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Design of Step-Stress Accelerated Life Tests
for Weibull Distributions
with a Nonconstant Shape Parameter

C. M. Kim and D. S. Bai!

ABSTRACT

This paper considers the design of step-stress accelerated life tests for
the Weibull distribution with a nonconstant shape parameter under Type
1 censoring. It is assumed that scale and shape parameters are log-linear
functions of (possibly transformed) stress and that a cumulative exposure
model holds for the effect of changing stress. The asymptotic variance of
the maximum likelihood estimator of a stated quantile at design stress is
used as an optimality criterion. The optimum three step-stress plans are
presented for selected values of design parameters and the effects of errors
in pre- estimates of the design parameters are investigated.

Keywords: Accelerated life test, Step stress test, Weibull distribution, Fisher
Information, Maximum likelihood, Asymptotic variance, Nonconstant shape pa-
rameter

1. INTRODUCTION

Accelerated life tests(ALTs) are used to obtain information quickly on the
lifetime distribution of materials or products. The test units are run at higher
than usual levels of stress to induce early failures. The test data obtained at the
accelerated stresses are analyzed in terms of a model, and then extrapolated to
estimate the lifetime distribution at the design stress.

The stress can be applied in various ways ; commonly used methods are
constant stress and step-stress. In a constant stress test, units are subjected to
a constant level of stress until failures occur or the observations are censored.
A step-stress test allows the stress setting of units to be changed at prescribed
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times(time-step) or upon the occurrence of a fixed number of failures(failure-
step). The step-stress ALTs have the advantage of yielding more failure data in
a limited time without necessarily using a high stress to all test units . For the
applications of the step-stress ALTs, see Bora(1979), Nelson(1990), etc.

Several authors have considered the problem of designing ALT plans. See,
for instance, Nelson and Kielpinski(1976), Nelson and Meeker(1978), and Mecker
and Hahn(1985) for constant stress ALTs. For step-stress ALTs, Miller and
Nelson(1983) presented optimum simple step-stress ALT plans for exponential
distributions with complete data. Bai et al.(1989) and Bai and Chun(1991) ex-
tended the results of Miller and Nelson(1983) to the cases with censoring and
with competing causes of failure, respectively. Bai and Kim(1993) considered
optimum designs of simple step-stress ALTs for Weibull distributions.

Most of these works assume that the log-lifetime follows a location-scale dis-
tribution for which the location parameter varies with stress, but the scale pa-
rameter is independent of stress. For example, when the lifetime follows Weibull
distribution, it is assumed that the scale parameter depends on stress, but the
shape parameter remains constant. In many situations, however, this assump-
tion may not be appropriate; Li et al.(1989) found that the Weibull shapc pa-
rameter decreases in electric-field stress for dielectrics, and Hiergiest et al.(1989)
showed that the shape parameter depends on temperature in the test of capac-
itors. More examples of a nonconstant shape parameter are in the refcrences
of Meeter and Meeker(1994). Glaser(1984) presented methods of estimating the
shape and scale parameters expressed as functions of the testing environments.
Meeter and Meeker(1994) designed the optimum ALTs under the assumption that
both the scale and shape parameters depend on stress. However, these studies
considered only constant stress cases.

This paper considers the design of step-stress ALTs for the Weibull distribu-
tion with nonconstant shape and scale parameters which are log-linear functions
of stress. It is assumed that a certain cumulative exposure model holds for the
effect of changing stress. The asymptotic variance of the maximum likelihood es-
timator of a stated quantile at design stress is used as an optimality criterion. The
optimum three step-stress plans are tabulated for selected combinations of design
parameters, and the effects of errors in pre-estimates of the design parameters
are investigated.
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Notation
n total number of test units
sp design stress level
sp prespecified highest stress level
h number of stress levels
s; ith stress level, i =1,--- ,h, sp < 81 < --- < sp(= sp)
7; stress change time from s; to $;41, ¢ =1,--- ,h =1
1 censoring time
¢; standardized stress, & = 2= 4 =1 ... h

SH—SD’ ’
z; standardized stress change time, z; = %
Y life of a unit under step-stress ALT
Ay Bi scale and shape parameters of the Weibull distribution at stress level s;
G(-) cumulative distribution function(cdf) of Y

L, s 0¢, location and scale parameters of the smallest extreme value distribution
at &;

¥(-), ¥(-) pdf and cdf of the standard smallest extreme value distribution.
Qp, 1, O, o parameters of log-linear relation

Yos V1» Yy ¥y Parameters of standardized log-linear relation

tq gth quantile of the smallest extreme value distribution at design stress
pps P Drobabilities that a unit will fail by » at sp and sy, respectively.

Asvar(-), Ascov(-,') asymptotic variance and asymptotic covariance, repectively.
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2. THE MODEL

Assumplion

. At any stress s, the lifetime of a test unit follows a Weibull distribution

with scale parameter A(s) = exp(ag + «;s) and shape parameter G(s) =
exp(aly + a}5);

F(t) =1 - e A&7 @
i.e., the log lifetimes follow a smallest extreme value distribution with lo-
cation parameter pu(s) = —log(A(s)) = —ag — aqs and scale parameter

o(8) = 1/8(s) = exp(—af — a1s).
A certain cumulative exposure model] holds.

