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THE DIMENSION OF THE CONVOLUTION OF
BIPARTITE ORDERED SETS

DeEOK RAK BAE

ABSTRACT. In this paper, for any two bipartite ordered sets P and
Q, we define the convolution P x Q of P and Q. For dim(P) = s
and dim(Q) =t, we prove that s+ ¢ — (U + V) -2 <dim(P»Q) <
s4+4— (U +V)+2, where U +V is the max-min integer of the certain
realizers. In particular, we also prove that dim(Pax) = n+-k~ l_-—‘"—j

" for 25 K <n < 2% and dim(P,g) = % for n > 2k, whereP,,k_
Sy * Sy is the convelutien of twe standatd ordered sets Sy, and Sk.

1. Imtroduction

Let X be a set. .An order R on X is a reflexive, antisymmetric and
transitive binary relation on X. Then P = (X, R) is called an ordered
set. In this paper, we assume that X is finite. An order R oun a set is
called an eztension of another order S on the same set if S C R. For
a,b € X, we usually write @ < b for (a;b) € R and also a < b when
a < b and a # b. For elements b > a in an ordered set P, we write b ~ a
or a < b (b covers a ora is covered by b) if b > ¢ > a implies b = ¢ for
every element c of P. A linear extension of an ordered set P is a linear
order E : 2 < 23 < --- < , containing the order of P. Szpilarjn [3]
shows that any order has a linear extension. Dushnik and Miller [2] later
defined the dimension of an ordered set P, denoted by dim(P}, to be the
minimal cardinality of a family of its linear extensions whose intersection
is its order itself. An incomparable pair (¢, b) in an ordered set P is called
a critical pair if ¢ < a implies ¢ < b and z > b implies > a and crit(P)
denotes the set of all critical pairs. A bipartite ordered set is a triple P =
(X,Y,Ip) where X and Y are disjoint sets and Ip is an order on X UY
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with {(z,y) € Ip|z # y} C X x Y. In [5], Trotter defined the interval
dimension of P, denoted by dim;(P), as the least positive integer ¢ for
which there exists a family R = {Ly, Ly, - - - , L;} of linear extensions of P
reversing all critical pairs in crit(P)N(X xY). And Trotter [4] defined the

ordered set P, for integer n > 2, as follows: min(P,) = {z;,zs,- - ,zn},
mid(P,) = {z;|1 < i,j < n} and max(P,) = {b;,bs,---,b,}. For all
4L5huv =12 nz; < z;in B, for i #u, 2z, <b;in P, for

v # j, and z;||2;]|b; in P,. It is known [4] that dim(P,) = [%].

In this paper, we define the convolution P * @) of any two bipartite
ordered-sets P and Q. And we prove that dim(P)+dim(Q)—(U+V)—2 <
dim(P * Q) < dim(P)+dim(Q) — (U + V) + 2, where U + V is the max-
min integer of the certain realizers. In particular, we also prove that
dim(Po) = n+k— [22E] for 2 < k < n < 2k and dim(P,;) = n
for n > 2k, where P, = S, * S is the convolution of two standard
ordered sets S, and S;. Furthermore, we see that P, = S, ¥ S,, and
dim(Pn) = [%n] =2n- I.%n.]

2. Definitions and examples

Let G and M be the sets and let I be a binary relation between G and
M. We define a contezt as a triple (G, M, I) (see Wille [7]). A relation
F C G x M is called a Ferrers relation if

giFm; and g,Fm,; implies ¢;Fmy; or g Fm,

for all g1,9, € G and my,my € M. The Ferrers dimension of a context
(G, M, I), denoted by fdim(G, M, I), is defined to be the smallest number
of Ferrers relations Fy, Fy,---, F, with I = [ F;. Observe that the
complement of a Ferrers relation F is again a Ferrers relation in G x M —
I. Therefore, one can alternatively define fdim(G, M, I) as the minimum
number of Ferrers relations F, Fy, - - - , F,, with F; C G x M —I such that
UF; = G x M — I. Throughout this paper, for any context (G, M, I),
we assume that F' is a Ferrers relation in G X M is the same meaning as
F is a Ferrers relation in G x M — I. '

Let P = (X, <) be an ordered set and let S C X. Let J(P) = {z €
X|lzeVS=>zeStandMP)={zeX|ze NS=>z€S}
Then it is known [7] that (X, X, <) and (J(P), M(P), <yp)xm(p)) are
contexts and that

dlm(P) = fdlm(X, X, S) = fdlm(J(P), M(P), SJ(p)xM(p)).
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For a bipartite ordered set P = (X, Y, Ip), we can easily show that
dim;(P) = fdim(X,Y, Ip).
Trotter obtained the following result:

THEOREM 2.1 [5]. Let P = (X,Y,Ip) be a bipartite ordered set.
‘Then '

dim(P) — 1 < dim;(P) < dim(P).

