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Coupled Vibration of Lateral and Torsional Vibrations in a Rotating
Shaft Driven through a Universal Joint
- Derivation of Equations of Motion and Stability Analysis -
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ABSTRACT

This paper presents theoretical analyses for unstable vibrations caused by the couple of
bending and torsion in a rotating shaft driven through a universal joint. A driving shaft is
assumed to be rigid and to rotate with a constant angular velocity. The driven shaft
system consists of a flexible shaft with a circular section and a symmetrical rotor attached
at a point between the shaft ends. Equations of motion derived hold with an accuracy of
the second order of shaft deformations, and are analyzed by the asymptotic method. The
vibrations become unstable when the driving shaft rotates with the angular velocity to be
approximately equal to half of the sum of the natural frequencies for whirling and

torsional vibrations.
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Fig. 1 Rotor-shaft and coordinate systems

462/22STEBHX|/A 9 A Al 3 &, 19994

v %0z NATG A AdAMe £
HE zFo F3 “J o] RelE(2
WE)7 ZFHLe3, ASAele Foles AP v
EAN @dAsE Ao g g, APYTFFS
248 Az,, Aol BASA ¥E W FFF
9] 24L& Az@ X, °E F FHL XJE
Z4 AdAM AZ o, 2M mAEIL YT Re=
et AANARHEA O—xz 9 xyFHAE Fo] v
2258 9 A S FFUH dAEH.
BAdE Azol tal Mg P @A o 2®
oczng 29 AP, A, HELLE Fol FHE
st g 2 EUEC M FITE, 2d8 &F
WA AHEEe] IAA 5
AHEE 0., 0, 2 3AALE 9,0 FF FHFH

2o test 2ol Ho

r
O
|m
2
Lo
&
N

mx+c xtax+ v 6,=F,
my+c y+ay+ v 6,=F,
I8,+¢c, ,+1,8,( B,+ 8)
+680,+ v x=M, (1)
I0,+c, 8,—1,8,( &,+ 6
+80,+ ry=M,

Ip 0 +C3( @ + 0:)+6t01 Mt

A7A, a, 6, rE Zz AAA FALF, BA
E 9 oY dAd I ZAAF, &
AFd g F9 FAAFIH £ ¢, ¢, 3
AN HALE, AALE, 35 49 JHEF
o Wi HAuAAFo|I, EEZIZE AL td
#F P ES guE

A Aol AQoiMe 29 HAEE 0,5 FY FF
ZAd oA AAAT Q1A= T Ad 3
oA HUMA ZAEJ AMEHI JLEER, o F
S 32 ¥ 4P GYYUHE p, TFF A W

-

foir mid

o] GHEE g 3, O,5 RUE HAHY
ARz
p- g=0 (2)

o &M el



FURAE ZAEd g8 FFHA HNAZ JAFH vEAAF ANAE

3. 2AlalA

SEUAY ()] U Jdsle FaE RS
o BrhsEEz 2AAAEY A8 g Hes 3
Gt w4 SenH e, & =YV

&,= sina, (3)
4 0, & man0 T OFY WS a, oy,

0;) ey, al) Clr CZ; C3“\:_-" e?{ %‘E_Q] D'_/;\_Eo}-'ola}-j_
77 8ol

x=eX, y=€LY, 0,=¢€ 0y,
6 —“Ea@y, 9t ea@h (4)
Cl=€¢21C1, cz=EiC2, C3=€¢21C3

9 ol ¥, 4 (1) X958 g, 4 HE
Hedld o AU /FHE FAY 93 &
sutgog 7aW g ot

Xj'i'p?X,':Ean(l)'*'E,Z,Q,‘(z)
(5)
(j=1~5)

A7l ME JAEH NEFAS AYaA EA
St Aol tsiA HESD AAFA A
T 9YREE FREE RALR 3, p; (i=1~4)
F shie [5¢ AZet YAE, MBIV
BN Az py, ps $2 VES 0, 059 IE

£ HFs7] Y&,
pi=wi+e.dy (k=4,5) (6)

Tt 9714 e d, = BiFA(detuning)E JE
Y oagoitt 4 (6)E 4 (5)o sy o
4L dEed

Xt 0 Xi=e, QP — dp X)) + 2 Q2

X+t ol X;=e,Q +2Q® (7)

(k=1i,5; j*k)

42¥e olgstd & (DY AE Fa7 dd, o
& 43t gol HE FAY A9 WgHE A2
Ae Hez s

Xy=A,cos ¥,
+e, UL (AL 0, As, O, 1)+
X;=e,UP (A, 0, As, 05, 1)+ ©
71 A,
U= wr+ O, (9)
o, Ay & 0, & U HLE Folzn,
Av=e,RP (A, 0, As, O5)
+eRP (A, 0;, As, O5) + -
(10)
Qi=e,SiP (A, 0,, A5, O5)
+e252(A,, 0,, As, 05)+ -

