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Theoretical Stiffness of Cracked Reinforced Concrete Elements

4z

Kim, Jang-Hoon

ABSTRACT

The purpose of this paper is to develop a mathematical expression for computing crack
angles based on reinforcement volumes in the longitudinal and transverse directions, member
end-fixity and length-to-width aspect ratio. For this a reinforced concrete beam-column
element is assumed to possess a series of potential crack planes represented by a number of
differential truss elements. Depending on the boundary condition. a constant angle truss or a
variable angle truss is employed to model the cracked structural concrete member. The truss
models are then analyzed using the virtual work method of analysis to relate forces and
deformations. Rigorous and simplified solution schemes are presented. An equation to estimate
the theoretical crack angle is derived by considering the energy minimization on the virtual
work done over both the shear and flexural components of truss models. The crack angle in
this study is defined as the steepest one among fan-shaped angles measured from the
longitudinal axis of the member to the diagonal crack. The theoretical crack angle predictions
are validated against experimentally observed crack angle reported by previous researchers in
the literature. Good agreement between theory and experiment is obtained.

Keywords @ cracked concrete, crack angle, truss model, constant angle truss, variable
angle truss, and cracked elastic stiffness
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Table 1 Comparison of crack angles between theory and experiment

Specimen Boundary n Py Dy A /A, Bineory Bexp
1/3Pier Model® F-F 5.7 0.0186 0.00147 0.756 24.8° 26°
Prototype’ F-p 6.3 0.0186 0.00115 0.746 27.9° 26°
1/3 Model" F-p 6.0 0.0102 0.00492 0.701 40.7° 39°
Column A' F-p 7.8 0.0156 0.00785 0.405 37.8° 36°
Column C° F-p 7.9 0.0156 0.01178 0.405 40.4° 39°
Column D [-p 7.9 0.0156 0.00785 0.405 37.8° 33°
Circular C1' [-F 7.2 0.0254 0.00089 0.852 21.3° 29°
Rectangular R2' F-F 7.2 0.255 0.00102 0.901 22.2° 23°
Unit 9" F-p 7.8 0.032 0.00518 0.828 35.0° 35°
Unit 13" F-p 7.1 0.032 0.00518 0.828 34.9° 35°
Unit 14° F-p 7.3 0.0324 0.00259 0.828 30.5° 31°
Unit 16 F-p 7.4 0.032 0.00259 0.828 30.6° 32"
2R10-60u’ F-p 7.8 0.032 0.00727 0.81 37.1° 38°
4R6-65u' F-p 7.8 0.032 0.00239 0.828 30.1° 26°
4R10-60u’ 1-p 7.8 0.032 0.00727 0.81 37.1° 36
OR6-80b' P-p 7.8 0.032 0.00194 0.828 28.9° 29°
2R6-60b r-p 7.8 0.032 0.00259 0.828 30.6° 30°
R1A® F-F 6.9 0.025 0.00123 0.881 23.0° 24°
R3A° F-F 7.2 0.025 0.00123 0.881 23.1° 24°
R5A¥ P 7.5 0.025 0.00123 0.881 23.1° 22°

- ] . . 15.16)
*Pier circular column with retrofitted beam-column joints ™

b . . . . a7
Seismically designed circular column )

: (1&)
“Square hollow-core columns

1 19
“Columns

N (201
“Circular columns

fye 211
Circular columns

7.8
*Rectangular columns
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Fig. 7 Crack angle comparison between theory and test
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Table 2 Experimental parameters for specimens in Table 1

Specimen | (tmm) | MV tmm) SO g ey | Lemnal | e
1/3Pier Model® 1844 922 $279.4 15.9 56.7 16-D10 $4.8@101.6
Prototype” 2012 2012 $838.2 50.8 45 16-D29 D13@304.8
1/3 Model” 641 641 $279.4 20.3 50.7 12-¢8" $4.8@31 .4
Column A° 3225 so2s | Lo0X IR0 20 30 60-plo | DOALZD
Column € 3225 3225 | 40010 20 29 60-p10 | DOl
Column D* 3225 s2o5 | do0x 150, 20 29 60-plo | HOel0
Circular C1" 2438 1219 $609.6 20.3 34.5 26-D19 $6.35@127
Rectangular R2' 2920 1460 489 %730 20.3 34.5 32-D19 $6.35@ 127
Unit 9° 1000 1000 $400 15 29.9 20-D16 DB@30
Unit 13° 800 800 $400 15 36.2 20-D16 D6@30
Unit 14° 800 800 $400 15 33.7 9-D24 D6@60
Unit 16° 800 800 $400 15 33.4 20-D16 D6@60
2R10-60u' 800 800 $400 15 30 20-D16 D10@60
4R6-65u' 800 800 $400 15 30 20-D16 D@65
4R10-60u’' 800 800 $400 15 30 20-D16 D10€60
OR6-80b' 800 800 $400 15 30 20-D16 D6@80
2R6-60Db' 800 800 $400 15 30 20-D16 DE@B0
R1A" 2438 1219 406 x610 20.3 37.9 22-D19 $6.35@ 127
R3A" 2438 1219 406x610 20.3 34.5 22-D19 $6.35@ 127
R5A® 1828 914 406>610 | 20.3 32.4 22-D19 $6.35@ 127
*Pier circular column with retrofitted beam-column joints''*!"

"Seismically designed circular column''”’

‘Square hollow-core columns'™®

‘Columns''”

“Circular columns'™”’

‘Circular columns'®

“Rectangular columns'™"

"Fuse bar with reduced section at plastic hinge zone

'Hollow-core size

'Spacing at plastic hinge region
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