Test units are run simultaneously and their lifetimes are continuously ob-
served.

. The lifetimes of test units are independent and identically distributed.

Test procedure

.k test stress levels 51,89, , 8 arc used.
. Bach of test units is initially placed on stress s;.

. If the test unit does not fail during (7,1, 7;] at stress s;, then the stress is

changed to ;4 at 74,1 =1,2,--- ,h—1, 70 =0.

The test is continued until all units fail or a prespecified censoring time 7
at sp.

Cumulative effect of exposure

The data analysis of a step-stress test requires a cumulative exposure (or

damage) model which relates the life distribution under step stress to that of
constant stress. The cumulative exposure model used here assumes, in the words

of Nelson(1980), that “the remaining life of specimens depends only on the cur-

rent cumulative fraction failed and current stress—regardless how the fraction

accumulated. Moreover, if held at the current stress, survivors will fail accord-

ing to the cdf for that stress but starting at the previously accumulated fraction
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failed.” It has been widely used for estimation of parameters(Nelson(1980)) and
in the design of test plans (Miller and Nelson(1983), Bai et al.(1989), Bai and
Chun(1991), and Bai and Kim(1993)) for its mathematical convenience and plau-
sibility. See Nelson(1990) for a discussion on the adequacy of this model.

Standardized model

Define the standardized stress &; as

83 — 8D
= 2.1
e —- (2.1)

where sp and sy are design and highest stresses, respectively. Then the location
and scale parameters of log-lifetime distribution of test units at stress s; can be
rewritten in terms of § as pg; = (&) = 10 + Mi&s, o5 = (&) = exp(yp + 1)
where 7o = —(ao+a15p), 11 = —1(sw—sD), 7h = —(Gh+a}sD), 1 = —oh (55—
sp). We note that for s = sp, £p = 0 and po = v, and for s = sg, £y = 1 and
p1 = vo+71. Also, if & = 01/0y is the ratio of the scale parameters at the highest
and design stresses, then o, = oof%, i =1,--- ,h, and the relationship between
shape parameter and stress can be represented by any two of the following three
parameters : g = exp(vyg), o1 = exp(yp + ;) and 6 = exp(v;).

Lifetime distribution

From the assumption of the Weibull lifetime distribution and cumulative ex-
posure model, the cdf of ¥ under step stress test is

Gy)=Gily—7mi1+6-1), 11 <y<n 1=12,--,h, (2.2)

where G;(-)is the cdf of Weibull distribution with scale parameter A; and shape

parameter 3;. Then In(y ~ 7;—1 + §;—1) follows the smallest extreme value distri-

bution with location parameter pg, = —In A; and scale parameter o, = 1/5,.
Let

In(y — 731 + di-1) — U

3

zi(y) = i=1,2,---.h, (2.3)

1

where §; is the solution of z;(7;) = 2;+1(7;) by cumulative exposure model. That
i8, & = (1;—Ti—1 + 51'_1)951'“_6" -exp(tg; ., — %efm—&) with 7 = dg = 0. Then,
the cdf of Y is
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Table 3.1: asymptotic variances of the multi-step optimum plans

6=038 §=1.0
pH 3 [ 4« [ 5] 6 | 7] 8 3[4 5 ] 6 | 7
0.25 | 867 | *865 784 | 775 | *766

0.60 | 838 | 766 | 754 | *751 665 | 618 | 605 | *601

0.0 | 674 | 619 | 603 | 598 | 596 | *595 | 508 | 473 | 463 | *458
0.9999 | 451 | 417 | 407 | 402 | 400 | *399 | 334 | 311 | 305 | 302 | *301

' : true optimum plans.

values of design parameters, tables for finding the optimum three step- stress
ALTs are given.

Optimality criterion and design parameters

The optimality criterion is to minimize Asvar(fq) which is a function of vy,
1, 00, 01 and &, and z;, 1 = 1,2, , h.

Let pp and py denote, repectively, the probabilities that a unit tested only
at sp(¢ép = 0) and sy (€x = 1) will fail by censoring time . That is,

pp=1T (M) o =T (11177"(7”71)) (3.1)

ao o1

Then, ¢; in the Fisher information matrix can be represented by functions of
U(pp), ¥~ (pg), 0, 00, & and 4, 1 = 1,2, , h, as follows.

In(z; — i1 + 67_) + oo((1 = &) ¥ pp) + &6 (px))

G = g ) (3.2)

where, 87 = (Ii—mi_l-l"-&?_l)g&iﬂ_él exp{oo(géi““l_&((1—5.5)‘1/—1(pD)-i-fz'e‘If_l(pH))—
(1 =&)Y Hop) + &1109 7 (pm)))}-

As a consequence, Asvar(f,) can be rewritten in terms of pp, px, 6, 0o, &'s,
and z;’s, and the objective is to find z;’s and &’s which minimize Asvar(t,) for
specified pp, pg, 0 and op. In reality, these parameters are usually unknown
and thus they have to be approximated from previous experience, similar data,
or preliminary experiments. These approximated parameters are called ‘pre-
estimates’.
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Optimum plans

To find the optimum values £’s, and z}’s, 1 = 1,2, we used the Powell
method(1964) with several different initial values, since Asvar(f,) in (9) may
have several local minimum. Table 3.2 shows optimum three-step test plans for
selected combinations of ¢ = 0.0001,0.001,0.01, 6 = 0.8,1.0, o¢p = 0.5,0.99, 2.0,
pr = 0.25,0.6,0.99,0.9999 and pp = 0.0001,0.001,0.01. These are the values
used by Meeter and Meeker(1994). In this table, p;, and pys denote, respectively,
the probabilities of failure by 1 at the low and middle stress levels, and Ej,
k = L, M, H, is the number of failures by log 7 at each stress level per 1,000 units
tested in the entire program.

