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PERMANENTS OF DOUBLY STOCHASTIC
FERRERS MATRICES

Suk-GEUN HWANG AND SUNG-S00 Pyo

ABSTRACT. The minimum permanent and the set of minimizing
matrices over the face of the polytope 2, of all doubly stochastic
matrices of order n determined by any staircase matrix was deter-
mined in [4] in terms of some parameter called frame. A staircase
matrix can be described very simply as a Ferrers matrix by its row
sum vector. In this paper, some simple exposition of the permanent
minimization problem over the faces determined by Ferrers matri-
ces of the polytope of €2, are presented in terms of row sum vectors
along with simple proofs.

1. Introduction

For an n x n matrix A = [a;;], the permanent of A, per A, is defined
by

Perd = Y a151)02(2) *** Gno(n)
0€Sy
where S, stands for the symmetric group on the set {1,2,--- ,n}. Let
€2, denote the polytope consisting of all n x n doubly stochastic matrices.
For an n x n (0,1)-matrix D = [d;;] with perD # 0, let Q(D) = {X €
2.]X < D} where X < D denotes that every entry of X is less than
or equal to the corresponding entry of D. Then Q(D) forms a face of
2, and every face of Q, is defined in this fashion [1]. Let u(D) denote
the minimum permanent over (D). A matrix A € Q(D) is called a
minimizing matriz over (D) if perA = (D). A square (0,1)-matrix D
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is called a staircase matriz if it is partitioned as

Dy Dy -+ Dy
D= D.21 D'22 . 1?21:
Dy Dyp -+ Dix

where D;; is a zero matrix if 7 < j and D;; is an all 1’s matrix ifi > 3.
Suppose that D;; is of size p; x ¢; for all 4,5 = 1,2,--- ,k. For a (0,1)-
matrix D, the matrix Ap defined by

1
Ap = P,
P~ perD 2:4 ’

where the summation runs over all permutation matrices P satisfying
P < D, is the barycenter of (D). In [4] the problem of minimizing the
permanent function over the faces Q(D) of €, for staircase matrices D
is investigated, and the minimum permanent, minimizing matrices and
the barycenter of Q(D) are determined in terms of numbers n; and m;
defined by the numbers p;, g; such as

i i—1
ni=Y G- pp T=n—g (=12 ,k).
=1 =1

for any staircase matrix D with the above mentioned partition. The
expressions of various quantities and the proofs in [4] look rather com-
plicated and uncomfortable to apply to some other combinatorial prob-
lems. In this paper we give some simple expressions and proofs for the
results in [4], mainly in terms of row sums of the staircase matrix D
considered.

2. The minimum permanent

From now on in the sequel, for an n x n matrix A, and for subsets
K,Lof {1,2,---,n}, let A(K|L) denote the matrix obtained from A by
deleting rows in K and columns in L. D is called barycentric if Ap is a
minimizing matrix over (D). We start this section with a lemma which
is essentially the same as Lemma 3.3 of [5], and we omit the proof.
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LEMMA 1. Let D be a fully indecomposable (0, 1)-matrix of which
the first row contains exactly t 1’s in the first t positions and the first t
columns are identical, and let E = D(1|1). Then

(2) u(D) = (1) w(E).
(b) D is barycentric if and only if E is barycentric.

Let ry,79,--+,7, be integers with r; < 7, < --- < r,. Then xn
(0,1)-matrix A = [a;;] defined by a;; = lifand only if 1 < j <7 (i =
1,2,---,n) is a Ferrers matriz and is denoted by F(ry,r9,---,7,). An
n X 7 staircase matrix with row sum vector (r,7s,--- ,Tn) is just the
Ferrers matrix F(ry, 79, -+ ,7,). It is well known (see Corollary 7.2.6 of
(1] for example) that

perF(ry,ro, -+ , 1) = Hmax{r,' -1+ 1,0}
i=1
If F(ry,ry,--+ ,ry) is fully indecomposable, then, clearly,

n

perF(ry,ro, -+ ,1,) = H(ri —i+1).

i=1

In the sequel, let ¢ denote the function defined on {1,2,---} by

o(k) = (-’?—',;—l)k

with the conventional assumption that 0° = 1. In the following theorem,
the minimum permanent over (D), for a Ferrers matrix D, is given in
terms of row sums. It is clear from Lemma 1 that a Ferrers matrix is
barycentric.

THEOREM 2. Let D = F(ry,r9,---,r,) be fully indecomposable.
Then

w(D) = [[ptri=i+1).