Let (G, M, I) be a context and let F be any Ferrers relation.in G x M.
We define the two subsets C(F) and R(F) of G and M, respectively, as
follows:

C(F)=|J{a!(a,b) € F} and R(sz) ={J{b](ab) € F}.

In fact, we know that C(F) is a set of the first coordinate of the certain
longest column in F' and R(F) is a set of the second coordinate of the
certain longest row in F.

Let P = (X,Y,I p) be a bipartite ordered set and let F be a family
of Ferrers relations in X x Y. We say that F is a (optzmal) realizer of
X xY if |F] = fdim(X,Y,Ip) and Up s F= X x Y = Ip.

The following Theorem done by Bae and Lee was a corollary in [1].

THEOREM 2.2 (1. Let P = (X,Y, Ip) be a bipartite ordered set and
let F be a realizer of X XY with | F| > 2. If there are elements F;, F; € F
such that R(F,) N R(F;) =0 and C(F;) NC(F;) =0, then

dim(P) = dim;(P).

Let P = (X,Y,Ip) and Q = (A, B, Iy) be bipartite ordered sets with
X ={o,22, 2.} and ¥ = {y,95, ,ui},
A={ay,a, - ,an} and B={b,bs,- - b}
Consider the sets as follows:
X = {z1,29,- - ,Zn},
Z ={2p = (Yu,ay) | 1 Lu <! and 1<v<m}
B = {by,by, -~ ,by}.
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Then we define a convolution P Q of P and @ induced by P and Q
is an ordered set on X U Z U B with the following order relations:

Z;<2zy, in PxQ if z;<y,in P,
Zw<bj in PxQ if a,<b;in Q.

Figure 1. S3 xS

~Let P =(X,Y, Ip) be a bipartite ordered set and let F be a realizer
of X x Y. A subfamily F; of F is said to be R-irreducible of F if

(i) nFefiR(F) = 0r
(ii) There do not exist nonempty families £, and &, of Ferrers relations
in Jpes, F such that Ngee R(E) = 0 or (\geg, R(E) = @ with
&1l + |E2| = |Fil.
Similarly, a subfamily G; of F is said to be C-irreducible of F if
(1) Neeg,C(G) =0,

(ii)’ There do not exist nonempty families D; and D, of Ferrers relations
D1 + Dy = |G-

REMARK. Let P = (X,Y,Ip) be a bipartite ordered set and let F

be a realizer of X x Y. If ; and §; are R-irreducible and C-irreducible,
respectively, of F, then we have

(1) |#| 2 2 and |G;] > 2,
(2) Nperi—(pyR(F) # 0 for all Fy € F,
(3) ﬂGEgj'—{Go}C(G) # 0 for all G() S g].
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Let P = (X,Y, Ip) be a bipartite ordered set and let F be a realizer
of X x Y. A collection {F;,Fy,--- ,F,} of subfamilies of F is said to be
an R-irreducible family of F if

(i) each Fi(i = 1,2,--- ,w) is R-irreducible of F,

(i) {R(F) | FE F-UL F}#0or F =L, F.
In this case, we say that F has an R-irreducible family. Similarly, a col-
lection {Gy,Gs,- -+ ,Guw} of subfamilies of F is said to be a C-irreducible
family of F if

(i) each Gj(j =1,2,--- ,w') is C-irreducible of F,

@ N{CF) | FeF-UL G} #0or F=U, G,

In this case, we say that F has a C-irreducible family.

