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Abstract

The new spline finite strip element for plates and shells is presented. Because the present formula-
tion adopts the isoparametric concept, both the geometry and the displacement field are represented
by the uniform cubic B-spline curves along the length while the Lagrange polynomials used transve-
rsely. This paper attempts to improve the isoparametric spline finite strip element to be used for the
plates and shells. This new strip element is derived from the stress-resultant shell with 6 DOF at each
interior node. The geometry of the strip is defined in a manner which would allow the Jacobian to be
assumed constant through the thickness without violating the rigid body rotation criterion, and the
drilling degree of freedom are incorporated by constraining the true continuum mechanics definition of
rotation by penalty function method. Numerical examples with the present method on several bench-
mark problems are presented that illustrate the performance of the proposed strip elements.

Keywords . isoparametric spline finite strip blement, stress-resultant degenerated shell, drilling de-
gree of freedom

* A8l a5 ad BEEgR, Aaas o] = ¥ EES 19999 99 30U/A £ aEe) B
o PR e BEFohy Al FAIE 19993 12989 2 ARE AASAFUh
IR ESeE =R M123 MRS (9% 6 185



Ayl $4& 2te SPLINE f3id a4 23 42 a4
LA 2

45l B (finite strip method) & FZE-9]
# wgoz AsAAT 715y Jdo] A
A, 23 detds 248 AEseH] &
ioshube] 84 (strip) & ARESt # A ste
PPoz F2 BB YFOIAANE F BFo
2 gE)o] Aoz 71 ATz ¢ dvA
1= A5 sz@. T del AHEEAT. 2719 1
A EAAE MARFE AT Qo] B
4

b
‘”‘JQE—E— AAZAE vlE VEAIE Phe

i

FF(FE B AF5HHE AESL e B
(B oge FRoid AL} o] THEHY
} g2, olget xrle REHAEES F
o] HiwAdel 93t} ©@x| thakm A
l-}\-hsggo :llklsl 7} %1‘7] H;H_E_q
oz B o] Wye] Y &
ko] 7t AAT BAE 2] W9y
sholl o3 d&d o g ®do| rhesithed
a2u} o] WhEe AEH (strip) o el
Az7o] FojAol &t T3 o] AARAE v
DEAF = G55 73k 7] Wi ‘&

e

H

LA

=
ﬂ_:

)

rzHuL

A
o
rE %0 Tl ol :°.‘=. o?l‘, ¥ o o 10

q.
oﬂ’. 4
o

O
_ -

louﬁoﬁr-hﬂoﬁfﬁ—l)rloﬁ,r,d o

'Ee A'H Re B4 ALE AdtEE é

2l GHE 7HA A ATh tﬂrr’/}/\i 7184 #

= B7ata dubE el F2EE 4 se 9

2= TAA] ZHA

19803 Fuell AUE Sphne e
2EHe gk HAE H AFey diald
A4 spline o] BIHE 01%6}04 7Hd &
o2 fEasrfy go] Zt AHAAN FHAZA
& 2o 5 JA Hoern e d4E 2
Fz2E HHE 715sA HADD. =2 o ¥
me wAZ FaNEH nRrA R FHEY
o] AAME weld d&FHA W xHo] Jbw
siok de] Famo A= wh-sfAEd Wy
o] 23F Frt Botd w2t JFES F
7}e) &0 vl sl o] vl A= B3-spline® &

AR W dge] A e metd 1zl o
o Ax u¥ el F7b Bobel wet sl
Q8w 7} spEch

27)9) SplinefrBeiwgel 2% Aol e
2 99 43 2449 Y o829 @ 4ol

186 st=Fapx=EtE| =27 M123 K2E (1999, 6)

2
i
PColt 32 Mo 5L

B9 7|58t4d AR spline &4 & ZAL
3 oz Mindling B3 7 Aol A4
Hed & A HAY.

dutz o g AR5 783 4 (Degenerated
Shell) @4+t 7+ AHANA 379 AMAH N of
3 A A A 209 s BAE
AfEe e, o, A FHAENA Y

I

g7z AelaA gn 44 Ads g 4
48 Aedl] Aol oK duuge 3
& 2AY 5 Ak F, A WPES o] WY

ulEx) e} gduige] Fozn HgATO?). o

g AA R gFe He T= Ao ALde I

Ay o] g3ko] Ag] LA ool Flx &
F8la Mindlin H#3 ZAdd A 84+

:rL“:.—(Shear Lockmg) o] LAIEA Hrl
= F59 9 93lo @\41

[

ke
@ % *6@%01 FA A FrEeE A9
ke

| (R
oft
T
A=)
ok
(RN
o off 4
mtm
(=)
o
re
oX
&
o
(=t
ko]
=
2 o
]

gl #7E7 Hh—°ﬂ %‘36‘}%3 e

Qutel 54 AR
3} AT ARG Alold] qz Aol EAFHA ¥
e 22 83Ed A 2 g%ﬂ%% %
Ydoz PHY

RZE FIheke HY S 9]611/‘1 iﬂrﬁzi
A9 WETE 4 AAR & A0 2
ey 2y def e Ul H¥ ol I W3
£ g HEEY Foz o|FAXI] Wi =
HHEY F WHEDY ddel EAs Y
oz <3l T WHELE SYHo=w YT
T 8l A5l 2z A2l

goll Tha a0
cobiane] F7| wao =z YA st}



givtd Ao FAE wet BAH
ph<:1t Integration) & vlg] 3 3o
2 WY FE 3 HEE R
315}110) W a8y, Jacobiang AAlE 9
Y WgE 23 qloH ol FER
o Qe s Jacobiano] FA HHEE
ol 7R SHE 2A HAF (self-strain-
H 3la v EY Bel e oA F$
P oXE HAAZICL wakM o]
9% 37l St A a9 AP H
-3 o] A4 (Membrane-Bending Coupling) &
T3l FE EH (curvature effect) & 3 &}
= o]

