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in Balanced Fixed-Effects Two—Way ANOVA Models?
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Abstract

We propose a class of hierarchical Bayes estimators of the error variance under the
relative squared error loss in balanced fixed-effects two-way analysis of varlance
models. Also, we provide analytic expressions for the risk improvement of the
hierarchical Bayes estimators over multiples of the error sum of squares. Using these
expressions we identify a subclass of the hierarchical Bayes estimators, each member
of which dominates the best multiple of the error sum of squares which is known to
be minimax. Numerical values of the percentage risk improvement are given in some
special cases.

1. Introduction

For estimation of the error variance in a general balanced mixed linear model, Mathew,
Sinha, and Sutradhar(1992) showed that the usual analysis of variance(ANOVA) estimator of
the error variance, or its best multiple, can be uniformly improved by non-quadratic
estimators and constructed two such classes of non-quadratic estimators. For the "within”
component of variance, that is, the error variance in the one-way random-effects model,
Kubokawa, Saleh, and Makita(1993) provided a class of improved estimators over the usual
ANOVA estimator which included the general Bayes rule derived by Portnoy(1971).
Ghosh(1994) and Datta and Ghosh(1995) proposed classes of hierarchical Baves estimators of
the error variance in balanced fixed-effects one-way analysis of variance models and identified
such classes, each member of which dominates the best multiple of the error sum of squares
which is known to be minimax under the relative squared error loss. Recently, Vounatsou and
Smith(1997) presented a Bayesian analysis of variance component models via simulation. They
showed the 2-component hierarchical design model under balanced and unbalanced
experiments. Also, they considered 2-factor additive random effect models and mixed models
n a cross—classified design. They assessed the sensitivity of inference to the choice of prior
by a sampling/resampling technique.
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A closely related problem is that of estimating the variance of a normal distribution with an
unknown mean. A comprehensive review and survey on this problem were given in Maatta
and Casella(1990) which included results of Stein(1964), Brewester and Zidek(1974),
Strawderman(1974), Rukhin(1987), and so on. Using a simple definite integral Kubokawa(1994)
provided a class of improved estimators of powers of the variance. Recently, Arnold and
Villasenor(1997) derived estimators of the variance by standard and variant Bayesian
techniques.

In this paper we consider the hierarchical Bayesian estimation for the error variance o,°

under the relative squared error loss

L{d, &3)=(do;*—1)*= 0. (d— 0%)* (1.1)
in balanced fixed-effects two-way analysis of variance(ANOVA) models, where " d" denotes a
decision which i1s an element of the decision space D.

In Section 2, we develop a class of hierarchical Bayes estimators of 6.2 In Section 3, we
provide analytic expressions for the risk improvement of the hierarchical Bayes estimators
over multiples of the error sum of squares. In Section 4, we identify a subclass, each member
of which dominates the best multiple of the error sum of squares which is known to be
minimax. Also, we provide a subclass of non-minimax hierarchical Bayes estimators. All the
results of this paper can be regarded as a two-way extension of results by Ghosh(1994) and
Datta and Ghosh(1995). In Section 5, we give numerical values of the percentage risk
improvement of the hierarchical Bayes estimators over the best multiple estimator through
computer simulation for some special cases. These calculations indicate the risk improvement
over the best multiple estimator can often be quite substantial.

2. Hierarchical Bayes Estimators

Consider the following balanced fixed-effects two-way analysis of variance(ANOVA)
models:
vi=0;+ez;, i=1,2,,p01); j=1,2,-,401),
where the e;'s are independently and identically distributed(iid.) as N(0,¢%). As a special
case, if we let 8;=0;, for all ;=1,2,---,q, then we have balanced fixed-effects one-way
ANOVA models in which Ghosh(1994) and Datta and Ghosh(1995) considered the hierarchical

Bayesian estimation of ¢ under the loss (1.1). The UMVUE ?7U2=m of & is

inadmissible since it is dominated by the best multiple estimator of &,

~2 ]_
Cu= " p—D(g—1)+2

= iy — vt v )2 -1
loss (1.1), where S= g};(yu vi— y;+ y.)5, Y=

S, which is best invariant constant risk minimax estimator under the

— _1
Vi, yJ':Z Z:l%‘j, and

=1
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zgly’7'
Here, we use the notations
y=(1, )" and 0=(6,, . 0,)7.

