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Estimation of Maximum Loadability in Power Systems
By Using Elliptic Properties of P-e Curve

SOKEET - RN - BRET - oM
(Young~Hyun Moon - Byoung-Kon Choi - Byoung-Hoon Cho * Tae-Shik, Lee)

Abstract - This paper presents an efficient algorithm to estimate the maximum load level for heavily loaded power
systems with the load-generation variation vector obtained by ELD (Economic Load Dispatch) and/or short term load
forecasting while utilizing the elliptic pattern of the P-e curve. It is well known the power flow equation in the
rectangular coordinate is fully quadratic. However, the coupling between e and f makes it difficult to take advantage of
this quadratic characteristic. In this paper, the elliptic characteristics of P-e curve are illustrated and a simple technique
is proposed to reflect the e~f coupling effects on the estimation of maximum loadability with theoretical analysis. An
efficient estimation algorithm has been developed with the use of the elliptic properties of the P-e curve. The proposed
algorithm is tested on IEEE 14 bus system, New England 39 bus system and IEEE 118 bus system, which shows that
the maximum load level can be efficiently estimated with remarkable improvement in accuracy.
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I. Introduction

This paper presents a new approach to derive an
energy integral reflecting transmission-line resistances and
flux-decaying effects on the basis of an Equivalent
Mechanical Model (EMM) for stability analysis of
multimachine power systems.

The load limit concerned with voltage stability gives
more precise information to the operators rather than the
stability indices representing the proximity to the collapse
point in some sense. In this respect, the CPFlow
(Continuation Power Flow) method has been introduced to
calculate the loadability in spite of its
time-consuming iterative process [13-15]. This drawback
of CPFlow method can be overcome by significantly

maximum

reducing the number of iteration with the aid of accurate
estimation of the maximum loadability.

Chiang et al. presented an efficient method to calculate
load and voltage margins, named look-ahead method. They
have shown that on-line monitoring of voltage stability is
possible to consider a number of contingency cases for the
large power systems [16]. The feature of the look ahead
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method is the fast estimation of maximum load level

( Amax) by using the second order approximation of the

power flow equation. Chiang’s method is very useful for

practical applications, while it has room for
improvement regarding the estimation accuracy. Since it

adopted the polar coordinate with the state variables
(V.0)  the

approximation of the power flow equations degrades the

some

truncation error in the second order
estimation accuracy.

This paper presents an improved method to estimate the
maximum load level by using the P-e curve rather than
the P-V curve. The power flow equations can be
represented by the pure quadratic form in terms of state
variables [e, f] with respect to the rectangular coordinate.
However, the P-e curve has the coupling between variable
e and f, which makes the curve pattern somewhat
unusual. Consequently, it is almost impossible to improve
the accuracy in the maximum loadability estimation unless
the e-f coupling is efficiently treated in the estimation
procedures.

This paper shows first that the e~f coupling can be
removed in a simple manner when a pair of power flow
solutions are obtained, and next that it is possible to take
into account the e-f coupling effects by using the distorted
elliptic pattern for the high-voltage solution part of the
P-e curve. This paper proposes a new algorithm to
estimate A, by applying the curve fitting technique to

the P-e curve with the use of the power flow solutions at



is noted that the
proposed algorithm does not require any unstable power

three different load levels. Here, it
flow solution.

The proposed algorithm has been tested for the IEEE
14-bus system, New England 39-bus system and the
IEEE 118-bus system, which shows that the estimation
accuracy can be remarkably improved and the iteration
number
reduced.

in the max estimation can be considerably

Il. EHiptic Properties of P-e Curve

The elliptic characteristic of P-e curve with respect to
the system load is illustrated with a simple 2-bus system
and the e-f coupling is discussed. A simple technique is
developed to remove the e-f couplings in multi-machine
systems.

The elliptic characteristics of P-e curve

A 2-bus power system is shown in Fig.l. Say that the
generator internal voltage behind the reactance is constant

with its angle being equal zero.