Al QbS] ATy

e, ri b ﬂilo
Oh

voainsL'
S ol

ing

>
J A m’i

J}E r°('

2 5

e
o
o

3E, B2E da 2o du } Aol Ha FHAae
T QAE eV A BAVE He A F9
IA AHFZ (Drilling DOF) & T st
olth FHZd o]} wHHE we HWH ¥ Qo
C—)l:g_x_-l'_g_i Hul;]giq,w%zs) Allman'®<

AZvy gaof 4 HAe] gdE 23
Abg-sle] 1 Wl A AdAHeH
q osr VIS At 44473 945
th o] g4xdAME Y AHLE AAFT

AR Az Berl GAER @ttt o
Allmane] A 23+ Jetteur, Cook, MacNe-
al 59 dFAEY o8 A=A Jetteur™
= 447 Kirchhoff & 84dA AdzAL v
ZA7)7] Yot 849 EHe wet Ht A

A3t T Cook® 3 MacNeal® & A
=44 898 8 A8 Jger] 9)sk

2 8@240] QAE /\}%—3}9\1‘:} =
A 9oz AHeoxeE Wl A
Penalty el 23 Astzpdcg 7138
Hy 3AHg 2 9 d g4 Qs
AA 2 olet S ANgE B d7AEd o
3 A= oo o2 gl Penalty 4 3
213l= penalty Atz o] Tl A=
23 92 Ag) (Mixed variational principle) &}
St o] FH T,

B AFdAs= A tﬂ?ﬂg(self straining) ©]
840 7)8EE Aol Fhrolr] wie] duky
o2 e AMeHe A dase FBE Al
2317 ¢t3 2] WY E (self-straing) & LAA]F)

Mg = © e
S

oz
.L\,L
=

&R opE O mh b S o Ao
>.‘1>‘N3iﬂlln
Loz

q % Ao ok

2
o

g&dloﬁ

o £ 8 o mu
2
%5
4r
N

i

A ge BAEE Mgt B Al #3
SN PRIZIKE spline A3EEE Ao
]

zd F&at7] faME Z AidedA g o]l ¢
g 71229l 5749 A oj i EEe
=7F o3t o] A=l A A
Hojgofor g} wetd 31X
A W& penalty el o7 T
st A 3de 2R ST

A _Z:
BN
)

}'ﬂ.] }'U
St
r9 ol ok o o

1(). Olﬁ%?ﬂ %‘JEH?}‘%E% 2AEF ko]
’S"*" Wk A3 )
oluf, A W o] thdl RB7Ig4= B3-spline

2 A (nodal line)

W %-7 A (knots)

n str m section

(c) spline &% (~EH) £&
a1 RETiEEl o8 28

StRFMTEBEE| =2y H12W XM25 (190 6) 187



Ay A& 2HE SPLINE 3@ 8409 o d9f &4
g AlEde RS spline 3t T (Spline
Finite Strip Method) o]8} F&t}. &, spline
FFAELE Ao A%55Q %H F& 7H4EE
bl dojA, 2EHe] HME wapd IApEAD) <]

B-splineg& d&H 02 H74E §Ut AMSEM

oluj, B-spline@<t 3= < Fi/ids2A o

44 (knots) ] EAstA E}. Spline #&h

e ALEE oY YRdde Ao

2 knots pointz}t FolslH o] A2 AR AR

A ole AHIE AL o E oulE AlEH

t}. &, spline FRPWTHE FFaLHH Zo]

knots pointe] %4 thale] A Ho| 74

HA Rt HETH HE spline Fpol 23t

Aol A%H MYE Falet AHEEY] W&
ol knots point®] W= AA W7} oph

38, o]213 B3-spline &7} Aol HY®
gk oty FREe] 718tarERl F4E Aose=
A= AMS-E 5 %Ofﬁ o] o} 2 Hiy e
uj7 spline f-3thegolet oY, oy, ~E
W o] V31sha PAke A FAE BYste
TR gl ¢l (7)) ¢ B3-splinedt<=9]
B2l o8l ZRAT(TE 4).

o}21 g spline FIHEHS LAAHA {3
HE T IR R §Fe] ey} & & Ho
9 Hlﬁﬂ 70 wETEEY st AL Ho

o] FARFE AL W&

) olﬂ

o
OSL
O
HU
}..
_>,L

[Ty
Y
Lo 5
=
4
e

E g oor oy o X 9
3 ;
>
oy

Z s g
. sAT 2EHe] YRAHST wold|
2 3lvte] ~EYY AAdYEe A7t AR
ol A EL TS AFEEE A4
& F@asgd v S,

2.2 942 Spline®z}

32k9] spline Zt F3iellA 3xe] tiatajo]al
o] delo] Mol 2 FHAHe] 14, 23 7
AL FAE Bk vk mofe] 3
2 o] 7R splined m+179] HPo=z

SR ez dl
e
N
)

rx
il

188 si=mppzERsts| =27 M122 HM25(199. 6)

o

[FAXL m+370e] Fxdo] FoA ot A4
T AT} o] 3x+9] splineo] 4/le] F7HE-
I spline®] A¥eolA 09 & Zeohd o)y
3418 B3-splineojg} 3hy midl 2z F7to]
BAolgpE Oy 29 L TTY FTUAY
B3-spline ¢ T7& & 42 A (D H 2o &
QA Spline #3ciEHe I8 1A Jekd

oln o N

o

714\74 o] 2] AMA o] o]2{ 3 B3-spline
o] B Fojxl& WA (knots) 0] 431 F

1 Lﬁﬂ@zu Aege A A&H W
sk WA Esee] 988 s |

m\m &
o

(=)