The hierarchical Bayesian model is given in (a)-(c) below;

TZL
g

=1

(a) Conditionally on @, g, a=(a1,---,a,,)T with Z}azzo, 025, and o, Y~ Ny ( H,OZEIN);

(b) Conditionally on u, a, o3 and ¢?, O~Ny(u1l,+ e ® 1, AJRI,), where 1, is a kx1
vector of ones, I, is the kxk identity matrix, J, is the kx£k matrix of ones, and & denotes

the usual kronecker’s product;
a-b 4—5

© (1, a, B AD~(D) ¥ (P+pd) 2, 0=alpla—1)+2, 0<b<g+1.

Remark 2.1. Note that (a) and (b) represent a balanced two-way additive mixed model if we
let 0;=pu+a;+B, i=1-p, j=1-q, wherepx and a,’s are fixed with Zla,-zo, and fB;'s are

1id. as N(O, 02/3) which are independent of &;'s. A detailed Bayesian treatment of this model

by using the noninformative reference prior for ( u, a, ofg 02) with a=5=2 in (¢), can be
found in Box and Tiao(1973, Section 6.3).

a=b_, ey
Remark 2.2. (c) is equivalent to say that (u, @)ocl, (o3, o2 ~ (a2) > (oi+ps» ° .and
(¢, @) and (¢4 o» are independent. This prior for (d5 o) contains Jeffreys’
noninformative prior with ¢=56=2 as a special case and was first used in Portnoy(1971) with
slightly different notations who treated the problem of estimating O':)g under the scale invariant

loss.

From (a) and (b), the conditional density of y, and 8 given u, a, o’; and o is
Ry, 8lu, a, o5, &)
=fy10,u, a,,d5 62 - W Bly, a, s, &)

~ar R lo-(unr e 1)) Gen (o (n14 e w1

_ _m

< (2 *(dh) Ze (2.1)
Integrating out @ in (2.1),
f(ylu, a ds, o)

> \(#jmﬁ}g(fp@irq)”)'f(o@jﬁq(o%)‘%q
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T2

T —1
L 1 # y’y—({i— v+ —gu,@ar‘(u lyte® 1») (ﬁz,ﬁ 7}3(/,@19"') (ﬁ v+ é(/,@lqr‘(y luta® m)]

—AZL[{;(# Lot e @ 1) UQL) (u et a ® 1,)]
Ee

. ‘(7‘12:1N+;12;(1p®14>*1)"1'%<o%>‘%Q(ozﬁ)‘%Q

7 -1
) 1,)]{%(/,@19“”) [ Lt @ ® 1)]

Lo, ® |1auen+an) [ y- ®1,
w |B@I ity T b esllaven Al i o n]

(2.2)
Now, it can be easily shown that
- & 1
I)+ 0.1 T +
(02/?(];)@ a) 02 m) 0%(1)0%%— 025) (]p®la) 025 Im
and
|04(J,®1,) + 2L,y ' = (poh+ DUV, (2.3)
Substituting (2..3) into (2.2), the conditional density of ¥ given p, a, 025, and 025 is
Fyly, a, ds, &)
e _ael) - 3 (3 o- w0
o (pozﬁ+o'§) z(oi) 7, 2 = =T +20’(P0'5+0’);Z;} “
_g o —aemd —Ey-m@@)]T | A G (1,80 [y ulp(a ®1)
o (phta) () P e oo | ]- (2.4)
Then the posterior density of u, a, o‘fg and ¢ is, from (2.4) and (c),
pu, a, s, >ly)
_ap=D—atb_, _g=bht4q
o< (d?) 2 (p5+ o :
e %(y 1l y— (a®l.))'(dz Iy~ m(h@“)(y 10— (a®1,,))
_ - *a+b_1 _g—b+
= (o) 2 (pb+add  °
Lt - bl o1 1 - k(o) L)
T &
'e—§ (y—(a®1)) (ﬁzfmu,m) (y—(a®1)) 2.5

Integrating with respect to x in (2.5), it follows that the posterior density of a, ¢ and o is
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pa, o, 2ly)
op—1)—atbh —b+

« () ¢ (p+dd  °

(yé(a®lq))r(#zlw m(k@” m )(y (a ®1 ))