We note from this table that :

1. V} = Asvar(¢;) becomes smaller as py increases for any fixed values of pp
and ¢, implying that the highest stress of optimum plans should be chosen
to be as high as possible. Nelson and Kielpinski(1976) gave an argument
for this result.

2. In a few situations the optimum plans degenerate to a test with all units
at design stress. This typically occurs when pp is large and differences
between pp and pg are too small to provide much acceleration.

4. SENSITIVITY ANALYSIS

Incorrect choice of pre-estimates gives a non-optimum test plan and could
result in a less accurate estimate of the life distribution at design stress. In the
case of a step-stress ALT plan, the effect of incorrect choice of the pre-estimates
of pp, pg and og when the value of 6 is known to be one was studied by Bal
and Kim(1993). Here we investigate the effects of errors in pre-estimates of  in
terms of variance ratio Vi /Vy, where Vjj is the asymptotic variance of the MLE
of 0.1th quantile of log- lifetime when incorrect pre-estimate ¢’ is used and V" is
the corresponding asymptotic variance when true value of 6 is used.

Figure 4.1 gives V;; /V, due to incorrect pre-estimate 8’ of 8 for given values of
pp = 0.01, py = 0.8 and og = 0.5,0.99, 2.0 when the correct value of 8 is 0.8, and
shows that the variance increase is small if the difference between correct value
of 8 and its pre- estimate is not large, and that underestimating 6 is more serious
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Table 3.2: Optimum three-step test plans
(a) g = 0.
6=038
| q | 35} PH gr | =7 PL &3 = [ pm | Br | B | Bm Ve

0.0001 | 0.0001 025 | 0.000 | 1.000 | 0.000 * * * 0 - * | 10013
0.60 | 0.000 | 0.594 | o.000 | 0.310 | 0.8300 | 0.001 0 0 23 9397
0.90 | 0.301 | 0.576 | 0.001 | 0.937 | 0.847 | 0.658 0 57 | 133 7940
0.9999 | 0.415 | 0.531 | 0.006 | 0.920 | 0.835 | 0.960 1 23 | 389 4483
0.001 | 0.0001 0.256 | 0.278 | 0.182 | 0.006 | 0.430 | 0.628 | 0.002 0 0 38 8877
0.60 | 0.269 | 0.287 | 0.008 | 0.479 | 0.632 | 0.008 0 0 | 104 4797
0.90 | 0.237 | 0.362 | 0.007 | 0.498 | 0.651 | 0.008 0 1| =203 3245
0.9999 | 0.188 | 0.462 | 0.006 | 0.502 | 0.688 | o016 0 1| 441 2122
0.001 0.25 | 0.000 | 1.000 | 0.001 * * * 1 - - 1000
0.60 | 0.0oo | 1.000 | 0.001 * * “« 1 " = 1000
0.90 | 0.000 | 1.000 | 0.001 * * * 1 * - 1000
0.9999 | 0.000 | 0.583 | o001 | 027 | 0795 | 0013 0 1| 222 912
0.01 | 0-0001 0.25 | 0.574 | 0.629 | 0.006 - - - 2 B 50 | 10698
0.60 | 0.474 | 0.005 | 0.004 | 0.577 | 0.595 | 0011 0 3 | 154 4397
0.90 | 0.495 | 0.064 | 0.008 | 0.575 | 0.586 | 0.015 0 4| 329 2277
09999 | 0.459 | 0.251 { 0.010 | 0.885 | 0.605 | 0.041 0 7| 718 951
0.001 0.25 | 0.000 | 0002 | 0.001 | 0.343 | 0.715 | 0005 0 2 32 3585
0.60 | o074 | o.008 | 0.002 | 0.395 | 0.664 | 0.010 0 1| 113 1742
0.90 | 0.265 | 0.061 | 0.006 | 0417 | 0.646 | 0.016 0 5 | 256 208
0.9099 | 0.281 | 0.255 | 0.000 | 0458 | 0.685 | 0.038 0 9 | s18 478
0.01 0.25 | 0.000 | 1.000 | 0.010 * * * 0 * * 100
0.60 | 0.000 | 1.000 | 0.010 * * * 0 * * 100
0.90 | o.000 | 1.000 | 0.010 - * * 0 = * 100
0.9999 | 0.000 | 1.000 | 0.010 * * * 0 * * 100