F is said to be maz-min R-irreducible of X x Y if
(i) There is a collection {Fy, F>, - - - , F,,} of subfamilies of F such that
{F1, Fa,- -+, Fu} is an R-irreducible family of F,
(ii) If &g = {&1,&y, -+ , &,} is an arbitrary R-irreducible family of any
realizer £ of X x Y, then .

u < w and Z|}‘|< min {Zlf!’l 8'68'}

i=1 |e |-k
forall k with 1 <k <.
Similarly, F is said to be maz-min C-irreducible of X x Y if

(i) There is a collection {Gy, Gz, - - - , G,/ } of subfamilies of F such that
{G61,G2, - -+ ,Gw} is a C-irreducible family of F,

(i) If D = {Dy,Dy,---,D,} is an arbitrary C-lrreduc1ble family of
any realizer D of X x Y, then

v <w and Zlg]|< min {ZI’D’I D' e D'}

i=1 ID |~k
forall k with 1 <k <w.

REMARK. Let P = (X,Y, Ip) be a bipartite ordered set. If F is a
max-min R-irreducible realizer of X x Y, then there is a max-min R-
irreducible family {F;, 3,--- , F,} of F such that |F;| < |Fiyy| for all
t = 1,2,.-+ ,w. Similarly, if .7-' is a max-min C-irreducible realizer of
X xY, then there is a max-min C-irreducible family {G,,Gs, - - -+, G} of
F such that |G;] < |G| forall j = 1,2, -+ 0
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Let P = (X,Y,Ip) and Q = (A, B,Iy) be bipartite ordered sets.
Let F and G be max-min R- and C-irreducible realizers of X x Z and
Z x B, respectively, where X = min(P x Q),Z = mid(P * Q) and
B = max(PxQ). An integer u-+v is said to be an R&C -irreducible integer
of F and G if there are max-min R-irreducible family {F1, F, -+ ,Fu}
of F and max-min C-irreducible family {G,Gs, -+ ,Gw} of G such that
v+ SL|F| € dim(P) and u + 377 ,1G;] < dim(Q) for some u €
{1,2,--- ,w} and v € {1,2,---,w'}. The integer U + V is called the
maz-min integer of F and G, which is defined by

U+V = g‘%:{u+v | u+v is an R&C-irreducible integer of F and G}.

0<v<w’

REMARK. Let P = (X, Y, Ip) and Q = (A, B, Ip) be bipartite ordered
sets. Let F and G be max-min R- and C-irreducible realizers of X x Z
and Z x B, respectively, with the max-min integer U + V of F and G,
where X = min(P * Q),Z = mid(P * Q) and B = max(P * Q). Note
that |F;| > 2 and |G;| > 2 for all F; € F and G; € G. Hence we have
U+V S Ldim(P!-;dim(Q)J.

EXAMPLE 1. For2k >n >k > 2,let S, = (X,Y,<) and S; =
(A, B, <) be standard ordered sets with X = {z1,2,-- yIn ), Y =
{y, 92, ,yn}, A = {a1,0a2,---,a} and B = {b1,be,---,bs}. Then
F={{(zz;) | 1<j<k}|1<i<n}and G ={{(zb)|1<i<
n} |1 < j < k} are max-min R- and C-irreducible realizers of X x Z
and Z x B, respectively, where X = min(S, * Sx), Z = mid(S, * Sk) and
B =max(S, * S). Foralli =1,2,---,|3] and j =1,2,--- , 5], let

-7:1' = {(xi’ zi1)7 (.’L‘,-, zi?)’ Tt (:1:,-, zik)} U {(zp’ zpl)’ (xp’ ZP2)7 Tt (:Ep, zpk)}v
G; = {(#1, b;), (22j,55), -+ (2n) b;)} U {(z1, by), (224, 0¢), -+ (%ng> by)}

where p = |2] +4 and ¢ = | 5] + j. Then we see that {F1, 73, »Fla)}
and {G,Gs, - ,gtg J} are max-min R- and C-irreducible realizers of
X x Z and Z x B, respectively, and that |F;| = |G;| = 2 for all ¢ =
1,2,---,|3] and j = 1,2,--- ,Lg] Then there exist R&C irreducible
integer u + v of F and G such that 1 <u < |3] and 1 < v < w, where
w = min{n—2u, |25¢]}. Since 2k > n > k > 2, it follows from the above
Remark that U + V = max{u+v |1 <u < |2],1<v<w} = |2k
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ExaMpLE 2. Consider the relations in the below Table 1 defined as

follows: for any pair (p,q) € (Ss * S3) X (S5% S3),

J

p~q

= (p> q) € Hi)

p= g (p,g) € H; and (p,q) € Hj,

p£q<==>p<qin5’5*33

for some Ferrers relations H; and H; in (S5 % S3) % (S5 * S3).