3 Tifz;g(y"ﬁ‘)t aﬁ(t:l:‘?zia') g ya 1>a’+0' 7'1)

e

1
2

o= —a+b _ _g—=b+3

« (D ¢ (piA+d

-l —a+b _g=b+3 b (54 85) - ————SS;
< () P (dgred) e ™ e (2.6)
where S= 22(3@ y + vy )% is the error sum of squares, SS,= ﬁ"(a/r v+ y ) is

sum of squares due to fixed effects, and SSﬁ:pi‘l(-yi—y—_,)z is sum of squares due to
F=

random effects. Now, since ﬁla,:o,
e

B B
SS, = g{|la—| a—-| i
Yoo ™ Yp.o ™ V..
1 0 - 0 o T 1 0 - 0 -
0 1 - 0| a YT Y 0 1 = Offary (T, '
= q : R e B : AN R
0 O 1 e, Voo — ¥ 0 0 - 1 [le,., Vi Y l
-1 -1 -1 -1 -1 —1
2, v Ty [ @ =y
= 4q : - (Ip 17 ]p 1) : - -
ap— Vp—1 y ap-1 Yp—1.7 Y
—— l 0 0 e '1 e
YTy 0 1 0|f2]) 1 1 0 -1 y.—y
+ JA 1 21 : :
— ’ : o 0 -0 —1 B
Ypo™ ¥ 0 0 1 ) _ b =
1 =1 - =11 1 2 0 1 1
In the above, we used the following matrix inverse:
21 - 1 -1
% 2 1 =+ 1) =1 %]p—l-

Next, Integrating with respect to a in (2.6), it follows that the posterior density of Uf; and
& is
plos, o-1y)

ap—D)—ath _ g—b+3 A gL

T N

=1(g—l)—a+b g=6+3 _—Ll_g_ 1

() 2 it ) L e o wmra 2.7
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Now we use the transformation 7=#€ and =T.%f_~6—i. Then, from (2.7), we get the p

osterior density of R and U given by

Me=D=a 4=b=l _ 75}, 55y
pr uly) < »r ¥ u P e ? 7. (2.8)

From (2.8) we have

: MoDza ) MezD=a _Z(siyss)
prlu, y) = Ha=D=a; (St u SSp r €
F(—’M-—)—‘zl —a +1) oz
and
g—b=-1 o Mg=D-a ~Z(S+u 5SY
Muly) < u 2 for 2 Ty
g-b—1 Aggq—‘12*1141 w HMe=l—a _y
=u ° (S+uSSy : foy Poe tay
1y Mg=1=a | g-b=l _pg=l—-a_
:F(ﬂg_ziuﬂ)z 2 T T (S+uSSy : (2.9)

Theorem 2.1 Under the loss (1.1) the hierarchical Bayes estimator of o€=lr is given by

HB _ S _
da,b(y)_ (D_1>(q_1>_d+b+2[l ¢a,b(m]y (210)
g—g‘ (p— )(4—21*a+b+2 ss
B _ 2 V a-w : _
where ¢.o(V) =y g v &g SNCEIVEr I IS. with V~S—+§’S—ﬂ
f z (1—2) : dz

Proof. Under the loss (1.1) the posterior risk of an estimator d(y) of 6§=% is given by

2
Blo () —a¥)1y] = ERYd»~5)17]
2 2
— PRy~ B - LB
(R 4~ R ) E(R7 )
Hence the posterior risk is minimized when

_ ams o _E(Rly) _ _E{ER|u, y) v}
AN =dud D= "Rty = BER |k, »] s} .10

Now,

E(R|u, y)
J-oo 1 (4 SS)IMLZD__AH Holl=a i — L5+ usSy
= == u 7 e r
' op(plasize “‘%1)22@_21#H !
1y Hg-11=a 4o
- L (Stu ssﬁ)"r(ﬂ—q—zluﬂ)z 2t
r(l—’@"—l—}1 —2+1)2 1

= (plg—1)—a+2)(S+u SSp "' (2.12)
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Similarly
E(R*u,y) = (plg—1)—a+4)Xp(g—1)—a+2)(S+u SSp 2