‘ [ 6 =1.0

q PD PH FES PL &3 23 | pm | Eu | Exm | Em v

0.0001 | 0.0001 0.25 | 0.000 | 0.577 | 0.000 | 0.281 | 0.860 | 0.001 0 0 7 5024
0.60 | 0.202 | 0.592 | 0.001 | 0.927 | 0.866 | 0.376 0 42 65 7513
0.90 | 0.372 | 0.543 | 0.004 | 0.924 { 0.851 | 0.857 1] 116 | 168 5180
0.9999 | 0.427 | 0.536 | 0.013 | 0913 | 0.830 | 097 3 | 817 | aar 2809
0.001 | 0.0001 0.25 | 0.332 | 0.184 | 0.001 | 0.423 | 0.684 | 0.003 0 ] 39 5047
0.60 | 0.205 | 0.356 | 0.002 | 0.463 | 0.686 | 0 007 0 1| 108 2846
0.90 | 0.254 | 0.424 | 0.001 | 0.47% | 0.705 | 0o012 0 1| 214 2025
0.9999 | ©.198 | o.524 | o001 | 0473 | 0.757 | 0022 0 2 | 461 1444
0.001 0.25 | 0.000 | 1.000 | 0.001 * = - 1 * * 1000
0.60 0.000 1.000 | 0.001 * * * 1 * * 1000
0.90 | 0.000 | 0.560 | 0.001 | 0.560 | 0.874 | 0.008 0 1 51 917
0.9999 | 0.243 | 0.647 | 0.000 | n.647 | 0.873 | 0.987 3 | 241 | a2z 791
0.01 | 0.0001 0.25 | 0.551 | 0.687 | 0.008 - : - 3 - 47 5902
0.60 | 0.551 | 0.645 | 0.015 - - - f .| 154 2422
0.90 | 0.502 | 0.084 | 0.015 | 0.538 | 0.637 | 0.022 0 8 | a3 1270
0.0000 | 0.444 | 0.312 | 0.016 | 0.549 | 0.665 | 0.052 1 12 | 711 576
0.001 0.25 | 0.342 | 0.760 | 0.007 - - - 3 , 32 2086
0.60 | 0.325 | 0.002 | 0.009 | 0.377 | 0.710 | 0.013 0 6 | 113 1008
0.90 | 0.327 | 0.101 | 0.013 | 0.390 | 0.697 | 0020 0 9 | 257 587
0.9999 | 0.350 | 0.255 | 0.014 | 0.433 | 0.715 | 0.051 1 12 | 608 301
0.01 0.25 0.000 1.000 0.010 “ s - 10 * * 100
0.60 | 0.000 | 1.000 | 0.010 * * * 10 " * 100
0.90 | 0.000 | 1.000 | 0.010 * * * 10 * * 100
0.9999 | 0.000 | c.950 { c.010 | 0101 | 0.996 | 0.020 9 1 2 99

£ . test with two stress levels.

“*7. degenerate tests.
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(b) o = 0.99
l I =108
q PD PH g | =7 [ pr | & | =3 pv_ | BL [ Em | Eg vy )
0.0001 | 0.0001 0.25 | 0.228 | 0.713 | 0.000 | 0.908 | 0.916 | 0.110 0 18 18 | 8976
0.60 | 0.385 | 0.583 | 0.002 | 0.915 | 0.877 | 0.207 1 76 83 | 6148
0.90 | 0.455 | 0.544 | 0.005 | 0.917 | 0.360 | 0.563 2 | 183 | 193 | 4175
0.9009 | o501 | 0.558 | 0.016 | 0.907 | 0852 | 0.019 s | 423 | a7s | 2288
0.00L | 0.0001 025 | 0.231 | 0.338 | 0.001 | 0427 | 0.784 | o.002 o 0 a2 | alos
0.60 | 0.201 | 0.420 | 0.000 | 0.408 | 0.841 | 0.002 0 0 88 | 2383
0.90 | 0.432 | 0.661 | 0.004 | 0.941 | 0.872 | o0.672 2| 151 | 180 | 1969
0.9999 | 0.493 | 0.627 | 0.014 | 0.92¢4 | 0857 | 0.088 & | 406 | 379 | 1190
0.001 0.25 | 0.000 | 0.643 | 0.001 | 0.170 | 0.945 | 0.002 a 0 8| 976
0.60 | 0.000 | 0.662 | D001 | 0.204 | 0.950 | 0.003 0 0 22 218
0.90 | 0.000 | 0.880 | 0.001 | 0.204 | 0.955 | 0.004 0 0 47 586
0.9999 | 0.334 | 0.617 | 0.013 | 0.3893 | 0.884 | 0.0a9 g8 | 383 | 342 652
0.01 | 0.0001 0.25 | 0.592 | 0.646 | 0.007 . - - 4 - 79 | 2054
0.60 | 0.508 | 0.201 | 0.006 | 0.586 | 0.674 | 0.012 0 5| 208 929
0.90 | 0.456 | 0.298 | 0.005 | 0.578 | 0.718 | 0.019 1 7 | ave 636
0.9999 | 0.395 | 0.414 | 0005 | 0546 | 0.s00 | 0.026 1 o | 701 406
0.001 0.25 | 0.414 | 0.700 | 0.008 - . . 5 - 66 811
0.60 | 0.312 | 0.194 | 0.006 | 0.436 | 0.727 | 0.013 1 6 | 171 442
0.90 | 0.267 | 0.303 | 0.006 | 0.442 | 0.768 | 0.020 1 s | 313 309
09999 | 0.219 | 0.423 | o005 | 0.424 | 0.839 | c.028 2 11 | 6oz 218
0.01 0.25 | 0.000 | 1.000 | 0.010 * - * 10 . * 100
0.60 | n.ooo | 1.000 { 0.010 * * - 10 * « 100
0.90 | 0.000 | 0.615 | 0.010 | 0.184 | 0.940 | 0.023 6 7 73 97
0.9999 | 0.000 | 0.650 | 0.010 | 0.227 | 0.945 | 0.036 6 10 | 221 &9
6 = 1.0 |
q PD PH IR pr | & | x5 | om | Br | Bam | Exg | Ve |
0.0001 | 0.0001 0.25 | 0.321 | 0.615 | 0.001 | 0.888 | 0.892 | 0.120 0 34 29 | 6625
0.60 | 0.413 | 0.552 | 0.004 | 0.004 | 0.87L | 0.316 2 | 112 ag | 4205
0.90 | 0.459 | ©.534 | 0.010 | D.903 | 0.850 | 0382 5 | 243 | 205 | 2781