Table 1. Ferrers relations in (S; * 83) X (Ss * S3)
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Then we see that there are distinct 6-Ferrers relations H,y, Hy, Hs, Hy,
Hy and Hg such that | J}_ H; = (S5 % S5) x (S5 * S5) — I and hence
dim(Ss * S3) < 6. From Example 1 we obtain dim(Ss * S3) > 6. Hence
we conclude that dim(S5 * S3) = 6. Similarly, we have dim(S; * S3) = 5
and dim(S; * S3) = 4.

3. Main results

Let (G,M,I) be a context. For arbitrary subset S C G x M, we
denoted by

fdim(S) = min{n | UF,- =8 -1},
i=1
where F; is a Ferrers relation in G x M — I.

LEMMA 3.1. Let P = (X,Y,Ip) and Q = (A, B,Iy) be bipartite
ordered sets and let F and G be realizers of X X Z and Z x B, respectively,
where X = min(P * @), Z = mid(P * Q) and B = max(P * Q). If
dim(P) = dim;(P) and dim(Q) = dim,;(Q), then we have the following
properties:

(1) If F; is an R-irreducible of F, then there is at most one Gy € G
such that fdim({p.z, FUGoUM) = |F;| for some M C Zx Z — 1.

(2) IfG; is a C-irreducible of G, then there is at most one Fy € F such
that fdim({Ugeg, GU Fo U M') = |G| for some M' C Z x Z — 1.

Proof. Let P = (X,Y,Ip) and @Q = (A, B, I) be bipartite ordered
sets. Let F and G be realizers of X x Z and Z x B, respectively, where
X ={z,22,- 2o },Z = {2 | 1 v <1l and 1 < v < m} and
B = {by,by, -~ ,bi}.

Consider the projection maps ¢; : X X Z - X xY and ¢ : Zx B —
A x B, which are defined by

q1(s, Zuy) = (%4, Yu) and go(zyy, bj) = (ay, b;).

Now, we have the following observations:

(i) For F € F, q:(F) is a Ferrers relation in X x Y and {q:(F) | F €
F} is also a realizer of X x Y,

(it) For G € G, ¢2(G) is also a Ferrers relation in A x B and {¢(G) |
G € G} is also a realizer of A x B,
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(iii) For F € F, there is (z;,y,) € X X Y — Ip such that

{(m’i) z‘ul)> (.’,Ei, zu2)7 T 7($i7 Zum)} - F)
(iv) For G € G, there is (a,,b;) € A x B — Ig such that

{(zlw bj)7 (z2v7bj)’ B (ziwbj)} —yes

(1) Suppose that F; is an R-irreducible of F and that there are distinct
G, Gy € G such that fdim(|pc 5 FUGLUGUM) = |F;| = w for some
M C Z xZ~I. Let £ be an arbitrary realizer of | Jpez FUGHUGUM
with [£] = |Fi|. Since ¢2(G;) and ¢3(G3) are distinct Ferrers relations in
Ax B— Iy, it follows that there are (ay, ;) € ¢2(G1) and (ag,b;) € ¢:(G2)
such that (a1,02) € ¢2(G1 U Gs) and (ag, b1) € ¢2(G1 U Gs). Therefore
{E€cE|ENG #0}n{E € £ | ENG; # 0} = §. Furthermore,
since £ is a realizer of Up. 5 F U G1 U Gy U M, it follows that G; C
WHE € £ | ENG, # 0} and Gy C |H{E € £ | EN Gy # 0}. Hence
we have (Y{R(E) | E € EwithENG, # 0} =0 and ({R(E) |
E € Ewith ENG; # 0} = 0, which is a contradiction as F; is an
R-irreducible of F.

(2) Similarly, we can prove the result. o

THEOREM 3.2. Let P = (XY, Ip) and Q = (A, B, I) be bipartite
ordered sets with dim(P) = s and dim(Q) =t and let F and G be max-
min R- and C-irreducible realizers of X X Z and Z x B, respectively,
where X = min(P % Q),Z = mid(P x Q) and B = max(P * Q). If
dim(P) = dim;(P) and dim(Q) = dim;(Q), then we have

s+t—(U+V)<dim(PxQ)<s+t—(U+V)+2,
where U + V is the max-min integer of F and G.