4 () 4 (D AYSE, AAZANE Be
4o FRAYAFol BAY 54l ALE @
s1e},

A o

(a)2w=w;+ws (b)20=—w,— ws

()20=w;—ws; (d)20=—w;+ ws

@, AAZE 2= AFY AFEFE w0, o5 7t o

Ui, o+ 0;, wo;+ O 2 FolAh T, Ak

oj &% Fad weng 2 gz g
I1=0.0228, 1,=0.0455, v =0.1459,

(12)
6=0.0648, 6,=0.0053

4. FHHEHIL

41 20=w;+w; S X
Figs. 2, 32 =29 A%, & 20=p+p57F 4

e 22l slelA, A 22 A6l galN FoiR
=8 10 ABHA ARALT AU,

0=0.59 EZgA BaRdgoe] Jedt}. Fig 2
o] Rol= ule} 7ol ZQAES Szto] o UYRX
Bt Fe Ao o3t ofajs] HogAse
dA A gt £ Ao AdSsE 2UF9d
o] BAEE AL HolAIL, AT AHAETE

4
derlE ARAS 4 9T AEEd duA
He AYE ¢ 5 A

PRLZTESEHHX/A 9 A A 3 &, 19999/463



ARG - A - EE
x10°
0 4 Unstable
i e ¥ Stable oty
- TRRLINIING | o anT
8
y 4 8
2 g -4 4
§ E [ 2
3 2 Y
g [&] “:c]—CZ-
(S 0
0.57 0.58 0.59 060 0.61 -8 \ L
0.20 0.22 0.24 0.26

Dimensionless rotational velocity w
Fig. 2 Influence of joint angle a, on unstable
vibration of 20=w;+ ws type (¢c;=c;=

4x1073, ¢;=0.04x107%

0.57 058 0.59 060 0.61

Dimensionless rotational velocity w

Fig. 3 Influence of damping coefficients ¢, and
¢, on unstable vibration of 20w=w;+ w5
type (a,=15.0° )

2

Fig. 3& AZ a,=15.00 R ¥EdA5Y 7
AF ;=0.04x1073Q W ZHAF ¢, 9 2
g2 Ho|ly Y&, FAAFY 719 tEol A
AASF pe FlAAT, BAAGGL 2383 €
AL Yee ¢ F Utk IPANE Rl UA
AT, HEYAES AYAF & uEYE
o BARY R ARASFY HHE T4 HB¥E
Btk &, b A HW BRAGYY F2 F
A =532, 9 T ZA "o o9k 7o)
20=w,+ws FNY FEAFE 7t & AA S
71 AAAME, NEYAEY BHAFE A e
Zo] FAT, AJ R AAZAFY FHAF
c. ¢ ol dsAE $uitE wa}s) o fTh

42 7|e} Y49 TS
20=—w;—w; R 20=—0to; ¥4 JAF o

AME A 224 ANAIFEZRE P A0 7

464/8t2 22 NS X/A 9 A A 3 &, 19999

Dimensionless rotational velocity w

Fig. 4 Influence of damping coefficients ¢; and ¢
on unstable vibration of 20= w;— w5 type

(2,=15.0" )

_C‘:__
g ol w2 AHAE & F UAATL, FAALA
os EAFol WA & .
i=29 Aol tsiy AZAF p o @S UE
W Fig. 49 Zoh o] FZelA
o], FUAM HIA 238 Al ZFE

=

®
vl
o%k
ox
dlo
Yo
e B

i
30

5.d &

FUNAE ZAES JEiM FEHE 9 8
HEYo) AN RAste AT dalA s
2R 42 F28 Ade daH 2T

(1) g9utd ez zZt&xyl HEsE AFAY &
WAL FEe 2219 uiFe YUEE K3
9 4 (DE Foido

(2) +529 Ad&4x o7t FTEFAS AAFA
F8 IHGAEF p (G=1~4) F9 A HE
ps S+ Abolel

20=p;+p; Y BAE BFIE BT HET W, FTF
2AE AT BEIAFO] FAA EYAl H

3 2y HAEEY ¥4,
ge zAEY A7 o, & A HF

5 B¢A

Yol =, EIAIHL vgdAFol e A4
Z27F A =Y FrAAY, YAF A FHe
Z7lel AN E HEA FopdiEs ¥ F UG



FUBAE ZQE) A3 2EHE WS JAED vEYASY) AuAE

(4) FFFd ZAEET w7t 20=tp-ps
20=—pi+p; 9 BAE V= e HdE R
A FHAFA EXF) He 22 gin.

= L |

(1) Wehrli, Ch, Z. 1964, “"Dynamisches
Verhalten Einer Einfach Besetzten Rotierenden
Welle Mit Kardangelenken”, Z. Angew Math,
Phys, Vol. 15, SS.154-166.

(2) 765 - 53, 1983, # KX FE LML CEHS
nio—R2EnKiRE), BFAERPEHTE (C
M), % 49 %, % 442 %, pp. 921~928.

(3) Zeman, V. 1977, "Stability of Motion of

Mechanical Systems with Joints”, Acta
Technia CSAV, Vol. 22, No. 1, pp. 52~62.
(4) X - g, 1984, "BEMT I & 2 EEE)H Mg
DEIREN(FBIH, —kE—2> M2k 2EEEE
BOBRE)", BABMBERCE (CHR), B 50

%, % 449 %, pp. 101~105,

(5) Bogoliubov, N. and Mitropolsky, Y. 1961,
Asymptotic Methods in the Theory of
Nonlinear Oscillations, p.298-317, Gordon and
Breach, New York.

(6) Love, A. E. H, 1944, A Treatise on the
Mathematical Theory of Elasticity, 4th Ed.,
pp. 381~388, Dover Publications, New York.

SEEX/A 9 ¥ A 3 %, 19993/465

o
Hi
b
tlo
2
o