Proof. We use induction on n. If n = 2, then D = F(2,2). We know
that u(F(2,2)) = 1/2. On the other hand,

Hv’( i+ 1) = p(2)p(1) = (%) (2)0 -1
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and the induction starts. Let n > 2. Let E = D(1|1). Then E =
F(ro—1,73—1,--- ,7, — 1). Now, by induction, we have

n—1 n
wE) = Hgo(riH —1-i+1)= Htp(ri —i41).
i=1 i=2

Thus, by Lemma 1, it follows that
w(D) = p(r)w(E) = [ o((r: =i + 1),
i=1

and the proof is complete. 0

3. The barycenter of Q(F(ry,72, -+ ,74))

By Lemma 1 (b) and by induction, we see that a Ferrers matrix
is barycentric. In what follows we give a formula for the entries of the
barycenter of Q(F'(ry,72,- -+ , 7)), in terms of the row sums 1,7, - - - , 7.
We first prove the following

LEMMA 3. Let D be a fully indecomposable (0, 1)-matrix of which
the first row contains exactly t 1’s in the first t positions and the first t
columns are identical, and let E = D(1|1). Then

As = AoV (11 @ ).
Proof. Let Ap = [B;;], and for the consistency of positions with those
of D, let the rows and columns of E and Ag be indexed by 2,--- ,n as
€32 €23 - € Yoz Y23t Yon
(1) B e?z e:.’,a . ei}n CAp= ’7:%2 7?3 T '72.171
€2 €n3 ‘- Enp Tn2 Tn3 " Tnn

We make use of the following well known formula for §;; and ;;;

Si_perB(1]1).

di; )
(2) Bij = DperD(lll) Yij = oot

Notice that
(3) perD =t perE.
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Let (4, j) be such that e;; = 1 or, equivalently, d;; = 1. We show that
/Bij ) lf] > t’
t
b g i<t
;P i<t
Suppose first that j > t. Then the matrix D(i|7) still has the property

that the first ¢ columns are identical and the first row has ¢ 1’s in the
first ¢ positions, so that

Yij =

4) perD(ilj) = »_ perD(1,ilp, )

= t perD(1,i|p, j) = ¢ perE(il3).

Thus §;; = 7; by (2) and (3). Suppose now that j < ¢. Since the
first ¢t columns of D are identical and the first row of D has £ 1’s in the
first t positions, we have

t
perD(i|j) = perD(i|t) = Y perD(1,il1,p)
p=2

= (t — 1)perD(1,4|1,2) = (¢t — 1)perE(¢]2)
— (¢ — D)perB(ilj).
Thus by (2) and (3) again, we have v;; = t £;;/(t — 1) and we are

done. a
For a fully indecomposable Ferrers matrix F' = F(r),ry,--- ,7,) =

[fi;], and for a position (p, g), let

(5) er(g) = min{i|f;; = 1}.

Then clearly er(q) < p. Let A, (F) denote the matrix obtained from
F by applying the following two operations consecutively;

(i) Replace row % by a zero vector if i ¢ {er(q),er(q) +1,--- ,p},
(ii) Replace each of the entries below the main diagonal by a 0.

With the above notations in mind, we now prove the following

THEOREM 4. Let D = F(’I‘l,Tz, s ,T'n) = [dij], and let AD = [,8“}
Then

d F T —1
(6) :qu - a H : N y
Tp —pi:EF(q) r—t+1
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for p,q =1,2,--- ,n, where ep(q) is the number defined by (4).

Proof. Let (p, q) be given and fixed. If d,; = 0, then certainly 8,; = 0.
So, suppose that d,; = 1 which is equivalent to that ¢ < r,. For the
proof of this theorem, for a fully indecomposable Ferrers matrix F' =
F(t1,tz, -~ ,tn), let foo(F) denote the number defined by

P .
ti—’L
fprq(F)z H t_z+1'

i=ep(q)

To prove (5), we may show that B, = fpo(D)/(rp — p), instead. Let

(51,82, -+ , Sn) be the row sum vectors of Ay ,(D). Then s; =7r; —i+1

for i with s; # 0. Hence, it suffices to show that B,y = f,o(D)/(sp — 1).
Note also that

P os—1

foa(D) = H : .

i=€ep(q)

CASE (i): p = 1. Clearly, 8i; = 1/71, because the first row of D

equals (1,---,1,0,---,0) in which the number of 1’s is 7, and each of

the first r; columns of D is the all 1’s vector. On the other hand, we
have

&h

1 10 --0
00 .- 0

A1g(D) = S N
0 --- 00 --- 0

where the first row has sum r;. Thus it follows that f, (D) = (r; —
1)/ry = (81 — 1)/5; so that By, = fpqe(D)/(s1 — 1), and we are done for
this case.