Proof. Suppose that {Fy, F,- - - , F,} is a max-min R-irreducible fam-
ily of a realizer F of X x Z and {G,Gs,-+- ,Gw} is a max-min C-
irreducible family of a realizer G of Z x Y, where X = mm(P *Q),Z =
mid(P * Q) and B = max(P x Q).

Consider the max-min integer U + V of F and G with 1A SU<Lw
and 1 < V < w'. Then there are subfamilies {.ﬂ,fg, ,Fu} and
{G1,Go, -+ ,Gv} of {F1, Fa,-++ ,F,} and {gl,gg, -, Guw}, respectlvely,
such that V + Y0 |F| < dlm(P) and U + }:]_1193[ < dim(Q).

By Lemma 3.1, for each ¢ = 1,2,--- U, there is exactly one Ferrers
relation G; € G — U] ,G; such that fdlm(UFef FUM;UG;) = |Fyj for
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some M; C Z x Z —I. Similarly, for each j = 1,2,---,V, there is exactly
one Ferrers relation F; € F—|J._,F; such that fdim(Ugeg, GUM;UF;) =
|G| for some M J’ C Z x Z —1I. From the definition of U +V, we know that
F - U,U:I}',- —{F; |1 <i <V} does not have an R-irreducible subfamily
and G — U}’zlgj —{G; | 1 £ j < U} does not have a C-irreducible
subfamily. Since dim(P) = dim;(P) and dim(Q) = dim;(Q), it follows
that fdim((X x Z) x (Z x B)) = dim(P) + dim(Q) — (U + V). But we
know that fdim((X UZ U B) x (XUZUB) — (X x Z)— (Z x B)) =2,
thus we have (s —U)+ (t—V) < dim(P*Q) < (s=U)+(t—-V)+2. O

COROLLARY 3.3. Let P = (X, Y, Ip) and Q = (A, B, Ig) be bipartite
ordered sets with dim(P) = s and dim(Q) =t and let F and G be max-
min R- and C-irreducible realizers of X x Z and Z x B, respectively,
where X = min(P *Q), Z = mid(P * Q) and B = max(P x Q). Then we
have the following properties:

(1) If dim(P) = dim;(P) + 1 and dim(Q) = dim;(Q), then there is
Gy € G such that s+t—(U+V)—1 < dim(P*Q) < s+t—(U+V)+1,
where U + V is the max-min integer of F and G — {Go}.

(2) If dim(P) = dim;(P) and dim(Q) = dim/(Q) + 1, then there is
F, € F such that s+t—(U+V)—1 < dim(P*Q) < s+t—(U+V)+1,
where U + V is the max-min integer of F — {Fp} and G.

(3) Ifdim(P) = dim;(P)+1 and dim(Q) = dim;(Q)+1, then there are
Fye F and Gy € G such that s+t — (U +V) —2 < dim(P* Q) <
s+t— (U+V), where U +V is the max-min integer of F — {Fo}
and G — {Go}.

Proof. (1) Let dim(P) = dim;(P) + 1 and dim(Q) = dim;(Q) and
let F and G be max-min R- and C-irreducible realizers of X x Z and
Z x B, respectively, where X = min(P * @Q),Z = mid(P * Q) and
B = max(P * Q). Since dim(P) = dim/(P) + 1, it follows that there is
a Ferrers relation F such that F N (X x Z) = 0. Then there is a Ferrers
relation Gg € G such that F U G, contained a Ferrers relation in P * Q).
Since |F| = s — 1 and |G — {Go}| = t — 1, it follows from Theorem 3.2
that there is the max-min integer U + V of F and G — {Go} such that
s+t—1—(U+V)<dim(P*Q) < s+t+1—(U+V). By the similar
method in (1), we obtain results (2) and (3). O
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LEMMA 3.4. Let P = (X,Y,Ip) and Q@ = (A, B, Iy) be bipartite
ordered sets with dn:n(P) = 5,dim(Q) = t and s,t > 2. Then we have
dim(P* Q) 2 s+t -2~ =], ;

Proof. Let X = min(P * Q) = {®1, %2, , T}, Z = mld(P * Q)
{zw]1<u gl and 1 <v<m}and B =max(PxQ) = {by,bs, - ,bx}.
By Theorem 2.1, we have two cases as folk_)ws:

dim(P) = dim;(P)+1 or diin(P) = dirﬁ;(?),
dim(Q) =dim/(Q) +1 or dim(Q) = dim;(Q).