E=EZ0 V=VZo=e+jf
L ST YT L
| . I
1X
P +JQ,
Fig. 1 2-bus power system

The real and reactive power equations for the above
system are given by

E E
=—ZVsin®=-——
P, sin f o)

~VE+EVeod —(e* +f))+E-¢
X - X (2)

Q=

Equation (1) shows that f, which is the imaginary part
of V, is directly proportional to real power load PL and it
can be represented by

f=KP, (3

Provided that the system load increases with a constant
power factor, one may assume the reactive power load to
beQL =aPL  With the use of these relationships, (2) can

be rewritten as:
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—(e* +K’P})+E-e
X 4)

oP, =

By rearranging the above equation, we can obtain the
following elliptic equation for the P-e curve shown in Fig.
2:

e’ —~E-e+K*P? +aXP, =0 5)

Here we should emphasize that if the generator rotor
angle is assumed not to be zero there exists the coupling
of e-f, which makes the ellipse to be distorted. Moreover,
the e-f coupling breaks the proportionality between P and
{, producing another distorted elliptic curve. (The equations
are not described here since it can be easily derived.)

Removing the e-f coupling

The rectangular coordinate variables e and f can be

represented in terms of V, 6 as follows:

e; =V, cosb; (6.2)
f; = V;sin®; (6.b)
where 1=1,2,---,n

We assume that the e-f coupling for bus i results
from the choice of the reference bus, and that there is a
fictitious bus which can play the role of the generator bus
in Figl for bus i. If we let the phase angle of the

fictitious bus be &, then we may remove the e-f
coupling by rotating the phasor voltage Vi by — 6 as

in Fig. 2. Let € and f'
rectangular components of phasor voltage Vi after rotating.

shown denote the new

Then, the relationships between (e, f) and (e’,f’) can be
given as follows:

e, | [ cos®, sind; e
f | [-sin®; cosby || f; @

In the case where a pair of load flow solutions (a SEP
and an UEP) at bus 1 are given, the rotation angle &is
can be efficiently calculated as follows:

Let ©u+tifi and €z +ifi2
unstable solutions respectively at a specific load level, and
assume that the e-f coupling be removed by the rotation

denote a stable and an

of angle ©s. Then, variables fi and fiz, both of which

are directly proportional to YL, should be same by (1).
Therefore, we can obtain the following equation from (7):
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f,, =—e;; sin B +f;; cosO;

=—¢;sinb; +f;, cosf; = ;2 (8

From the above equation (8), rotating angle%s can be
easily calculated as

e' =tan—l(fil _fiz J
® €1 — €2 for bus i (9

Here, it should be noted that the rotation angle 9 can
be calculated for each bus i.
By using (9) and (7), the transformed rectangular

voltages (", £) can be calculated to remove the e-f

coupling. The transformed variable € provides an
undistorted ellipse for the P-e curve.

As a result, it is possible to improve the accuracy in
the estimation of the maximum loadability by utilizing the

elliptic characteristics of the P-e curve for the transformed

variable € . The removing of e~f coupling is demonstrated
in Fig. 3 for the New England 39 bus system. The
Scenario 2) in section IV is used as a load~generation
variation scheme. As shown in Fig. 3, the e-f coupling
can be efficiently removed by the proposed method and
the transformed P-e curve gives an almost untwisted
ellipse around the collapse point.

P—e curve
with no coupiing

PL
coupled
' P—e curve

Fig. 2 P-e curve with the consideration of
e-f coupling

Although this method is very interesting from the
theoretical point of view, it is not practically useful since
the calculation of an unstable solution usually requires
long computation time, which is drastically increased with
the system size. In this respect, we have shortly observed
the theoretical significance of the maximum load level
estimation using the transformed P-e curve. In order to
avoid the time-consuming calculation of unstable load flow
solution, an alternative scheme has been developed to
estimate the maximum loadability by using the distorted
elliptic function for the P-e curve as discussed in the next
section.
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Fig. 3 Removing of the e~f coupling in New England

39 bus system

lll. Rectangular-Coordinate Formulation of Maximum
Loadability Estimation

Consider a static power flow equation with respect to
rectangular coordinate variables as follows:

f(x)-Ab=0
where

x=[e",f']" ¢R"

(10

f(x)eR"

- real quadratic functions

reR' : 1oad level parameter

beR" . direction vector

The direction vector D can be determined by the
distribution of load-generation to each bus corresponding
to the near-term bus wise forecasting of load demands
and the ELD results. Here, it is noted that the load flow
equation (1) has the quadratic form.