(s—yi)®

R+30%(s —yi) +30(s — i)' — (s —yir)?
h3+3h2(y,+1—s)+3h(yi+1—s)2—3(yf-1—s)3
(y,-+z—s)3

0

S<Yi-s

Y SS<Yin

Y SSSY; 1)
Yi<S<¥Yin

Y1 SS<Yirr

Yir2<$s

a8 3 ~AE
Z (h) o] 2 m7lH T3t
A8 RBRAETh
o o] AAM

*o Bl
2 243 A2 5 9ok
0= :ﬁié Ni&, n)dy (2)

o71AM, 6,5 2EHY j
pagel el 89 v
Edo] Wl gt gAss

WA e i
Golth E, Ny &
24 FEEY A

a2l 2 £7+A4<9| B3-spline &4~



m N9 7t

(a) B3-spline basis

a7 3 AEZo|A B3-splinesl %ol T8

Wkl ofd B3-splinedtre} thgae] Foz
qg 5 Ao

f

Ni(&, n) = LH&)a(m] 3

o714, Lie jHA 49 Lagrange tha2] o
I ¢ (1A 2] B3-spline®] .

oy, ~EHe] WYE —1<£<18} 0<p<mY
£} pd ol FAHT, 7 A ¥Y= 1Y
3ot ol 7+ HdoA m+3Me AHPe=
B T

2.3 71313 FAe B9

I3 49} o] Yeoje] &het Aol malle
A ZZ(segment) 22 FAE o, o] F FH
m+37/2 WE el m+37/8Y splined] 2o E A
A 4 ok oldl, 3 ALL-EHE spline F F
744& Zte B3-splineg AM&ElE o] FAH &
B3-spline SAlo]jet & 4o WAL th&
3} 2o}

38 4 S¢H2| 3%} spline =4

PG) = 3 400 @

oq7|M, Zte] ¢(y)e FellA Hest uie} 2
o], 4719 A& FZ AT 0o] obd & 2zt
= 779 B3-spline 3 (¥ 2)elth. Q- €
oy @y @uire TAE A3l WEHEA UO4F
A9 9% ey =%, P, -+, P, T I
A7 (knot point) & $1x HEEo|t} oluf, m+3
Aol HME Q-1 Qo ) Qm QuaEE 73171 93
M m+le] AAel 92 A Py, .-+, P,
F7tz 2le) & e HAUE Pt Pt Fo1A
ofgt &t o] WE|Eo] AFEH 2 A (knots) ol A
9o Q e el I HA e B3-spline & A& F
g3t F4 Py)E 7EE F AT,

qtokol] x-yHHe] Ydojo] PA4E zhe Hyo| n
N 2EY(F, n+Y M) o2 BEE 7
2EYL o] 7t (section) &2 FAHTGT &
Y 1(). olw, 2EF W5 ¢deoo] He
AxE xi= ok} o] ZALg Hrh

x(&m) =2 5 NE Dy (5)

0471}"1, X:(x, y)OIF-’, Q= Ao HA FHH
7} olda AEHS] A A (nodal line) ¥ ¢
HA HHE& Aostes oy g X
olth. Eoh Nyv Qu¢t TAR F4Ee= HA
w3kl B3-spline ¢t 3ake] Lagrangett
gale]l Fog & (3)yd 2o

o A& B dolth w3, J
ER e N EEL

SIZFMTERE S| =28 M123 H25(19%9. 6) 189

I



ox Oy

_|9& o9&

T=lx oy @
an  on

H
ok

X = (1'717 Xoy ***y Tmy -Z'm+1)j,
(l’—l, Zoy, %y Ty l'm+1)j+1
y = -1, ¥, -, ymﬂ)n
W1y Yo, "y Ymy Ymi1)in (8)
S, W9 v o, BAE F HEHE
et gol Felaw.
q
F=[Np{0 ©)
0
A7A, ¢ BX3F A=l HES 2EY

A e tf3te] Fa T

HAH 2Eqe] AW E R e Q] Alat) At
L5 spline 49 FRHRL 7192~ RS A}
231t} B3-spline 3t 33 TAMolmz A (A

2 Zo] wreh o] 2+ 77k tished 47e] HEA

Hota 2EY Zd disjs= M3 Lagranged
steg 709 HEHE Zterh 2 gF

4
BHe B¢ A e Agrlsinz el &
AR A AR E PEe AEsgin
a9 5X= shvhe] B3-splined] ¥ E
T AR ¥ 62 AEY 8 e FAF
o A E deEdigit X 1& g F¢ 2
I Addel] d@ AgF L aF AAle] AR

2.5 AAIZA 23 AAYL 3 3152 W3

Spline #¥HARA o3 HABdM s A
FE7 stFHE 7 A WREHAAM e |
9 wip o] ete] FAHER FARAE 2
= FEdAMe AdAEH e AA "ol
HSHES HBA A Ay qhefo] ¢l A
of A 13 A moA FAxHe] Folxd

190

o
H
2
[
4
F
OH
Job
o
mr
Ho
™

! K123 M2E (1999, 6)