Casg 1. dim(P) = dim;(P) and dim(Q) = dim/(Q).

Let F = {F,F,--- ,F;} and G = {G1,Gs, - ,G:} be realizers of
(XUZ)x (X U Z) and (Z U B) x (Z U B), respectively, and let % =
{Hy, Hy,--- ,H,} be an arbitrary realizer of P * Q. Note that, for each
F, e fand Gj € G, there are (z;,y,) € X xY —Ip and (av,b )€ AXB~-
I such that {(z, 24) | 1 < 5 < m} C F, {(4in,4;) | 1 i S 1} € G and
R(F)NC(G;) # 0. Then, for each H of H, there do not exist Fj, € f and
G}, € G such that F;,UG;, € H.Forall E C (XUZUB)x(XUZUB)~1I,
we see that

3r

(i) idim(| JD; UE) 2 2r forall D; € J-'ug if s+t = 3r,

i=1 )
3r+1

(i) fdim(| J D;UE) > 2r +1 forall D;e FUGifs+E=3r+1,

i=1 ’
342
(iii) fdim(| ] DiUE) 2 2r +2 forall D; € FUGifs+t=3r +2.
=1
Hence we have dim(P * Q) > s+t — | ££]. v
CaSE 2. dim(P) = dimy(P) + 1 and dim(Q)) = dimy(Q).

Let {F, Fy, -+, F;} and {G;, Gy, --- ,G;} be realizers.of (X U Z) x
(XUZ) and (ZUB)x(ZUB), respectively, and let H = {Hy, Hy,--- , H,}
be arbitrary realizer of P * Q. Since dim(P) = dim;(P) + 1, without
loss of generality, we may assume that there is at most one element F
of {F,F, - ,F}, say F = F,, such that F; N (X x Z) = 0. Then
there is a Ferrers relation H € H such that F, UG, C H for some
jo € {1,2,---,t}. : e
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Let F = {F,F,--- ,F,_1}and let G = {G1,Gy, -+ ,Gi1} With G; =
G}, Note that for each F; € F and G; € G, there are (z;,7.) € X X
Y — Ip and (a,,b;) € A x B — I such that {(z;,2,) |1 <j<m}C
F, {(zi,b;) | 1 <i <1} C Gj and R(F;)NC(G;) # 0. Then as in case 1,
for each element H of H, there do not exist F;, € F and G;, € G such that
F,,UGj, C H. By the same method in Case 1, for all E C (XUZUB) x

(XUZUB)—I, fdim(Upe g DUE) > (s—1)+(t—1)— | £ | Hence
we have dim(P*Q) > (s—1)+(t—1)— | S 11 = spp—1— | 2],
CASE 3. dim(P) = dim;(P) and dim(Q) = dim;(Q) + 1.
By symmetry to the Case 2, we get dim(P* Q) > s+t—1— L%J
CASE 4. dim(P) = dim;(P) + 1 and dim(Q) = dim/(Q) + 1.

Let {F}, Fy, -, F,} and {G1,Ga, -, Gy} be realizers of (X U Z) x
(XUZ) and (ZUB) x(ZUB), respectively, and let # = {Hy, Hp, -+ , Hy}
be arbitrary realizer of P * Q. Since dim(P) = dim;(P) + 1, without loss
of generality, we may assume that there is at most one element F of
{F\,Fy,--- ,F.}, say F = F;, such that F; N (X x Z) = (. Similarly,
since dim(Q) = dim/(Q) + 1, without loss of generality, we may assume
that there is at most one element G of {G;,Gb,- - ,G:}, say G = Gy,
such that G; N (Z x B) = 0. Then there are Ferrers relations H, H' € H
such that F, UG;, C H and F;, UG, C H' for some ig and j, with
1<ig<s—1landl1<jo<t—1 Let F = {F,F, - ,F,} and
let Q’ = {GI,G2,"' ,Gt—2} with Eo = Fs—tho = Gt—1~ Note that
for each F; € F and G; € G, there are (z;,y,) € X XY — Ip and
(as,b;) € A x B — I such that {(z;,2y) | 1 < j < m} C F,{(ziw, b)) |
1 <i <1} CGjand R(F;) NC(G;) # 0. Then as in case 1, for
each element H of H, there do not exist F; € F and G; € G such that
F,UG; C H. By the same method in Case 1, forall & C (XUZUB)x (XU
ZUB)—I, fdim({Upepug DUE) > (s—2)+(t—2)— | £=4]. Thus we have
dim(P*Q) > (s—2)+(t—2)— | 2D | 4 9 = st —2— | LDHED |,