From (2.11), (212), and (2.13), we have, with w:—sgf’ and 73— =2,
uw
E(R|y) _ 1 E[(S+u SSp ' 1y]
E(R*|y) p(g=D—a+4d E[(S+u SSp ’ly]
] e=b-1 ,A_q;}):ﬂ_2
) fu tstussy T
a=b-1 Ka=1D—a 4

“D—a+d g = -
Ha—1)=a a2 (s+ussy” 7

—e—1)—a+tb

a=b-1

S J(;Yz 2 (1—2) 2 dz
= 1+ 5 T
—1)—a+4 v g-b—1 1 -a+tb+2
pa=D=a foz 2 (1-2) 2 dz
Now, using integration by parts, we get
¢ a=b— +1 (p—1Ng—1D—a+b
2 7
foz (1—=2) dz
_ 9 %L+l B A= *2 —atbt+2
-Dla-D-atbr2’ (1=2) b
. g-b- (p=1Xg-D—atbs2
+ g—b+l 2 : l(l—z) Her 2a’z
(p—1)g—1)—a+b+2 K :
Combining (2.14) and (2.15) we have
HB _ S g—b+1
459 = GmD=aFa |\ GG 1) -t 542
q—g+_ (p—1Na—] —a+b+2
_ 2 v d-v :
(p—D(g—D—atb+2 f LHLL(I )mm_u;?www
z -z :
0

S
G—Dla—D—a+brz 17 ¢es?)]

gf§+ p— )(g—-2)va+b+2
2 v (1-v
where ¢, (v)= —= T oy .
' —1)—a+4 o b1 Le=lia=1i=a*b*2
#a @ foz 2 (1-2) 2 dz

Hence the proof is completed.

493

(2.13)

(2.14)

(2.15)

3. Exact Expressions for the Risk Difference of Estimators

We first provide the exact expressions for the risk difference of

S under the loss (1.1).

_ 1
10l S)= o Tq= D—at b+2

d"(y) and
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Theorem 3.1 Under the loss (1.1)
Eﬂ,af_[L(da,b(S)yo’i)]_Eg'gi[L(dgtIi(y)yo%)]

=E[ (plg— 1) +2L)(p(g— D +2L+2)C 1 .5), (3.1
where
—_ (l-m¢ab(w
Croas = E[ (p—-D@=D—-atb+2)(pg—D—atd -
- 2 _ 1-V
{(2L+a 2)( p(g—1)+2L+2 P(q—l)—a+b+2)
a—b

T D@D —at b+2} lL] (3.2)

3 3(0,- 0

t=_7=1

where L~ Poisson

- g—1+2L _(p—1)(g—1)
27 , and VI[L Beta( 5 , 5 >

Proof. Let G=T+S  where T=SS, and S=SS., so that = % . Write

d=d(a, b)=(p—1)g—1)—a+b+2. Then d, (S)=GC¢. (V) and dF(y)=Gy, (V) where
¢a,b(V):¥ and Wa,b(v):¢a_b(V)(1"¢a,b(V))_

Now,

E, o (GHV) - ]=E , [(CHV)=D)]

. 1 2 . .
Write A== 27 ztgj‘(&,,— 6,)°. Under the reparametrization (0—0,1), S and T are

£

independently distributed with S~x%,-1y.-1y and T~ 1%-1(A). Consider the dummy random

variable L~ Poisson(d). Then it can be shown that conditionally on L, V and G are
independent with

and G IL"’pr(qf D+2L-

Hence
E, [(GHV)=DAL]

=E, [GIL1 E, [F(VILI=2E , [GILI E, [AVILI+]

1 2
~ (sla=D+2Dpla- D 2L+ E [ (6 == rorrs ) ]

__ plg—=D+2L
+1 Ha-D+2L42 (3.3)

Hence we evaluate, using (3.3),
E[(G¢ . (V)= DL - E[G#, V) =D |L]

Ry
— (pa—1) +2L)(Hg—1) +2L+2) E[(il——‘i(zm,b( V)= ¢4 (V)

dz
_ 21— V)
plg—1)+2L+2 b 0.8l V)’L]‘ (.4
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Now,

¢ as(V)

:( (q—lgv—b+2 . (b_l)(qzzllz;)a'*'b‘*’Z) ¢u.b(v)_ Qﬁg—lz)v—a+4 ¢2a,b(y)- (35)

Hence we have, from (3.5),

2v :
Ka—D—atq ? =)