AN
\=
/

% Nl

{ N\\j

Yiz Vit Yi Visi Vis2
a2 5 B3-spline?| GaussH&H

T 2 HMERG) o WA ESE LA
Aoz wglsteio} stk oluf, &, i AA W
& e
G\V,':Tiwi (10)

o] 7] A4

Wo Wo

wh U

W W

W+, Win-+1

44 13 24 mol RS EBRold A4
d et Yeshe MBYBE Tha ok

T; 0
1
T= (12)
I
0 T;
o 7] A,
1 0 0
T, =|1/6 2/3 1/6 (13)
0 0 1
1 2 3 4 5 6 7
v [xxxxxxxxXXXxxxxXI n
H XX X X X X XXX x X XXX %X x|
8 9 10 11 12 13 14
14
a8 6 ~ERS HUHEZH(2X4)
E1 HEe 39 A HE A%
3 = FIIxETT
#2484 2x4
Ad 494 1x3
st & 2x4




WP e e 2

olml, +74
K=T7 KT, F=1"F (14)
3. M22 2HH 4 Spine AEZ A3

5.1 7284 49 Asied 94

WA dase 3399 A58 T Ug
9 o OOIE}E— 7Hael o8 29 7, 29 8
5 o] 4 ZYPHANY g el s} 7 Aol
Hc}f?}(ﬁber)”—ﬂﬁa‘)ﬂ ol de] 715eta gapol
golg 5 97 s408 FHHY e oo,

X X

[y =§1Nf(é, ) : +£2h’—i2:‘,1Ni(E, MV (15)

4 Rilmid
A7IM, = WY L) FH HHF oln V.= i
Ao A flber ke E’rw"% HEE veldth of7)
A Vs A3 oxel A4 3
2YEH AHo=

ozl A 4 A 2kl

9lste] dof Al w3k - (explic-
it Integration) & %3} s}= Ae1A
A AT E o st A
7+t 9 o] FH
o] % 2 39

a8 7 2EE "(Degenera 24
v,k
(a) & ¢4 (b) Fiber ®&]

a8 8

3

SE M} Fiber e

E|X|RY, o]21dt 71518+d Hel= "YAE Jacobian
et eis Al s vzt o o A
fiber Xafo] ohAl €} o2id st Ao
o] BYAE A WY E (self-straining) & 42X
e}, grefo] Z WX 2] Jacobiano] 3WH 24
S 2RH E¥H o] g7| M 949 73k
B £ FHHUY M Fegojol g,
EW & °4-7L°ﬂ/\1t :L*P‘* A W ozA 2 (16)

=

_E

oz 4o 716}61% Q98 99, o
NeFoz A Sk FYud 499 33
Belse AnHom S we wed A¥w

Jacobiang- zH4) Hr}.
X " X
{y =ZN(& miw) + 1tV (16)
x Li)mia

714 Vi ZF H B o)A é FRde 4 o
§) WEfolth B, 11 -h/2<h/2 W] MY 2
Foln hi= HEHN e FA7} drh. o]y A
ol oF g4E HE ZAES] o]zl sx|ut

N

¢

A WHE F (self-straining) o] ¢lo] Ex}zel Hu

(explicit Integration) o] 7}53l7 =™ LB o
Fol A ¥& We 1 oAb TAEVsI
3.2 ZHaxSH .

?.

(=)

)
(/)
M
N
4
ox
o i
g
S
i
=
@
L
)
5
rl

l“ﬂ, Ve, e 747-} £ 759 HAY 99
covariant 7|2 WEZ &3 o] Aol 3
ot}

AR .

Ves 1o V= (17)

S=TMFEIsE| =27 M122 XM25 (1999 60 19]



A 54 zhs SPLINE f-3di# 920 o3 4] §4

o714,
0 0
o€ an
Ve=xe={%} ¥V,=x,=9% qg
I3 173 aé y 7 i3] 377
9z 9z
o0& on

e Ve de) FYde $£39 WEeow
VR Ve FPEe P el gaby Vi
g} e WEFoR te go| Aot}

— VeXV,,
VvV, = IVeXV;,l (19)

a9 99t ol T AE (r, 9o FAY A
7 @) W Vv, V.= e o) Bejgo)

_ (VixVty,
Ve T (VX VOV 20
V.= V.xv, @1
3.3 93

B A7 spline 4 AEH] AlgH 328

4 are NI FANY 7 22 2Py o

= 248 931 2E wge 18 109 ded

QA FEA U@ goz AdH. 4 (2=

ZEY WY A Pel W9 o} 39S FoFs W)

B Qo WAIE WA BEAC] qH b oy
4 a,9 Fo2 FHHE AL HAAFT Yo},

5=% £ N na, (22)

0:17]}\-1y ai;— (U, v; w; 61: 6» 62) t}ilq %:].iﬂ }’}‘E—
L Al Ol i v RsRe) s p 28 AMgHIT)

< >

38 9 I2zatZA|el XXE

192 st=mMrzasts) =28 M123 M2S (1999 6)

8 10 MA| zTmAHt AERIS ZH XEH

3.4 HA-HYE VA

A ol BolN FH AFA ] 1w 57 3y
o] 0o7] WE WYEL FH AHAZ Yo
o old, 1= GHAN Fgolch B2 HEA
A g LwsE 9 AYEY ¥ 9YE, A
MY ELe tey 2o

& Urr

En = ( Et =4 Uss ] =B.a (23)
Evs Uy, st Us,»
' ;.