0.9999 0.485 0.574 0.025 0.887 0.862 0.920 14 504 344 1520

0.001 0.0001 0.25 0.264 0.366 0.001 0.425 0.841 0.003 4] 1 43 1963
0.60 0.220 0.470 0.001 0.401 0.896 0.004 0 1 29 1568

0.90 0.438 0.660 0.008 0,929 0.877 0.875 5 212 191 1204

0.9999 0.477 0.650 0.023 0.906 0.869 0.957 14 486 347 789

0.001 0.25 0.000 0.589 0.001 0.214 0.960 0.003 o} 1 11 862
0.60 0.000 0.652 0.001 0,219 0.974 0.004 0 1 22 B25

0.90 0.278 0.663 0.008 0.886 0.902 0.615 5 200 159 730

0.9999 0.352 0.641 0.025 0.368 0 886 0.938 15 481 324 478

0.0l 0.0001 0.25 0.588 0.710 o0l1 - - - 7 78 1261
0.60 0.512 0.193 0.011 0.566 0.735 0.017 2 210 600

Q.90 0.449 0.298 0.009 0.553 0.780 0.028 2 387 393

0.9999 0.382 0.430 0,008 0.515 0 862 0.035 3 15 698 263

0.001 0.25 0.418 0.765 0.011 - - - 8 - 64 521
0.60 0.330 0.227 0.009 0.424 0.7980 0.018 2 10 170 280

0.90 0.275 0.336 0 008 0.423 0.833 0028 2 12 210 211

0.9989 0.220 0.463 0.007 0395 0.900 0.036 3 15 581 158

0.01 0.25 0.000 0.965 0.010 0.090 0.997 0.014 a 0 a 100
0.60 0.000 0.533 0.010 0.175 0.951 0.022 5 9 41 93

Q.90 0.000 0.575 0.010 0.209 0.957 0.031 5 11 90 87

0.9999 0.000 0.650 0.010 0.218 0.974 0.043 [ 14 202 82
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(C) ay) = 2.0

[ |0 | El
q PD 211 £ z3 PL & | =3 | pu By | Em | Eg vy
0.0001 0.0001 0.25 0.381 0.650 0.001 0.904 0.922 0.106 1 48 3l 6163
0.60 0.477 0.5384 0.004 0.913 0.899 0.201 3 152 103 3004
Q.90 0.523 0.569 0.011 0.913 0.890 0.545 7 316 206 2508
00,9999 0.547 0.633 0.027 0.895 0.9804 0.881 20 596 300 1463
0.001 0.0001 D.25 0.092 0.233 0.000 D.365 0.983 0.001 0 Q 21 2045
0.60 0.462 0.736 0.004 0.928 0.920 0.335 3 131 92 1760
0.90 0.517 0.670 0.010 0.924 0.901 0.593 7 298 200 1277
0.9999 0.545 0.700 0.026 0.905 0.908 0.914 21 587 30z 776
0.001 0.25 0.000 0.533 0.001 0.152 0.996 0.002 8] 0 8 867
0.60 0.223 0.782 0.004 0.888 0.957 0.303 3 114 59 338
0.90 0.338 0.689 0.009 0.890 0.929 0.558 7 282 164 G674
0.9999 0.412 0.693 0.026 0.873 0.925 0.896 20 585 282 451
0.01 0.0001 0.25 0.334 0.061 0.001 0.607 0.810 0.008 0 6 20 699
0.60 0.367 0.166 0.002 0.565 0.907 0.010 0 7 179 455
0.90 0.358 0.235 0.002 0.531 0.964 0.011 0 8 242 3658
0.0999 0.334 0.289 0.003 0.482 0.995 0.013 1 9 27T 290
0.001 0.25 0.000 0.078 0.001 0.467 0.844 0.010 0 8 78 306
0.60 0.089 0.171 0.002 0.428 0.930 0.013 Q i0 150 223
0.50 0.122 0.234 0.002 0.395 0.973 0.014 1 10 205 191
0.5999 0.135 0.288 0.003 0.351 0.996 0.015 1 11 238 163
Q.01 Q.25 0.000 0.449 0.010 0.168 0.949 0.016 6 6 34 93
0.60 0.000 0.506 0.010 0.188 0.981 0.020 T 8 61 2323
Q.90 0.000 0.533 0.010 0.178 0.9954 0.022 7 9 80 85
0.9999 0.000 0.532 0.010 0.150 0.992 0.023 7 9 351 83