The point of this section is to find the maximum

loadability associated with load-generation direction vector

b at the current operating point. With the use of Amax,
we can compute the direct load margin (ie. MW and/or
MVAR) between the . current operating point and the
saddle - node bifurcation point. First, we can compute
three load flow solutions, say x1, x2 and x3, corresponding
to different load Ay, Az and A;

(A <A <CA )

levels

We can also compute the derivatives of the state
variables with respect to the parameter )», say 5‘1,5‘2 and
X3, In order to calculate these derivatives, (10) can be

linearized around the solution point (Xo:%0) as follows:



fox—bA)\.=0 (1D
where AA and AX are the increments of variables,

i.e.,}‘ —X¢ and X~ %o, respectively.

If the Jacobian matrix f, is non-singular, then the

derivative vector x can be directly calculated from (11).

. dx _ Ax
X=-—z=—=f,
dA AL (12)
In the above equation, the Jacobian is always

nonsingular until the collapse point is reached by the
solution algorithm.

Once the load flow solutions and their derivatives are
calculated, then we can estimate the maximum load level

by utilizing the elliptic characteristics of the P-e

Amax
curve at one of the weakest buses in the sense of voltage
stability. The weakest load bus can be easily selected by
observing the voltage sensitivity with respect to the
change of A.

The relative voltage sensitivity for each bus can be
approximately calculated as follows:

~ (Vilx=x, "Vi|x=12)
Vi(h; -Xy) (13)

By using (13), we can easily select the weakest bus
which has the largest relative voltage sensitivity. Let the
selected bus be labeled bus i At that bus selected, the

maximum load level can be estimated by applying

A max
the curve fitting technique for the A -e curve at bus i.
The distorted elliptic equation for the A—e curve can

be described by the following general form:
A? + oAe; +[3ei2+yk+Qe,- +y=0 (14)

Differentiating with respect to A the above equation

gives the following equation.
2h+ale; +1e;)+2Be;e; +y+Ce; =0 (15)

The 5 coefficients in (14) can be easily computed as
given in the Appendix if we know three upper load flow
solutions and two derivatives of them at different load
levels as shown in Figd4. As mentioned earlier, the
derivatives in (15) can be easily calculated by the load

flow algorithm and (12). Arranging (14) with respect to
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€. vyields
Bel +(ah+8)e; + A2 +yA+y =0 (16)

€

Since the variable “i must have a real solution we

obtain the following inequality related to the quadratic
determinant, which is given by

D = (a? ~4B)A% +2(al - 2By)A + 52 4By 20 an

From (17), we can derive a formula to estimate the

maximum load level ﬁmax when D=0 as follows:

L _ebr-at)-yJ@py-a0)? - (@ - 4p)GE - 4py)

max
a?-4p
(18)
< T
& .
” a6
08, Ca k. &, H
; : € A-ecurve -
i T
06! ’
» ‘
c i
04. "~ *a A, 4
02 Estimated curve 5
0.
L - I B TS I S T SE -3
Load Factor (A)
Fig. 4 A—e curve with upper solutions

and ellipse curve fitting

The other root of D=0 is dropped out since it is smaller

than )max and is not relevant to the estimation of

maximum load level. The above method improves the

estimation accuracy of A, remarkably since the power

flow equation (10) is fully quadratic. In order to calculate

the exact maximum load level A, ., it is required to

repeat the estimation procedure by updating the load

solution points. To avoid the divergence of load flow

calculation in case of overestimated ﬂmax , we adopt the
CPflow method where Ais regarded as a variable to be
found with an initial value Aqa [13]. In the CPflow, the

original set of equations is augmented by an additional
equation which makes one of the state variables fixed to

some specified value. In this process we specify €i of

~

Cc
the weakest bus i to € as follows:
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AC
€ —€

=0 (19

where CH is a double root of (16) when A =Apa

The proposed estimation process is summarized as

follows.