& = {_/QJ = { -8, ] = B.a (24)
Krs &.:—0..,

&= (Eﬂ} _ [ul,r+65] =B.a (25)
Est ul.s—ﬁr

71 A,

m+l P Ny, V7 0

Bm = .22_1 21 N,‘,‘YSVST 0 (26)
T NG VTN VT 0
m+l P 0 Nij,rV:

B, = _;_1 Zl 0 —N.., VI 27)
0 Ny VI-NG, VT

_om 2 N, VT N,;VT
B.= i=2‘1 /Z‘l Nij,thT Nx’jvz‘] (28)
3.5 ¢H-HYE WA

Hg) e 2y 119 RE ok wal ohewt
Zol & F Ut}
N,
R. ={N,} = D,e. 29
N




M,
Rb: Ms —DbEb (30)
M,
(e
Rs—[QS} Die, (31)

o714 Du, Db, D2 ZHzt B WY E, 3
g, Ad Hd & dAQ 549
FHol}?,
3.6 DA XA |zl 9} AFALYL
-8 (resultant-stress) <@ Q49 AN X
HAE NUX = t23 go] & 5= )

= %L(EZDM&m + &;TDbEb

+elDe)dA—W (32)

A7, We 28 3t 9@ XA oz
olth.

EHA o= o] Fejo) ofste] zhzte) 2y
do] t& 7 Ze] fEHTL

K= Km+Kb+KS

= [ BID.B.dA + [ BiDB.aA
A A

- [A B'D.B.dA (33)

o 7] A,
dA = drds = |J|dé&dy (34)
2 F2 g M= AN st mz J8

& FY317] "' Jacobian BB A =YW

ol A qE Al b,

:[rys S,e}: VeV, V.oV,
| PR P

V,'V. V,-V,

3.7 A IAHAFE2} Penalty &4

FUE Wy Hde] BAY Wy @ A4
5 (Drilling DOF) & 314 HgdlA Folg wHul

3] & penalty 4ol 23 A szAd o8 t}
=3 Zo] BEE 5 9}
& = 6—1/2(s, —u,;) =0 (36)

A7IM b= =% FHEA S AW FHolr)
ol g HuiEde] o MY E YA E e
7t 2k

P
11, = 0Ghy f dedA 37)

wehd Sde] BAE BAPDE thes} gol
E LY

K, = 9Gh [BIB.dA (38)
q71A,
m+1 P
B.=2 2 [z(N'HVT N, VO N, VI (39)

oldf, @ penalty FFEA o
o] RIZAE7}t 3] grojol Frh B
A oA oA s 2 HAE
< 23 JnEAE3) A Ut = A o),

B4 DEY DV T84
& Holm 9lge HAY 4 YT, T, 4
@%ﬂ-@ﬂ "y 3 BAEE A

SHEHMTEEEE| =22 H123 HM25(19%. 6) 193



oy 3]7e 7= SPLINE &3ttt @40 98 9 314

FHHQ dA A Tt B A7 AR
d 829 A% Griaple o 2 °4:r‘°ﬂ/\1
Aid AHG 6A/EE Ze 4 2EY 84
RSDS-62 WAstAch HLE $3tq AP 5?4
§59 ~E¥ 84 RSDS-5(URD ¢ RSDS- 5(SRI
2 g Ao Agstgen e i dES & 2
o 2o

Y

4.1 Cook®] HA-gH FA

Cooke HH g e AW AFE H78|
st 19 129 2e Al Ee HYE $¥€E
A etstgrt o] EAlE 849 4ol AaHA
oA e e Bes AEN] AT EAR
MLy DR FREY dYsFS L&A

%2 Mol AIBE AEE 22

Strip 2. | 229 =4 A )

DOF

RSDS-6 6 | Ao Wy ™o} dsle RAAE 7Y
RSDS-5(URD| 5 |#dst & ¥ & dsjo] 2HAE 73
RSDS-5(SRD| 5 | Awd dajw AL 59

—
1 /;7 P=10
__//\//
/ E=1.0
/ v=1/3
/ Thickness=1.0
4 BIC ; u=v=0, 820

48

T2l 12 Cook2 HH &2H|

= 3 AUelaly g Fete & M7 (Cookel EH)

Mesh Allman®” Simo® Present
2X2 20.27 21.12 22.24
4%X4 22.78 23.02 22.51
8x8 23.56 23.68 23.62

194 st=EsMTxERss| =22 M123 H2S (199, 6)

9B oMo 4 APow o FHEAE
AEIT) o] oAl I FFOoE+ Began
7} Fellipa®e} A zkel 23.91& ARE-gith &
=R A AAE 2EYH 249 7§ B3-spline
7 e 1Y FATFE AHES] dEd |
W A g A AL AEA M e
J= EFEa Huy B2 FEAAS BYAS & 5
k. o, Hel ¥ EACAE wd sHel B
g A Ed gt FAHEE Y
4.2 9%% 784

o] QAL Aoz AAHIL 2AFE T, 7}
A dy] 48 d¥gEe A g2E F9 ol
th o] BA|: Scordelis® Lovt 714 A o2
el W& ARg-sled #iAEt 7] W2l Sco-
rdelis-Lo 2% <& Ach o] FANAN 713
Az vlaEE A ge 29 139 JvEhd AE
qAe 47 HAoz ZHd M 2719
Scordelis®} Lo® # & AM-3lA] &3 F2 Ma-
cNeal®} Harder®?9] a4zl 030248 Fzk
(reference value) 0.2 A&t} of oAe] A
o ~EHe] B WL tEA o FHEE
APt oy, Spline Fatheyel A4
A 23 s dA Aae X 49 a9 14
o Yepigom Agtd e AP wg &5
3 dag Holi Qlth

%9 2

oft,

i

4,3 AFssE ¢
DAFH A o2 3% FI}es BEE A
23 Be 27| ARAEA o 98E 4
(Cylindrical Shell) 9l 3t gj4lo] 3= 4o