=10
g PD PH & | = PL e | zz | pm | BL | Enm | Ey vy
0.0001 | 0.0001 0.25 | 0.403 | 0.594 | 0.003 | 0.896 | 0.912 | 0.118 T 66| 86 ] 4411
0.60 0.473 0.560 0.008 0.902 0.900 0.312 5 190 108 2686
0.90 0.507 0.563 0.016 0.899 0.897 0.567 12 371 202 1765
0.9999 0.518 0.655 0.036 0.874 0.922 0.887 29 615 264 1008
0.001 0.0001 0.25 0.173 0.253 0.000 0.370 0.995 0.002 0 1 19 1336
0.60 0.459 0.728 0.007 0.920 0.922 0.356 5 171 a7 1179
0.90 0.501 0.677 0.015 0.912 0.909 0.614 12 355 196 B5H
0.9999 0.516 0.732 0.036 0,886 0.926 0.919 30 638 265 533
0.001 0.25 | 0.000 | 0.472 | 0.001 | 0.155 | 0.971 | ©v.002 0 1 18 784
0.60 | 0.28% | 0.688 | 0007 | 0.879 | 0.937 | 0230 5 175 a0 665
0.90 | 0.359 | 0.650 | 0.016 | 0.876 | 0.925 | 0.587 12 | 388 | 171 508
0.9999 0.400 0.700 0 038 0.849 0.937 0.902 31 643 247 324
0.01 0.0001 0.25 0.358 0.045 0.002 0.613 0.854 0.013 0 11 a2 451
0.60 0.373 0.140 0.003 0.558 0.943 0.016 1 13 183 287
0.90 0.358 0.203 0.004 0.514 0.986 0.017 1 13 224 232
0.9999 0.327 0.255 0.004 0.457 0.999 0018 2 13 225 187
0.001 0.25 0.130 0.072 0.002 0.470 0.894 0.014 4] 12 77 218
0.60 0.178 0.179 0.003 0.419 0.965 0.017 1 13 143 160
0.90 0.176 0.240 0.004 0.380 0.992 0.019 1 14 174 140
0.9999 0.163 0.294 0.004 0.329 0.999 0.020 2 14 173 122
0.01 0.25 0.000 0.391 0.010 0.210 0.968 0.020 [¢] 10 36 85
.60 0.000 0.485 0.010 0.202 0.993 0025 6 11 55 81
0.90 0.000 0.468 0.010 0.163 0.967 0.024 6 11 323 79
0.9999 | 0.207 | 0.817 | 0.040 | 0.829 | 0.966 | 0.943 36 | 633 | 197 74
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Figure 4.1: Variance ratio vs. pre-estimates of ' when 6 = 0.8

than overestimating 6. Similar results are obtained for other combinations of pp,
pr and og.

5. THE EFFECTS OF 0

In this section, optimum step-stress ALTs with a nonconstant shape parame-
ter are compared with corresponding ones with a constant shape parameter(Bai
and Kim(1993)) in terms of relative efficiency. When 6§ is known, partial deriva-
tives and Fisher information matrix are as follows.

The first and second partial derivatives of [ with respect to vy, 71 are the
same as (16) and (18) in Appendix A, respectively. The first partial derivative of
[ with respect to oy is

600 Jdo

[ Z Us(y {1 + zi(y) - Zi(y)ezi(y)} + Ups1(@)e*Mups(n) |, (5.1)

and the second partial derivatives of [ with respect to og are
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81 1 a1 lij W
S DLAUS £ v R ST
1
+—Unt1(y)e™ D op; (),
821 2 9l
o _ 2o 5.3
60[2) an 80‘0 ( )
h
1 2 Z
+— [— > Uily) {1 + 2 (y)e "(“’)} — Unt1(y)e ’%(”)Uhj(n)} 7
0 =1

The Fisher information matrix for single observation can be obtained by tak-
ing the negative expectations of the second partial derivatives of log-likelihood
function.

Aw Ao By
F=1| Ao Au B4 (5.4)
By B '

_ ikd! _ 32 _ 331 - .
where Aj; = E (—%8%), B, =E (_W) o' — E (‘a?g) ik =0,1.

When ¢ £ 1, models with constant ¢ are not appropriate and analysis of ALT
data using a model with constant o results in a poor estimate of the specified
quantile of log-life at design stress. The effects of 6 in terms of the asymptotic
variance ratio were studied for 0 < 1.0.

Let V' and V* be the asymptotic variances of the MLEs of 0.01th quan-
tile of log-lifetime at design stress under incorrect assumption that 6 = 1.0
and correct value of 6 # 1.0, respectively. When pp = 0.0001,0.001 , py =
0.25,0.40,0.60,0.80,0.90,0.99 and o = 0.5,0.99, 2.0, the ratios V'/V* are given
in Table 3.2. The above values of pp, py and oy are the values used by Bai and
Kim(1993). Table 5.1 shows that V'/V* becomes larger as 6 decreases for any
fixed values of pp and ¢, and if the true 8 is far from 1.0, the variance increase is
large.