By Cases 1, 2, 3 and 4, we get dim(P* Q) > s+t —2— =], O

Consider the two n- and k-dimensional standard ordered sets S, and
S for n,k > 3. Let min(S, * Sk) = {z1,Z2,- - ,Tn}, max(S, * Sg) =
{bl,bg,"' ,bk} and mld(Sn*Sk) = {Z,'j‘]. S 1 S n and 1 < J < k}
Then we have the following properties:

(i) min(S, * Sk) < max(S, * S)-
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(i) 2; < zywand zy, < bjinS,*S; foralll <i,u<nandl<jv<k
with 7 # v and j # v.
(iil) ;|| z;; and 2]} b; in S, xSk foral1 <i<nand1<j<k.

Now for all n,k > 2, let P, = S, * Sx( See S3 * S; in Figure 1).
We will see that H1 = Hn,H2 = ng,H;b, = H{l,H‘; = Hh and Hs =
Hpn(m = 25 + t + 2), H = Hp(m = n — 1) in Example 2 and Case 2 of
the proof of Theorem 3.5. In general, we have the following theorem:

THEOREM 3.5. Let n and k be the pos'itiife integers withn > k > 2,
we have '
. n if n>2k

dim(Po) = { ntk—[2k]  if n <2k,

Proof. Let X = min(Poi) = {z1,2, -+ ,2,},B = max(Po;) =
{b1,0g,--- by} and Z = mid(Pog) = {2;|1 <i<n and 1<j <k}
Then X < B and z; || z;; and 2;5]|b; in Py for 1 <i<nand1<j< k.
Consider the Ferrers relations F; = {(z;,2) | z € Z witha; £ 2}
and G; = {(2,b;) | 2z € Zwithz £ b;} for all i = 1,2,--- ,n and
J=12,---,k Then F = {F,F,--- ,F,} and G = {Gy,Gy,--- ,Gi}
are realizers of X x Z and Z x B, respectively. Then, foralli =1,2,--- ,n
and j =1,2,--- , k, we have

C(F) ={x:} and R(F)={za,2, - , 2}
C(G)) = {21, 25,y 2n;} and R(G;) = {bs}.

CASE 1. n > 2k.

Let F = {Fl,Fn,F’i,Fk+i-],F2k,‘ o ,Fn_1]2 <1 < k} We will con-
struct distinct n-Ferrers relations in P, x F,; — I as follows:
(i) Hi = FLU[Gy - {(z1,b) HU{(b;, b)) | 2K 1 < k}U
(U B) x RIFJU[(X UZUB) x (X - {m})] -
{(s1,210) | 1 Su <0 < k} - {(xivxj) l1<j < <n},
H, = F,U{(zu,b)} U(X UZ U B) x (X — {za})] U
{(z,-j,zw)Ii<uorz'==u,1$j<'v§kwith1$'£,u§n}—
{(@ey) | 1<i< ) <n).
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(ii) For each 4 with 2 <4 < k, we construct the two Ferrers relations H;
and Hyyi_; in Py X Py — I. Then there are F;, Fiii1 € FandG; €G
such that
H; = F,U[G; — {(2i, b)) U {(8;,b:) | 1 < j < k with i # 5} U
[(Z U B) x R(F})]U {(2ni, 2mv) | L Sv <8 — 1} —
{(zijy2z) | 1 < J < v <k}
Hiyio1 = Fryii1 U{(2:,0:)} U (Z U B) X R(Fyyi1)] —
A (Zrri-1jy Zhei-10) | 1 < F < v <K}
(iii) For all m with 2k < m < n — 1, we construct the Ferrers relation
H,, in P, x P,x — I. Then there are F,, € F such that
Hp =Fn,U{(ZUB) x R(Fp)|U{(Zam,2m) | 1 ST <m— 1} —
{(zmjyzml) | 1 S .7 S l S k}