8! 13 Scordelis-Lo2| X2



E 4 X2 #(Scordelis-Lo roof shell )o| AN %=

HE
. RSDS-5 A et Y
B3}

Strip <% URI SRI (RSDS-6)
s | 4X4 | 03635 | 0.3226 0.3329
*as | 8X8 | 03177 | 0.3072 0.3073
= 116x16] 03072 | 0.3045 0.3027
- 4x8 | 0.3218 | 0.2661 0.2614
Ly | 8x8 | 03192 | 0.2981 0.2963
= 16x16| 0.3144 | 0.3069 0.3045

E 16
H
E 14 RSDS-5(UR)
3 e -AL
£ 2|
“ ; -

08

0 5 10 15 20
Number of Strips
() ZWPestripR ol w2 FHH 7

.......... RSDS-5(URI)
— --— RSDS-5(SRI)
RSDS-6(Present)

Normalized Displacement

10
Number of Strips
(b) Fadelstripi el wE 37 A

T 14 xZde AN SEMES S

of BAle] Atk u WyTHe JFo] Ao glu
Y WY TEo] o) AFE A Aoz %

R=4.953

L=1035

E~10.5x 10°
v=03125

@ T=0094  P=100
(6) 001548 P=0.1

Sui e RSDS5 AAE P
D URI SRI (RSDS-6
[ 4x4 [ 01055 | 0.1049 0.1050
0.004 | _8X8 [ 01110 | 0.1108 0.1113
16X16| 0.1131 | 0.1131 0.1131
\_ |[4x4]002303 ] 002299 | 0.02299
0015 45| 8%8 | 002403 [ 002397 | 002398
16x16| 0.02444 | 0.02442 | 0.02444
E 6 AEgIe| Futst 2glof 28t 21E 4o £~
5 ME 8@
- RSDS-5 Al gkgl
Tr‘f'._ﬁ]-
Strip =¥ URI SRI (RSDS-6)
o [Ax4 ] 01028 | 0.0954 0.0954
00_94 8x8 | 01108 { 0.1105 0.1105
' 16x16| 0.1132 | 0.1130 0.1130
_ [ 4x4 [0.00693 | 0.00558 0.00558
0015481 8X8 | 0.02244 [ 002229 0.02229
16x16| 0.02444 | 0.02438 | 0.02438
#HA ot s AMEE 2EFH g4 2 F
Ty FUFeR wrel YUY PESHLH
of A% otF AeHel 1 Aol BT He 0
11397} 0.025118 244 F4$ A3} gre 4o
Ik (reference value) &2 AF&3ITED,
4. 4 ukH A
a9 178 ge BALR 4fe] WA &

Fol 90°% wiidigko g A FW A
283t 18°9 && = ¥l 4 (Pinched
Hemispherical Shell) 24] o] iAoz g Q9]
1/47t s A& 2 2t o] dAd 3 o] 24Q)

SIEMMTTASE =27 H123 25 (199%. 6)

i

195



Wl §7& 2 SPLINE 4808 aael 99 4o 34

11 11
1 = 1 e,
H AT H =
g oof , g — o
i T e e RepaasR) £ o0 T Peiamersw |
Sos] Tl Ribsoumy 2
E —— - = thin case :RSDS-G'}iresenl) E . _L o
EOJ '_é //" &
Say
0.50 5 0 15 20 06 s
Number of Strips ° s Number z;anlements N o
(a) stripd] 29 B&d) 98 3 AHF 8 18 uHEA| Ao 3= REM B9 ST
TR . #e EA5 LA MacNeal?h Harder & 8
| i aces RSDSsPreteny & 9 Ay HR 00942 A A
3 I Simo FW& 0.093¢] rpgtim At
goe o] A= 1 W& 7<% (membrane locking) o] A
3., o AP TS vjE 3P 2 ez dFA 9
£ onz o WMyTHo] WA FE LaqNL
HE Ag 5 Yok AR WYY 5AREE 2
= 3}2¥ (Resultant-stress) ZEd AE® a4
0.2
A= Hy HE S IAE FAHYE L A F
(b} strip 02 7t AEsoE ot WPTES A3 A A
a3 16 dE g F ooy B =R AAE 6xR=E 2
B £ 2EY aadqE WATS] BARA ¥
Atd gk o) $ 7i7le A9E Holi rh
i (2 AFA AH spline thEeie] A
18°
iy Radius = 100 Aol zyIEY H83 54 (knots) o 71
. ey & ~E¥ @ 447 o goemz AA AFE
o L1 e F% 8o Fiese AgRoes FHE).
l £=1.0
’:H;\jj\/ 4.5 ¥ 59 AL X
F=1.0 Free
» a3y 199 ¥EY AEHB EE MacNeals
a2l 17 e A Harder®7} A¢rdt EAlzZ 249 a2
(warping) & 9&& 23 F AetsE @] 9
E 7 A def B4 & BAlolth. 2x129] Akl A Z aaE 75
FEM Spline FSM A BlEolx A Hel ojuf o] Kol {4
A rE 7z} muieleinl W elukake] Thelslzo] gl
Mesh “ . " . RSDS-5 ax o L.LH [e] c::‘l’]' 1__‘9’] o o:’] L_~r-] 0}—6‘ ]- -}o E]'
Taylor®) Simo Choi (URD | (RSDS- Belytschko 592 o] 7] 9tk thdt Jacobai-
6) nd Wzrl 2g3ltsE AL A3 A9 o] o
4x4 10.0865210.0933710.08793 | 0.06879 | 0.08901 A2 AMLEETy & A dek dEA] €A
8x8 [0.0941510.09281 | 0.09297 | 0.07308 | 0.09220 Jacobians zr=tj= s1He 3 gubEel EA
1616 10.09350 | 0.09291 | 0.09315 1 0.07436 | 0.09328 4 gAao] ASE FdsA geri AL 2y