Table 5.1: Asymptotic variance ratio V'/V* when 6 < 1.0
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0020.5
po_ | pu [6=05] 06 [ 07 [ 08 [ 09 [ 10
0.0001 | 0.25 | 1.352 | 1.169 | 1.076 | 1.029 | 1.007 | 1.000
040 | 1.393 | 1.187 | 1.084 | 1.031 | 1.006 | 1.000
0.60 | 1.424 | 1.198 | 1.086 | 1.030 | 1.005 | 1.000
0.80 | 1.515 | 1.246 | 1.112 | 1.043 | 1.010 | 1.000
0.90 | 1.572 | 1.275 | 1.127 | 1.050 | 1.013 | 1.000
0.99 | 1.671 | 1.320 | 1.147 | 1.057 | 1.014 | 1.000
0.001 | 0.25 | 1.056 | 1.034 | 1.018 | 1.007 | 1.002 | 1.000
0.40 | 1.104 | 1.059 | 1.030 | 1.012 | 1.003 | 1.000
060 | 1.144 | 1.078 | 1.038 | 1.016 | 1.004 | 1.000
080 | 1204 | 1.109 | 1.054 | 1.022 | 1.006 | 1.000
0.90 | 1.226 | 1.117 | 1.056 | 1.022 | 1.006 | 1.000
0.99 | 1.284 | 1.142 | 1.065 | 1.024 | 1.005 | 1.000
0'020.99
pp_ | pu [6=05] 06 | 07 [ 08 [ 09 [ 10
0.0001 | 0.25 | 1.343 [ 1.182 [ 1.071 | 1.034 | 1.006 | 1.000
040 | 1.325 | 1.181 | 1.062 | 1.030 | 1.003 | 1.000
0.60 | 1.381 | 1.173 | 1.084 | 1.025 | 1.009 | 1.000
080 | 1.343 | 1.207 | 1.070 | 1.034 | 1.005 | 1.000
0.90 | 1.368 | 1.225 | 1.078 | 1.039 | 1.007 | 1.000
0.99 | 1414 | 1.249 | 1.087 | 1.041 | 1.006 | 1.000
0.001 | 0.25 | 1.176 | 1.076 | 1.039 | 1.016 | 1.003 | 1.000
040 | 1.152 | 1.074 | 1.031 | 1.012 | 1.002 | 1.000
0.60 | 1.165 | 1.079 | 1.039 | 1.013 | 1.005 | 1.000
0.80 | 1.163 | 1.081 | 1.037 | 1.012 | 1.003 | 1.000
0.90 | 1.166 | 1.089 | 1.036 | 1.014 | 1.002 | 1.000
099 | 1229|1111 | 1.051 | 1.018 | 1.003 | 1.000
agog =20
pp | pn | 6=05] 06 [ 07 | 08 | 09 [ 10
0.0001 | 0.25 | 1.371 | 1.162 | 1.085 | 1.026 | 1.009 | 1.000
040 | 1.379 | 1.149 | 1.082 | 1.020 | 1.007 | 1.000
060 | 1.373 | 1.183 | 1.074 | 1.033 | 1.004 | 1.000
0.80 | 1.437 | 1.160 | 1.092 | 1.025 | 1.008 | 1.000
090 | 1474 | 1.174 | 1.102 | 1.029 | 1.009 | 1.000
099 | 1530 | 1.196 | 1.111 | 1.031 | 1.009 | 1.000
0001 [ 0.25 | 1.140 | 1.086 | 1.038 | 1.014 | 1.004 | 1.000
040 | 1.148 | 1.072 | 1.033 | 1.011 | 1.002 | 1.000
0.60 | 1.161 | 1.082 | 1.035 | 1.016 | 1.003 | 1.000
080 | 1.170 | 1.081 | 1.035 | 1.014 | 1.002 | 1.000
0.90 | 1.186 | 1.081 | 1.039 | 1.012 | 1.002 | 1.000
0.99 | 1.228 | 1.114 | 1.050 | 1.018 | 1.004 | 1.000

429
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APPENDIX A : Partial derivatives of likelihood function

The first partial derivatives of [ with respect to 7g, y1, 0o and o are

z - ZU@H{ S bugly) (1- ) ]

—Upsa(y)eMuy;(n), 5=0,1

(A1)

§%==fﬁmﬂ{%—$;+w@@-ewﬂ (A.2)

=1
—Uns1(m)eMupi(n), 5=0,1

88; _4 86;_1 (1_51‘) B

=3¢
. - . — 13 .. —_ 1 JE—
where ll] = —(9’)’j , Mi; = Ba; ! Nig = o Og;5 Uy (y) -

vig(y) = & (7 — nm@))-

(e -4)

The second partial derivatives of [ with respect to 7g, v1, ¢ and o are

(A.3)

jk=0,1

7, k=01

o2
e ZUz ) {5k )pi(0) = s wslo)e™ 9}
_Uh+1(y)6 " Lup (M) une (7) + w'he(n)}
821 i , _
;005 ; Uily) {w iik(y)pi(y) — vij(y) (nz’k + vig (y) ™ (y))} (A.4)
~Unt1(y )ezh(n){”hj( Yok (n) + W hik(n)},
2
aié% = EZU()&uﬂ()(w—wMW)@ﬁ+mﬂmﬁMU (A.5)

1-lj—k]
M nij _
_mwmk+( . m@%+0 —l}

oe,bi(y) OkOg;

—Un 1) {opi(n)vne(n) + v'pin(n)

. 1l
+(nh12h(77) +1> _1}, ik=0,1

O'kO'Eh

where, p;(y) = 1 — g¢, — %), 9;(y) = 1 + 0¢, 2 (y),
_ Buy(ly) 1 (a dio1 l”l,k)
Ove T ogb(y) \ 910 biy) )?