Note that R(F}) N R(Fiyi-1) = @ and R(F)) N C(G;) = {2} for
all E)Fk—H’—l € F and Gj € G. Then Hl,Hn,H,',Hk+i_1(2 <1< k) and
H,.(2k < m < n — 1) are Ferrers relations in P, X P, . Furthermore,
(HyUH,) UL, (H;UHgyi1)UUn i Hn = (XUZUB)x (XUZUB)—1
and hence dim(P,x) < 2k + (n — 2k) = n. Since S, C Poy — B, it
follows that dim(P,;) > dim(P,x — B) > n. Hence we conclude that
dim(Pn,k) =n.

CASE 2. k< n < 2k.

Let s and ¢ be positive integers with
"';’“J Ckandt=k-|"E).

We will construct the distinct n + k — | %% |-Ferrers relations in P X

P,y — I as follows:

(l) Hu = Fl U [Gk — {(zlk,bk)}] U [(X uzu B) X (X — {271})] U
[(ZU B) x R(Fy)] — {(zi,2;) [2< i< j <n} -
{(zlua zlv) | 1 S_ u S v S k},

ng = F2 U {(zlk,bk)} U [(X UzZuB-— {(L‘l}) X (X - {1‘2})] UBx BU

[(ZU B — R(F1)) x (Z — R(FY))] U {zu} x (Z — R(F))] -
{(zi2;) |3<j <i<n}—{(bi,b;) [1<j<i <k}~
{(zij, 2uv) |i<uori=u,2§j§v§kwith1§i,u_<_n},

s=2|
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| Hj; = G1U[F, - {(zn, z) U [(Z U B) x (R(Frn) = {(zns za)IU
n-2
U(AE) U~ U RE) x {anall U B x BU
=1
(CE@IUB xC@ -
{(znuy20) | LS v Su <k} = {(B,05) | 1 S i <5 < K},
Hyy = Ga U {(zn, 2m1)} V [C(G2) x Z1U[(Z ~ R(F,)) X {zm} U
(Z- R(Fn)) x (Z - R(F,)) -
{(2i5,2w) |[uSdori=u,1<v < j<kwith1 <i,u < n} -
[Z x (C(G2) U {203, 20y -+ , 20k })]-
(ii) For i = 2,3,-+-, s+ 1, let
Hy = Fia U[Gori1 + {(2ir1.200i-1, bossi1) ] U
(E(Gartia) — {zisr2t4i-1}) ¥ R(Fi)l,
Hip = Fypiv1 U{(Zir1,200i-1, boerio1)} U {Zisr2eri-1} X B(Foiina)-
(iii) For j = 2,3,--- ,¢t, let - ‘ ~
Hiy = Giz1 Y [ Fosrjir = {(®254i+1, Zossinr e} U
[C(Gj4a) X (R(Fastjr1) — {zesejrrjn Dy »
Hjy = G U{(@s441, 22s4541,541)} U [C(Grrs) X {z054541 541}
(iv) Forall m =25+t + 2,25+t +3,--- ,n—1, let H, = F,,.
Note that . ‘
(*) -+ R(F)NR(F;) =0,C(G,)NC(G,) = 0 and R(F)NC(Gy) = {zi}
foralli,j=1,2,--- ,swithi % jand u,v = 1,2, ,t with u £ v.
Then H;, Hiz(i =1,2---, S+1),H}1, f[;z(j =1,2,--- ,t) and Hm(m =
2s+t+2,25+t+3,---,n— 1) are Ferrers relations in P,y X P,y and
s+1 t n-1
UHavH) U JHLUHR U ) Ho= Py x Pap— 1.
=1 J=1 r=2s+1+2
Note that 2x (s+1) +2xt+(n~1-25s—t—1) = n+k — | 2k].
Hence we have dim(P,x) < n +k — | 2],

From (), it follows by Theorem 2.2 that fdim((X U Z) x (X U 2Z)) =
dim(X, Z, I) and fdim((ZU B) x (ZUB)) = dim;(Z, B, I). By Theorem
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3.2, we have dim(P,x) > n + k — | %*]. We conclude that

dim(Pyy) = n+ k — | "

I 0
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