1) Run conventional load flow on base case, A,

ii) Select appropriate load levels 7“2, A3 and run the
conventional load flow. Calculate 9¢:i/dh at A2 ang

A3 . Select the weakest bus according to (14).

iii) Calculate five coefficients in (15) by using the

information of€i>€; ad A Egtimate the maximum load

level Amax with (19)

}"l:n:( - l“;na‘ <&

iv) Test If not, solve the augmented
load flow equation including (20) by the CPflow
method.

v) Repeat iii) ~ iV) until the estimation process converges.

It should be noted that the proposed method weakly
depends on the choice of the weakest bus, yielding almost
same estimation efficiency since elliptic equation (14) can
well-reflect the distortion caused by the e-f coupling.

IV. Numerical Tests

The proposed algorithm has been tested on three
systems with two different schemes of load-generation
variation. The first scenario of loadgeneration variation is
to increase loads only with a constant power factor of the

The other is to consider both load and
variation proportional to the Dbase
When A =1, the system load and

generation is identical to the base case. The exact and the

base case.

generation case

load-generation.

estimated maximum load levels are denoted by A, and

A max  respectively.

The simulation results show that the proposed method
provides an efficient algorithm to estimate the maximum
load
estimation accuracy compared with the look-ahead method.

level with a remarkable improvement in the

io 1) Load increase onl
The Scenario 1 performs a simple test of the proposed

Scen

algorithm by assuming the load increasingly only while
the resulting power unbalance is covered by the slack bus.
This scenario is a little far from the practical system
operation, but frequently adopted to show the validity of
the new algorithms since the simulation can be done in a
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simple manner and its results can be precisely analyzed.
The estimation results by the proposed method are mainly
compared with those of the look-ahead method since the
latter is now considered to be the most efficient method
from the computational point of view. The test are
performed with three sample systems and the results are
listed in Table 173.

By observing the results, one can easily find that the
proposed algorithm
remarkably so that the second estimation guarantees a
sufficient accuracy with the error within 1 %. In Table 1,
the first estimation by the proposed method produces an
that by the look-ahead method.
However, this comes from the fact that the proposed

improves the estimation accuracy

error greater than

method uses A; which is far from the collapse point. If

we use equally stepped load levels A4;, A, and A3 , the

first estimation can also provide very accurate estimation,
which can be directly confirmed by observing Table 2 and
3. Table 3 shows that the proposed algorithm remarkably
reduces the iteration number to obtain the sufficient
accuracy of the estimation compared with the look-ahead

method.

2) In S 1

increase simultaneously

This scenario performs the simulation by increasing
both the load and the corresponding generation reallocation.
This simulation seems to be rather practical but may miss
the worst case regarding the voltage stability.
Consequently, it is desirable to adopt this scenaric with
Scenario 1 for the mutual supplement. The test results
are listed in Table 476 for the same sample systems in
Scenario 1. By observing the results, we can give almost
the same discussions as in Scenario 1. It should be
mentioned here that Table 4 shows that the look-ahead
method provides result for the first
When we consider the overall trend of both
estimation methods, this is considered to be an unexpected
result coming from a strange coincidence. In Table 6, the
in the first estimation by the
proposed method also comes form the fact that using a

more accurate
estimation.

relatively large error

solution point associated with a too low load level of
Ay = 1 compared with A, and A3

By examining the results of both scenarios, we can
conclude that the proposed algorithm remarkably improves
the accuracy of the maximum loadability estimation, which
enables us to reduce the computation time significantly.
This can be a meaningful progress for the on-line
application of voltage stability monitoring with numerous
contingency cases.
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Table 1. Test Results with IEEE 14-Bus System by Scenario 1
(Weak Bus © Bus 5, Mmax = 4006692)