Buq; (y) __ 1 828, Lijmik
Wi = P50 = o (S — S — bW (v)),

u ijk —

Guigly) — __1 (‘9261 L — Tk b (y)vae(y) — ik i-n“").

Uijk: day, O',gibi(y) Ou;80y, bi(y)
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APPENDIX B : Fisher Information Matrix

The Fisher information matrix for single observation can be obtained by tak-
ing the negative expectations of the second partial derivatives of log-likelihood

function;
Ao Aon Boo B
Fo A A B Bu (B.1)
Boo Bon Coo Cot
By B Cup Cu
where,

Ap=FE (—ﬁ) By = B (=55 ), Cin = B (=585 ), 3,k = 0,1.
E(Ups1(y)) = ¥ (Ch), EUi(y)¥:(y)) = Ds(2) + Ds (),

EUi(y)pi(y)) = (1 = 0g)Ds(t) ~ Da(2),

EUi(y)pi(v)z:(y)) = (1 — 0g,) D3(i) — o¢,da(1),

E (Ui(y) 33 ) = Dali) + o, da (i),

E (Uily) 553 ) = (1~ 0g)da (i) = Da (i),

B (U7 ) = (1~ 206)d2(9) — D2t |

where, dy (i) = e H& fegc L T % e %z, dy(i) = e %M f:gil_l 7% e T,
ds(z) = e Ha gi (lnz)z' % e %dx, dy(i) = e H [;3;?_1 (Inz)ze *dz,

ds (i) = e M fgi_l (Inz)?ze%dz,

D1(s) = ( —eSi+¢i(1—og,) _ —eci—1+Ci._1(1—cr£i)),
Dy () = =2 (e_eczm(l 20¢,) _ _ec1—1+g,,._1(1_2a51.))’

Da(i) = (€7 (GieS +1) — 7 (GoaeSet + 1)),
Dy(i) = ( —eeb (e +1) + g—e ! (eSi-1 + 1)),
Dy(9) = (—ee® & =),

REFERENCES

Bai, D. S. and Chun, Y, R. (1991). “Optimum Simple Step-Stress Acceler-
ated Life- Tests with Competing Causes of Failure,” IEEE Transactions on
Reliability, 40, 622-627.



432 C. M. Kim and D. S. Bai

Bai, D. S. and Kim, M. S. (1993). “Optimum Simple Step-Stress Accelerated
Life Tests for the Weibull Distribution and Type I censoring,” Naval Re-
search Logistics, 40, 193-210.

Bai, D. S. and Kim, M. S. and Lee, S. H. (1989). “Optimum Simple Step-Stress
Accelerated Life Tests with Censoring,” IEEE Transactions on Reliability,
528-532.

Bora, J. 5.(1979), “Step-Stress Accelerated Life Testing of Diodes,” Microelec-
tronics and Reliability, 19, 279-280.

Glaser, R. E. (1984). “Estimation for a Weibull Accelerated Life Testing Model,”
Naval Research Logistics, 31, 559-570.

Hiergeist, P. Spitzer, A. and Reehl, S. (1989). “Lifetime of Thin Oxide and
Oxide- Nitride-Oxide Dielectrics Within Trench Capacitors for DRAM’s,”
IEEE Transactions on Electron Devices, 36, 913-919.

Li, P. C. and Ting, W. and Kwong, D. L. (1989). “Time-Dependent Dielectric
Breakdown of Chemical-Vapour-Deposited SiO 2 Gate Dielectrics,” Elec-
tromue Letters, 25, 665-666.

Meeker, W.Q. and Hahn, G.J. (1985) How to Plan an Accelerated Life Test-
Some Practical Guidelines, Volume 10 of the ASQC Basic References in
Quality Control: Statistical Technique.

Meeter, C. A. and Meeker, Jr. W. Q. (1994). “ Optimum Accelerated Life Tests
with a Nonconstant Scale Parameter,” Technometrics, 36, 71-83.

Miller, R. and Nelson, W. (1983). “Optimum Simple Step-Stress PPlans for
Accelerated Life Testing,” IEEE Transactions on Reliability, R-32, 59-65.

Nelson, W. (1980). “Accelerated Life Testing-Step Stress Models and Data
Analysis,” IEEE Transactions on Reliability, R-29, 103-108.

Nelson, W. (1990). Accelerated Testing-Statistical Models, Test Plans, and Data
Analyses, Wiley, New York.

Nelson, W. and Kielpinski, T.J. (1976). “Theory for Optimum Censored Accel-
erated Life Tests for Normal and Lognormal Life Distributions,” Techno-
metrics, 18, 105-114.



Design of Step-Stress Accelerated Life Tests 433

Nelson, W. and Meeker, W.Q. (1978). “Theory for Optimum Censored Ac-
celerated Life Tests for Weibull and Extreme Value Life Distributions,”
Technometrics, 20, 171-177.

Powell, M. J. D. (1964). “An Efficient Method for Finding the Minimum of a
Function of Several Variables without Calculating Derivatives,” Computer
Journal, 7, 155-162.