CASE (ii): p > 2. Let E = D(1]1) and let Ap = [y;]. For the
consistency of positions with those of D again, let E and Ag be indexed

by 2,---,n as in (1). Let (s1,82,---,S,) and (za,--- ,z,) be row sum
vectors of A, ,(D) and A, ,(E) respectively. Then clearly (zs,- -+ ,%n) =
(82, * ,8n). We divide the proof into the following two subcases.

Subcase. 1: r, < q. In this case s; = 0, and ep(q) = €e(q), so
that f,,(D) = fou(E). By induction we get v,q = fpq(E)/(zp, — 1) =
foa(D)/(sp — 1). Since B, = 7Ypq by Lemma 3, the assertion of Theorem
4 for this case follows.
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Subcase. 2: 71 > q. In this case ep(g) = 1 and €p(g) = 2, and

4

s -1z —1 -1
foa(D HS H oy 28131 foa(E).

$1 =2 i

=1
By Lemma 3 and by induction, we have

=1 5-1 s1 =1 fpq(E) . fp,q(D)
Pra = T T = 81 Yoo = 851 Zp—1 $—1’

and we are done. O

ExamPLE 1. Let D = F(2,3,5,6,6,8,8,8), i.e.,

-

e el e
Pk pt ek b ek ek OO
e e e = K e N e
= - OO OO0 O

0
0
0
0
0
1
1
1

= e b b e e et e

— e e e e ek e
— = e = O

Let us find, say, the (6, 4)-entry (g4 of the barycenter Ap of Q(D).
We take p = 6,¢ = 4. Looking up the column ¢(= 4) of D, we see that
the smallest number 7 such that dis # 0 is 3 so that ep(q) = 3 Replacing
the rows ¢ in the set {1,2,---,8} — {klep(q) < k < p} = {1,2,7,8} by
zero vectors, we get .

OO == OO
OO H = OO0
QO OO OoOOQ
OO ODOOOO

OO RHEF =, OO
SO R R PR ~=OO
O O i pd bk e OO
OO = = = = OO

Finally replaée each of the 1’s below the main diagonal of this matrix
by a 0, to get
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[0 0
0

oo
OO
— e e OO

Ag4(D) =

— =0 OO
O M OOOOO0O

COoOROOOO

We see that (s3, s4, 55, 56) = (3,3,2,3), and

6
1 s$;—1 1 2212 2
1864_86—1!;‘! 8; ‘_—5 27

*3323 271’
In this way Ap can be calculated as

r1/2 1/2 0 0 0 0
1/4 1/4 1/2 0 0 0
1/12 1/12 1/6 1/3 1/3 0
1/18 1/18 1/9 2/9 2/9 1/3
1/18 1/18 1/9 2/9 2/9 1/3 0
1/54 1/54 1/27 2/27 2/27 1/9 1/3 1/3
1/54 1/54 1/27 2/27 2/27 1/9 1/3 1/3
1/54 1/54 1/27 2/27 2/27 1/9 1/3 1/3]

We close this section with a property of the barycenter of Q(F(ry,r2,- - -,
7). The following lemma is due to Foregger [3].

[« I e e R o]
SO0 OO

LEMMA 5. Let D = [d;;] be a fully indecomposable square (0,1)-
matrix and let A = [a;;] be a minimizing matrix over Q(D). Then A is
fully indecomposable and, for (i, j) such that d;; =1, perA(i|j) > perA
with equality if a;; > 0.

THEOREM 6. Let D = F(ry,rq,--- ,r,) = [d;;]. Suppose that r; =
i+ 1 for some i and let t be the smallest of such i’s so that Ap has the
form

U O
with U being of size t x (t + 1). Let U; be the matrix obtained from U
by deleting the column j for each j = 1,2,--- ,t + 1, then the matrices
Uy, Us, -+ , Uiy have the same permanent.
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Proof. We use induction on n. If n = 1, the theorem clearly holds. If
the zero submatrix in the upper right corner of (8) is vacuous, then U is

of size (n — 1) x n and
U
Ap = [x] .

Since x > 0 and since U; = Ap(n|j) for j = 1,2,-.-  n, the assertion
of the theorem for this case follows by Lemma 5 because a Ferrers is
barycentric. Suppose that the zero submatrix in (8) is not vacuous. Let
s be the number of 1's in the last column of D and let E = D(n|n).
Then, by Lemma 3, we have

Ap = (I & — IIS) [Ap(nln)).

