- z\(_mﬁ :g)l(zm=f})Xj
= 2y WX,

when using respectively Athreya’s (1983) and Csorgé’'s (1992) notation.

Note that the random vectors {m(n) (W, W, =+, W) }a=1 have a multinomial

distribution with parameters (m(n), %, % e %) and also that the whole sequence is

independent of the sequence {X,, n=1}. In the sequal, we say that the bootstrap strong

law of large numbers holds if

11r£1o 3(3 = EX, a.s.
in the identically distributed case, or in general if
lim (Y’;— 2 m,EX,-) = lim (2 WX~ 2 W,,,EX,—)
o0 j= nooo \ j= =

= lim (;Zi Wn,-(X,-—EXj))= 0 a.s. (seel2])

n—Cco

(3.1

The following result was proved by Arenal-Gutiérres, Matran and Cuesta-Albertos(1996).

Lemma 3.1. (Arenal-Gutiérres, etal., 1996) If
ligg nlogn/m(n)=0 (3.2)

then

P( hm {maX 1<j<n
n—>00

W,,—%lz—% })=0‘

From Theorem 2.5 and Lemma 3.1 we have :

Theorem 3.2. Let {X,, n=1} be a sequence of nonnegative random variables and let

{W,;,1<j<n,n=1} be a triangular array of random variables. Assume
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lim + ﬁ]l(xj—EXj) =0 a.s.
2

n—ooo N

and there exists a positive finite constant A such that for all #=>1

]
1 ZIX,(A.

If (3.2) is satisfied then the bootstrap strong law of large number holds, that is, (3.1) holds.
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