Iteration Proposed Method Look-ahead Method
X A, A; imax Error % A, Ay }:mx Error %
1 1. 00000 2.30000 2. 40000 4.144082 3.42901 2. 30000 2. 40000 3.901424 2.62729
2 2. 30000 2.40000 3.99738 4, 007904 0.14458 2. 40000 3.90142 3.960794 1.14552
3 2. 40000 3.99738 4. 00650 4. 006692 0.00104 3.90142 3.96079 4.001073 0.14023
4 3.99738 4.00650 4. 00668 4. 006692 0. 00007 3.96079 4,00107 4.006234 0.01142
Table 2. Test Results with New England 39-Bus System by Scenario 1
(Weak Bus : Bus 6, Mmax = 1,277155)
Iteration Proposed Method Look-ahead Method
A Ay As }:max Error % A, Ay imax Error %
1 1. 00000 1. 10000 1.20000 1.277694 0.04220 1. 10000 1. 20000 1.234728 3.32199
2 1. 10000 1. 20000 1.27312 1.277181 0.00203 1.20000 1.23472 1.262728 1.12962
3 1. 20000 1.27312 1.27692 1.277156 0. 00007 1.23472 1.26272 1.273684 0.27178
4 Converged 1.26272 1.27368 1.276683 0.03696
Table 3. Test Results with IEEE 118-Bus System by Scenario 1
(Weak Bus : Bus 47, Mme = 1878086)
Iteration Proposed Method Look-ahead Method
A A, A, imax Error % A Ay imax Error %
1 1. 00000 1.10000 1.20000 1. 900697 1.20393 1.10000 1.20000 1.651117 12.08511
2 1.10000 1. 20000 1. 87551 1.879003 0.04882 1. 20000 1.65111 1.723931 8.20808
3 1. 20000 1.87551 1,87804 1. 878086 0. 00000 1.65111 1.72393 1, 820579 3.06120
4 1.87551 1.87804 1.87808 1. 878086 0. 00000 1.72393 1.82057 1.863916 0.75448
Table 4. Test Results with IEEE 14-Bus System by Scenario 2
(Weak Bus : Bus 5, Mmax = 4.062554)
Iteration Proposed Method Look-ahead Method
X Ay Ay imax Error % X, A, imax Error %
1 1. 00000 2. 60000 2. 70000 4.167356 2.57971 2.60000 2. 70000 L 3.996746 1.61989
2 2. 60000 2. 70000 4.04805 4.063918 0.03357 2.70000 3.99674 4.036672 0.63711 |
3 2. 70000 4. 04805 4,06213 4, 062555 0. 00002 3.99674 4,03667 4. 060099 0. 06045
4 4, 04805 4.06213 4.06253 4. 062555 0.00002 4.03667 4.06009 4.062408 0. 00361
P-e R0l EIUSANE 0|8 HAAS AUFH GBIl oS
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Table 5. Test Results with New England 33-Bus System by Scenario 2
(Weak Bus : Bus 7, Mmx = 2211824)

Iteration Proposed Method Look-ahead Method
A Ay As }A.,m Error % A A, Xmu Error %
1 1. 00000 1. 10000 1. 20000 2.189019 1.03105 1.10000 1. 20000 1. 844553 16. 60489
2 1. 10000 1. 20000 2.16284 2.208698 0.14133 1. 20000 1.84455 2.094614 5.29925
3 1. 20000 2.16284 2.20846 2.211802 0. 00099 1. 84455 2.09461 2.189064 1. 02901
4 2.16284 2.20846 2.21168 2.211824 0. 00000 2.09461 2.18906 2.208137 0.16669

Table 6. Test Results with IEEE 118-Bus System by Scenario 2
(Weak Bus : Bus 38, *mx = 3239307)

Iteration Proposed Method Look-ahead Method
A A, A, ):m“ Error % A A, }:max Error %
1 1. 00000 2. 60000 2. 70000 3. 409252 5.23009 2.60000 2.70000 3.157938 2.52697
2 2. 60000 2. 70000 3.14912 3.247151 0.22668 2.70000 3.15793 3.215159 0. 76078
3 2. 70000 3.14912 3.23489 3.239591 0. 00667 3.15793 3.21515 3.237922 0.05818
4 3.14912 3.23489 3.23919 3.239808 0. 00003 3.21515 3,23792 3.239774 0. 00101