Since the row ¢ of F still has sum 7, = ¢t + 1, and since Az has the form

U O
Ap = [* *] )
the assertion of the theorem for this case follows by induction. O
4. The structure of minimizing matrices over Q(F(ry, o, -+ , 7))

In this section, we give a description of the structure of minimizing
matrices over (D) for fully indecomposable Ferrers matrices D in terms
of row sums. The following lemma is due to Minc [6].

LEMMA 7. Let D be a (0, 1)-matrix of which the first t columns are
identical, and let A be a minimizing matrix over Q(D). Then the matrix
obtained from A by replacing each of the first t columns by the average
of those is also a minimizing matrix over Q(D). A similar statement
holds for rows.

In the sequel, for a fully indecomposable Ferrers matrix F = F(s;,
82, ,8,), let R(F) denote the set of all G = [g;;] € Q(F) with the
property that g;; equals the (7, j)-entry of Ap for every (4, j) ¢ U,r({k+
Lk+2,---,n} x{1,2,--- ,k+1}) where T = {k|sy =k +1 < n}, and
let Min(D) denote the set of all minimizing matrices over Q(D).

THEOREM 8. Let D = F(ry,r9,---,7,) be fully indecomposable.
Then Min(D) = R(D).
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Proof. Let E = D(1]1) and let A € Q(D) be given. Let A; be the
matrix obtained from A by replacing each of the first 7y columns by the
average of those columns. Then

(10) perA; = per4;(1|1),

because the first row of A; equals (1/ry,---,1/r1,0,---,0) and the first
71 columns of A, are identical. Let B be the matrix obtained from
A;(1]1) by multiplying each of the first r; — 1 columns by r,/(r; — 1).
Then we get, by (9),

T1—1
(11) perB = (rlri 1) perA;.

We also have, by Lemma 3, that

(12) A € R(D) if and only if B € R(E).

Suppose that A € Min(D). Then it follows that A, € Min(D) by
Lemma 7, and hence that B € Min(F) by Lemma 1 and (9). Now,
by induction, we have that B € PR(FE) so that A € R(D) by (11).
Conversely, suppose that A € R(D). If |, ({k+1,t+2,--- ,n} x
{1,2,--+ ,k+1}) = {1,2,--,n} x {1,2,--- ,n}, then A = Ap, and
A € Min(D). If not, let ¢t be the smallest number in 7. We have that
B € R(F) by (11) and hence that B € Min(E) by induction. Hence by
(10) and Lemma 1, it follows that A; € Min(D). The matrix Ap has
the form

U O
Ap = [ * *] )
with U being of size ¢t x (t +1). In accordance with this, the matrices A
and A; have the form

U O U O
a=lx g a-ly g
For j =1,2,---,t+1, let x; and y; be the j th columns of X and Y

respectively, and let U; be the matrix obtained from U by deleting the
jth column. Then both x; + X + -+ + X4 and y; +y2 + -+ - + Y41 are
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equal to a same vector, say z. We have
t+1 t+1

perd = 3 (perl;)(perfx;, G]) = (perl) Y _ per(x;, G

j=1 j=1
| = (perU:)(per(z, GJ),
where the second equality is due to Theorem 6. Similarly, perA;

(perlU;)(per[z, G]) so that perA = perA;. Therefore we have A €
Min(D), and the proof is complete. O
EXAMPLE 2. Let D be the matrix in (6). Since (1,7, ,78) =

(2,3,5,6,6,8,8,8) wesee that T = {1, 2, 5}, and the positions in UkeT({k+
1, k+2 L n} {1 2, L, k+1}) are those astrisked in the following matrix,

1 1 0 07

****‘*o—l
¥ K K OO
* ¥ ¥ PR OOO

O OO OO

- OO OO

* ¥ K X K K ¥
* OF X ¥ X X *

[y

*

In view of (7) and Theorem 8, we conclude that a minimizing matrix
over (D) is a doubly stochastic matrix of the form

/2 1/2 0 0 0 0 0 0
* x 1/2 0 0 0 0 O
x 1/31/3 0 0 0

£ 2/9 2/9 1/3 0 0
+ 2/9 2/9 1/3 0 0
* % x x 1/3 1/3
x x % x 1/3 1/3
* x x % 1/3 1/3]

* X ¥ ¥ ¥ *
L K O B A
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