196 sr=zprxEasts) =27 M123 H2E5 (1999 6)

it



F{in-planc)

F(out-of-plane)

X

a3 19 BISR Ay B

of AANA B Wguel ol T ol B
& W a5 AeelE 0005424017 A9 B1F

B9 000175401 T E 8014 & Hhol 2
a4 A8 94 Aoe o5 3AE

£ AFdME A2$ spline F3d 828
Adstact A Faste S Adel o
3t 7)81et FAah w9 Aol 32ke] B-spline
349} Lagrange Thatdle] Foz o] Fojx &
B7Isk5o o3l A ®t) o] AEY 84
= AAolM o] W oA sty FHYE
TAHER FARAC s AL MR

He AAo]l Hastn A e/ E F
3t ol B-spline #¢] H2ldl 93ted HF W
AE A 0. of 25Y asE g 2
HolN 678 A4EE 2 o9 2EY &
82258 {FE34T. oy, 2 %‘«1 71818t
A Yo A Fdd e Hofo Huislx] ¢
E 8 HIEE Ho| He
FEM Spline FSM

& % | Mesh I P A a4

SAP2000 | Taylor™ |Choi % [RSDS-5(SRI) (RSDS-6)

1x6 1 0.005408 | 0.005402 [ 0.005391 | 0.007693 | 0.005474

| 2x12] 0005413 | 0.005410 [ 0.005407 | 0.007648 | 0.005438

4 X241 0.005405 | 0.005403 | 0.005413 | 0.007624 | 0.005421

1X6 | 0.001783 1 0.001763 | 0.001762 | 0002399 | 0.001760
e [2x12] 0001770 | 0.001763 [ 0.00758 | 0.002391 | 0001757

4x24)0.001754 ] 0.001751 | 0.001754 [ 0.002383 | 0.001754

ax FA WU3s el Jacobiano] dAITE
A& wztor X A FogE HY I
A& penalty Foll o FEHEEA2 7HF
o A A #AH AFEE A3 )
EEE A A dAE F3t dE ~EY
849 45 AFY e RE AAE FAlA
of & 58 A8 By &

y

2
H
M
=y
<, ol
k1
L o
g
rlo o
R
@ ofl
it Py
e i
;2 1)
ﬂ&
B
um L
r 52

Ak g Ae .
o] EAlAE 5:° A a2 A Rz
83 o] 7t53s

A AAlE 2B ke T
7‘71 2ol A A= A
ozt dat F2E9 4l 2101*1
2 AHgE 5 2

AME 2EY Q4=
AR 2Ry A=At
o ‘e A= A B
st ot meEpy F
g ‘i AZAR BE’
Hell i A7t s =
e 4o T 715}?'—5}3'1 B

|
A den o #%

_°,L
38,
I
%
rkﬂxrﬁ«
m&&
Tt
mm&jirku
ok £ 11 2 52
B2 KR K

2
,ﬂomirﬂarﬂllow
of T ool & % g
mo MO S RO
1
é&

g =@

x L

(R oot B ol rlr ob
-

X

4 |o

al

3}
o] 1;].

AA
ZHAte 2

£ d7E AMLE

Y

Fof 96ATAHLAIYE S &
T8 AL F719ded LGRS ATH Y

ol e ol FoH e WeH o Ade] Ho| 7

A =y,
¥ned
1. Cheung, Y. K. The Finite Strip Method in

Structural Analysis. Pergamon, New York.
1976

BIRFATZASE| =2F K12 M25 (199, 6) 197



i

3)7& zte SPLINE &8st g4 9% Ao 4]

. Meyer, C. and Scordelis, A. C. "Analysis of

Curved Folded Plate Structures”, Journal of
Structural Division, ASCE, Vol. 97, No. ST10,
1971, pp.2459~ 2471

. Cheung, Y. K. "Static Analysis of Right Box

Girder Bridges by Spline Finite Strip Meth-
od", Proceedings of the Institution of Civil
Engineers, Part 2, 75, June, 1983, pp.311~
323

. Ay, F.TK and Cheung, Y. K. "Isoparametric

Spline Finite Strip for Plane Structures”’,
Computers and Structures, Vol. 48, No. 1,
1993, pp.23~32

. Cheung, Y. K. and Au, F. T. K. "Isoparame-

tric Spline Finite Strip for Degenerated
Shells", Thin-Walled Structures, Vol. 21,
1995, pp. 65-92

. Ahmad, S., Iron, B. M. and Zienkiwicz, O. C.

- "Analysis of thick and thin shell structures

10.

11.

198

by curved finite elements”, International
Journal for Numerical Methods in Engineering,
Vol. 2, 1970, pp.419~45b1

L EAE, felead, IS, 1992

. Parish, H. "A critical survey of the 9-node

degenerated shell element with special em-
phasis on thin shell application and reduced
integration”, Computer Methods in Applied
Mechanics and Engineering, Vol. 20, 1979,
pp.323 ~ 350

. Stolarski. H. and Belytschko, T. "Shear and

membrane locking in curved CO elements”,
Computer Methods in Applied Mechanics and
Engineering, Vol. 41, 1983, pp.279 ~ 296
Zienkiewicz, O. C., Taylor, R. L. and Too, J.
M. "Reduced Integration technique in gener-
al analysis plates and shells”, International
Journal for Numerical Methods in Engineering,
Vol. 3, 1971, pp.275~ 90

Choi, C. K. and Schnobrich, W. C. "Use of
nonconforming modes in finite elements
analysis of shells”, Journal of Engineering

SEFMTEZEE] =2 M122 H2S (1999, 6)

12.