_ (g=D—b+2-(pg=1)—a+t4)
S bt (g m Doatdle g | (o) = 6iv)

and therefore

2¢a b(U)_ 2(1 b(v)

_ [2(p(g— 1)—a+4)—(q—l)—b+2]—(p(q—1)—a+4)L ()
(1-o)(p(g—1) —a+4) Pasly

206 , (V)
T (3.6)

Hence substituting (3.6) into (3.4) gives

EL(GY, o V)=DAULI— E[(G¢", (V)= DIL]

=(plg—D+2L)(p(g— 1) +2L+2)

E[ <1—wi[ [2(p(g= D) —a+4)=(g= D =b+2]=(pg=D=a+DV (1)
&’ (1= V)pla—D—a+4) “t

2V V) | 21— V)
D(q—l)—a+4} (ﬁ(q—l)+2L+2)d¢“~b(V)IL]' (3.7

Now, by integration by parts, we have

E[V(1— V)2, (V)IL]

E[{ (D—l)(g—1)+2 V(i— V)__(g:_21)ii(1_ V)Z}m‘b( V)\L]. (3.8)

Substituting (3.8) into (3.7) we get

E[(G¢ . o V)= 1)*|L) = E[ (G¢", V) = DF|L]
=(pg—1)+2L)(p(¢—1)+2L+2)

(1—VL 2(g—1D—a+4)— ((a—l)—b+2)]—(p(q—1)—a+4>v V)
d (1—-V)Xplg—1)—at4) ab

2_ 1 (p—1(g—1)+2 Con (g=D+2L
M b(q—l)—a+4{ 2 v —=v) 5 a1 V)2]¢a.b(V)

201 = V)
T (plg—-1D+2L+2)d ¢ o V)IL]
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=(plg—D+2L)p(g—1)+2L+2)

A5 6udV) D(a—ll)—a+4 (2L +a=2) p<q—1)2+2L+2 Sk 220

Hence we complete the proof.

4. Minimaxity and Non-minimaxity

In this section, we only consider the special case =54 and find conditions on « under

which d¥%(y) dominates d,.(S)= (1)—1)(%1—1)4—2 S which is known to be minimax.

Theorem 4.1 d%2(y) is a minimax estimator of o> under the loss (1.1) if 2<a<g+1 and is

nonminimax when 0<a<2.
Proof. From(3.1) and (3.2),

E AL, (S),DI—E ,; AL (), 0D]

=E[(plg—1D)+2L)p(¢g—1)+2L+2)C .l (4.1
where for 0<a<qg+1,
E (l_ V)¢a,a( V) x
((p—D(g=D+2)(p(g—1)—a+4)

L+ a2 (G rrerTs ~ w7 )L} (4.2)

CL,a,a =

From (42), Cy.2,2=0.
We first claim that
C,2000 foral I=1,2,,

C, . .00 for all a=(2,¢+1), and for all /=0,1,2, -,
and Cy , <0 for all 0<a<2.

To prove the Claim, it suffices to show that

_ 2 . 1-V _
E[0- Vo 5merss ~ WDz )/t= o (4.3)
for 2<a<qg+1,1=0,1,2, . Now, the proof of (4.3) is omitted since it is similar to those in

Ghosh(1994) and Datta and Ghosh(1995). This leads to the fact that &.%(y) dominates (in

frequentist risk) the constant risk minimax estimator ( p—-l)(}z—l) ) S of ¢ when

2<a{g+1. On the other hand, minimaxity fails when 0<a<2, since if ¢;,=--=0, so that
P(L=0)=1, then P(C. ,.{0)=PCy,.<0)=1 for 0<a<2, and hence the risk difference in
(4.1) will be negative due to Cy . ,<0 with probability 1. This completes the proof.
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5. Numerical Computations

We now find numerically percentage risk improvement(PRI) of a’fi(y) over 3;42=dava(8)

[R(da,a’ Uz)_R(dZB;v OZE)]
R(d,.4, 00

denotes the risk of an estimator d of o>, Note that R(d,,. %) = K( ?M, )

which is defined by PRI(d?2(y),d,.(S))= x100, where R(d, o)

_ 2 . C
= =Dg=D+2" As found in Theorem 3.1, the percentage risk improvement depends on