V. Conclusions

This paper has presented an efficient algorithm to

estimate the maximum loadability index ( Ap, ) by

reflecting the near-term bus-wise forecasting of load
demand and the corresponding generation reallocation. The
elliptic characteristic of P-e curve has been illustrated
with theoretical analysis. By utilizing the distorted elliptic
characteristics of the P-e curve, an efficient algorithm has
been developed to estimate the maximum loadability. The
proposed algorithm improves the estimation accuracy
remarkably compared with the look-ahead method which is
now considered to be the most efficient from the
computational point of view. This advantage comes from
the fact that the proposed method is developed on the
basis of curve fitting with the known pattern of the curve
while the look-ahead method works with the curve of
unknown pattern (It is noted that the P-V curve pattern
is quite different from the quadratic). The proposed
method reduces the computation time considerably by
reducing the iteration number in the maximum loadability
estimation, which is a meaningful progress for the on-line
of voltage stability monitoring with the
consideration of numerous contingency cases. The
proposed method has been tested on the IEEE 14 bus
system, the New England 39 bus system, and the IEEE
118 bus system. The numerical results show that the

application

proposed method can be well-applied to on-line power
system voltage stability assessment.
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Vil. Appendix

Calculation of Coefficients in . (15

and (e3.f4)
are obtained corresponding to the three different load

Three load flow solutions (ei:fi) (e1.f3)

levels }"l,;"z and M. By using these solutions, we have

the following equations for the weakest bus i associated
with (15).
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}»21 + A +e,2iB+kly+e“§+ y=0

(AD)
7\22 +7‘232ia+e§i3+>‘2}’+ezi§+\|’=0 (A2)
M+ hsegatesBriy+e,l+y=0 (A3)

In the above equations, €ii-€2i>€3 denote the ith

components of the solution vectors €1-€2-€3 respectively.
The derivatives of € with respect to A can be easily
calculated by using (13). By substituting those derivatives
and solution points, we can obtain the following equations

for the weakest bus i associated with (16).

20+ (e +A 8 o+ 2¢5€B+y+€,6=0 (A4)
2%2 +(ei2 + }hzéiz )a + zeizéizﬁ'f’ 'Y +éi2€ = 0 (AS)
23 +(e;3 +As€3)0 +26;3€;3B +y + 6,30 =0 (A.6)

The 5 unknowns of the coefficients can be solved by
selecting 5 equations among the equations (A.1)-(A.6).
Since the load flow solutions are more reliable than the
derivatives of e and the higher load level is closer to the
collapse point, it is natural to select the equations
(A1)-{A3) and the (A5) and (AS6).
Consequently, we can calculate the coefficients by solving

the other equations while disregarding (A.4).

equations

-E- A (X & #)

19529 39 1194, 19759 Med T
A71Fey £¢. 19789 F uisky A7)
FI SA(HAD. 1978371979 =2 A
7|1 BAA T4 A9, 1979971983d nl =
Oregon YU sHFTY). A AN Fo

A7) wS

AW (R H )

197008 7€ 2094, 19949 QMW Fu
271282 29 19969 F o A7)
B8 EQAHAD. B4 Ay ety
W7 283wk




BB PN 48A% 13 1999% 1R

z Y (AR D

1970 149 1794, 19929 dAd Fo
71883 £4. 19%d § dgd Av
THH 24D, EA AAR oiEd
A7 E s} whab .

ol €l A(F & #)
1961 649 1494, 1984 WA Fu)
A7 Ees £ 19873 dAg 2 st
4 &4 19969 F uiztd A3,
dA LG-EDSA)2%(F) CALS&CIM
Solution Atd¥ Competence Center
Senior FAHE. 19973 Ab g 749
43 A4 - 8$#F AR APGRr AEVL