13.

14.

15.

16.

17.

18.

19.

20.

Mechanics, ASCE, Vol.101, 1975, pp.447 ~ 465
Choi, C. K. and Yoo, S. W. "Geometrically
nonlinear behavior of an improved degener-
ated shell element’, Computers & Structures,
Vol. 40, No. 3, 1991, pp.785~ 794

Choi, C. K. and Paik, J. G. "An Efficient
four node degenerated shell element based
on the assumed covariant strain", Structural
Engineering and Mechanics, Vol. 2, No. 1,
1994, pp.17~34

Liuy, W. K., Law, E. S., Lam, D. and Be-
lyschko, T. "Resultant-stress Degenerated-
shell Element", Computer Methods in Applied
Mechanics and Engineering, Vol. 55, 1986, pp.
259~ 300

Iron, B. M. "Semi-roof shell element”, in Fi-
nite Elements for Thin Shells and Curved
Members, Ashwell, D. G. and Gallagher, R.
H., Editor, John Wiley and Sons, 1976, pp.
197~222

Stanley, G. M. Continuum-based shell analy-
sts, Ph.D. Thesis, Stanford University, 1985
Milford, R. V. and Schnobrich, W. C. "De-
generated isoparametric finite eleraents usi-
ng the explicit integration", International
Journal for Numerical Methods in Engineering,
Vol. 23, 1986, pp.133~154

Belytschko, T., Wong, B. L. and Stolarski, H.
"Assumed strain stabilization procedure for
the 9-node Lagrange shell element", Inter-
national Journal for Numerical Methods in
Engineering, Vol. 28, 1989, pp.385~414
Allam, D. J. "A compatible triangular ele-
ment including vertex rotations for plane
elasticity analysis”, Computers and Structures,
Vol. 19, No. 1, 1984, pp.1~8

Bergan, P. G. and Felippa, C. A. "A trian-
gular membrane element with rotational de-
gree of freedom”, Computer Methods in Ap-
plied Mechanics and Engineering, Vol. 50,
1985, pp.25~59



21.

22.

23.

24.

25.

26.

27.

28.

Jetteur, P. and Frey, F. "A four node Margu-
erre element for nonlinear shell analysis”,
Engineering Computations, Vol. 3, 1986, pp.
276~ 282

Cook, R. D. "On the Allman triangle and a
releated quadrilateral element", Computers
and Structures, Vol. 22, 1986, pp.1065~ 1067
MacNeal, R. H. and Harder, R. L. "A refined
four-node membrane element with rotational
degree of freedom", Computers & Structures,
Vol. 28, No. 1, 1988, pp.75~84
Ibrahimbegovic, A., Taylor, R. L. and Wilson,
E. L. "A robust quadrilateral membrane fi
nite element with drilling degree of freedom”,
International Journal for Numerical Methods
in Engineering, Vol. 30, 1990, pp.445~ 457
Choi, C. K. and Lee, W. H. "Versatile varia-
ble-node flat shell elements”, Journal of En-
gineering Mechanics, ASCE, Vol.122, No. EM5,
1996, pp.432~ 441

Nukulchai, W. K. "A Simple and Efficient
Finite Element for General Shell Analysis”,
International Journal for Numerical Methods
in Engineering, Vol. 14, 1979, pp.179~ 200
Kebari, H and Cassell, A. C. "Non-conform-
ing Modes Stabilization of a Nine-node
Stress-resultant Degenerated Shell Element
with Drilling Freedom", Computers & Struc-
tures, Vol. 40, No.3, 1991, pp.569 ~ 580
Malkus, D. S. and Hughes, T. J. R. "Mixed
Finite Element Methods - Reduced and Sele-
ctive Integration Techniques : A Unification

29.

30.

31.

32.

33.

34.

EEERLE

of Concepts”, Computer Methods in Applied
Mechanics and Engineering, Vol. 15, 1978, pp.
63~ 81
Faux, [. D. and Pratt, M. J. Computational
Geometry for Design and Manufacture, Ellis
Horwood, 1981
Allam, D. J. "A quadrilateral finite element
including vertex rotations for plane elasticity
analysis", International Journal for Numerical
Methods in Engineering, Vol. 26, 1988, pp.
717~730
Simo, J. C., Fox, D. D. and Rifai, M. S. "On
a stress resultant geometrically exact shell
model Part IT : The linear theory ; computa-
tional aspects”, Computer Methods in Applied
Mechanics and Engineering, Vol. 53,1989, pp.
53~92
MacNeal, R. H. and Harder, R. L. "A pro-
posed Standard Set of Problems to Test Fi-
nite Element Accuracy’, Finite Elements in
Analysis and Design, Vol. 1, 1985, pp.3~20
Taylor, R. L. "Finite element analysis of lin-
ear shell problem" in Whiteman, J. R.(ed.),
Proc. of the Mathematics in Finite Elements
and Application, Academic Press, NewYork,
1987, pp.191~203
Choi, C. K, Lee, P. S. and Park, Y. M. "High
performance 4-node flat shell element: NMS
-4F element”, Structural Engineering and Me-
chanics, Vol. 8, No. 2, 1999, pp.209 ~ 234
(X} 1999. 2. 12)

o
M
2
[t
-+
bt
OH
Lo
o
m
Ao
A

| ®M128 ®M2s 1999, 6) 199