__1_ )2
@ and o only through A= or gg(@u 6,)".

Figure 5.1 considers graphs of PRI for p=4 and ¢=7 whena=0,1,2,.,7, and values of
PRI are given in Table 5.1. As proved in Theorem 4.1, d™(y) and df%(y) is non-minimax,
that is, it is possible to have negative risk improvement over e u (since a<{2 ). However, in

spite of the non-minimaxity of di5(y) and di5(y), they can perform much better than

minimax estimators for a wide range of values of A. Finally, when A — oo, the PRI's of all

the hierarchical Bayes estimators seem to be very close.

rl0 b

Figure 5.1. Graphs of PRI for p=4 and g=7.
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Table 5.1. Values of PRI for p=4 and g=7.

A a=0 a=1 a=2 a=3 a=4 a=b a=6 a=7
0.5 -9.66 -1.64 4.33 813 9.70 9.14 6.80 3.37
1.0 -3.18 3.17 7.60 10.03 10.50 0.18 6.48 3.07
15 2.01 6.90 9.99 11.28 10.87 8.99 6.07 277
2.0 6.12 9.72 11.68 12.04 10.94 8.66 5.63 2.48
2.5 9.32 11.80 12.80 12.40 10.78 8.23 5.18 2.21
3.0 11.74 13.28 13.48 12.47 10.45 7.73 4.73 1.97
35 13.53 14.25 13.80 12.32 10.01 7.21 4.30 1.74
40 14.78 14.82 13.84 11.99 9.50 6.68 3.89 1.54
45 15.58 15.06 13.66 11.54 8.94 6.15 3.50 1.35
5.0 15.99 15.02 13.30 11.00 8.35 5,63 3.15 1.19
55 16.08 14.76 12.80 10.40 7.75 5.14 2.82 1.04
6.0 15.89 14.31 12.20 9,74 7.15 4.66 2.51 0.91
6.5 15.46 13.70 11.50 9.06 6.55 4.21 2.23 0.80
7.0 14.84 12.96 10.75 3.35 5.96 3.78 1.98 0.70
7.5 14.05 12.13. 9.94 7.64 5.39 3.37 1.74 0.60
8.0 13.14 11.23 9.11 6.93 4.84 3.00 1.53 0.52
3.5 12.13 10.28 3.26 6.23 431 2.64 1.33 0.45
9.0 11.07 9.31 7.43 555 3.81 2.32 1.16 0.39
95 9.99 3.34 6.61 491 3.34 2.01 1.00 0.33

10.0 8.91 7.39 5.82 4,30 291 1.74 0.85 0.28
10.5 7.86 6.49 5.08 3.73 2.51 1.49 0.73 0.24
11.0 6.86 564 4.40 3.21 2.15 1.27 0.62 0.20
115 5.93 4.85 3.77 2.74 1.82 1.07 0.52 0.17
12.0 5.07 413 3.20 2.32 1.54 0.90 0.43 0.14
12.5 4.30 3.49 2.69 1.94 1.28 0.75 0.36 0.11
13.0 361 2.92 2.25 1.62 1.06 0.62 0.29 0.09
135 3.00 2.43 1.86 1.34 0.88 0.51 0.24 0.08
14.0 2.48 2.00 153 1.09 0.72 0.41 0.19 0.06
14.5 2.03 1.63 1.25 0.89 0.58 0.33 0.16 0.05
15.0 1.65 1.32 1.01 0.72 0.47 0.27 0.13 0.04
155 1.33 1.07 0.81 0.58 0.37 0.21 0.10 0.03
16.0 1.06 0.85 0.65 0.46 0.30 0.17 0.08 0.02
16.5 0.85 0.68 0.51 0.36 0.24 0.13 0.06 0.02
17.0 0.67 0.53 0.40 0.29 0.18 0.11 0.05 0.01
175 0.52 0.42 0.32 0.22 0.14 0.08 0.04 0.01
18.0 0.41 0.33 0.25 0.17 0.11 0.06 0.03 0.01
185 0.32 0.25 0.19 0.13 0.09 0.05 0.02 0.01
19.0 0.24 0.19 0.15 0.10 0.07 0.04 0.02 0.01
19.5 0.19 0.15 0.11 0.08 0.05 0.03 0.01 0.00
20.0 0.14 0.11 0.09 0.06 0.04 0.02 0.01 0.00
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