J. Korean Math. Soc. 36 (1999), No. 3, pp. 527-544

SOME FORMULAS FOR THE GENERALIZED
HARDIE-JANSEN PRODUCT AND ITS DUAL

NOBUYUKI ObA AND TOSHIYUKI SHIMIZU

ABSTRACT. The generalized Hardie-Jansen product and its dual are
defined and the fundamental results on these products are obtained.
By studying the adjoint maps, we give proofs to them. Moreover
we characterize the generalized Hardie-Jansen product making use
of the TW-Whitehead product. We also obtain a characterization
of the dual of the generalized Hardie-Jansen product using (TW)*-
Whitehead product.

Introduction

We work in the category of compactly generated Hausdorff spaces
with nondegenerate base point * [8]. Let X AY be the smash product of
topological spaces X and Y. We denote an element of X AY by zAy for
anyr € X andy €Y. Let " be a co-Hopf space. We define I'’X = T'AX.
The space I'X is called the I'-suspension space of a space X. Let XW
be the space of base point preserving maps from W to X. We define
X = XT. The space I'" X is called the I'-loop space of a space X. Let
[A, Z] be the set of base point preserving homotopy classes of base point
preserving maps from A to Z. For any maps a, 8 : A — Z, we define
the following maps; if A is a co-Hopf space and v: A — AV A is the
co-multiplication of A, then we define a map

a+f=VzolaVBov:A—2Z

where V3 : ZV Z — Z is the folding map; or if Z is a Hopf space and
p: Z X Z — Z is the multiplication of Z, then we define a map

a+PB=po(axP)lolAy:A—2Z
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where Ay : A — A x A is the diagonal map. We use the same symbol
for a homotopy class and a map which represents the homotopy class.

Now let T be a co-grouplike space, namely an associative co-Hopf
space with an inverse. Throughout this paper, I is a co-grouplike space,
except otherwise stated explicitly. Then the I'-Whitehead product is
defined in [6]. It is an element [a, B]r € [['(X AY), Z] for any elements
a€[lX,Z] and B € [I'X,Z]. IfT = S', then the I~Whitehead product
[, B is the generalized Whitehead product [a, 8] of Arkowitz [1] and
Barratt [2]. Let

9:[TXAW,Z] — [IX,2Z%Y]

be the adjoint isomorphism for a fixed space W. The generalized Hardie-
Jansen product is defined in (7] as follows, using the I'~-Whitehead prod-
uct and the adjoint isomorphism; for any elements a € [[ X AW, Z] and
B € [TY AW, Z], we define the element [, 8]} € [(X AY)AW,Z]
by 6-1([0(c),8(B)]r). ET = S, X = S™ ! and Y = ™, then this
product is the Hardie-Jansen product in [3] and [4]. In §1, we prove the
following results of the generalized Hardie-Jansen product.

THEOREM 1.5 Let a € [ X AW, Z] and 8 € [I'Y AW, Z] be any
elements. Then we have the following results.

(i) yole, B =[yoa,yo Bl foranyy:Z — Z".

(i) [a, B o (T(6 Ae) Alw) = [ao (T A 1w),Bo (Te A 1w for any
§: X' - Xande:Y' =Y.

THEOREM 1.6 Let T : Y A X — X AY be the switching map. Let
a € [[XAW, Z) and 8 € LY AW, Z] be any elements. Then the product
[, B € [[(X AY) AW, Z] satisfies

(CT A w) ([, BIF) = = (B, ol
THEOREM 1.7 If X and Y are co-Hopf spaces, then we have
() [a + B, = [, + [ for any o,8 € [T X AW, Z] and
vye LY AW, Z].
(i) [a,8 + 1Y = [0, 8 + [ay)} for any a € X AW, Z] and
B,y € [TY AW, Z].
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THEOREM 1.8 If X3, X; and X3 are co-Hopf spaces, then we have

[ler, @]t aslf + (TTom A 1w )*([[ag, sl , o}V
+ (P2 A 1w )*([[as, o4, ao]¥) = 0

for any ay € [TX; AW, Z], ay € [T Xy A W,Z] and a3 € TX3 AW, Z],
where Tyjr : Xs AN Xo A X3 — X; A X; N X is the permutation of factors
of the smash products. '

'THEOREM 1.10 Let 'y be a co-grouplike space and T'y a co-Hopf
space. Then we have Ty([e, SIf,) = 0 for any elements a € [[,X AW, Z]
and B € [IMY AW, Z].

In §2, we consider dual results. The I*-Whitehead product is defined
in [6]. It is an element [o, 8] € [4,T*(X bY)] for any elements a €
[A,T*X] and B € [A,I"Y]. We define an isomorphism

T ATHXY)] s [4,(T°X)Y] 5 [AA W, X].

where 7 is an isomorphism induced by a natural homeomorphism and
67! is the inverse map of 9. Hardie and Jansen do not formulate the
dual product. Using the I'*-Whitehead product and the isomorphism 7,
we define the dual of the generalized Hardie-Jansen product as follows.
For any element a € [A4,T*(X")] and 8 € [4,T*(YW)), it is an element
[, I = 7 Y([r(a), 7(B)}r-) € [A,T*((XbY)¥)). In this section, we
prove the following results of the dual of the generalized Hardie-Jansen
product.

THEOREM 2.6 Let o € [A,T*(XW)] and B € [A,T*(YW)] be any ele-
ments. Then we have the following results.
(i) [, Bl oy = [@oy,Boq|¥ for any v: A’ — A.
(i) (T*((6b&)™)) o [0, BIE = [(T*(8")) 0 &, (T*(e™)) o BIE for any 6 :
X—>X ande:Y =Y.

THEOREM 2.7 LetT : XbY — YbX be the switching map. be-
tween induced fibres. Let a € [A,T*(X")] and 8 € [A,T*(Y")] be any
elements. Then the product [a, B]f € [A, T*((X bY)W)) satisfies

(7))l BF) = = [8, 0. .
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THEOREM 2.9 Let Iy be a co-grouplike space and T’y a co-Hopf
space. Then we have T'j([o, Blf) = 0 for any o € [4, I'3(X%)] and

B €AY

In §3, we consider an isomorphism &wax which is closely connected
with the generalized Hardie-Jansen product. We define the isomorphism
Ewax : [TX AW, Z] — TW A X, Z]

induced by the switching map twax : WA X — X 'AW. Then we
have a relation between the generalized Hardie-Jansen product and I''W-
Whitehead product in [7]. It is the following relation

[, B)Y = Epnixary (Ewnx (@), Ewny (B)lrw)

for any elements a € [[ X AW, Z] and 8 € [['Y AW, Z]. Hence the iso-
morphism &wax is also useful to investigate the properties of the general-
ized Hardie-Jansen product. In this section we prove some fundamental
properties of the isomorphism &wax.

We also consider an isomorphism (y-x : [4, [*(XY)] — [A, TW)* X]
for the characterization of the dual of the generalized Hardie-Jansen
product. We prove some fundamental properties of the isomorphism
Cw+x. And we have a relation between the dual of the generalized Hardie-
Jansen product and (I'W)*-Whitehead product.

THEOREM 3.7 Let o € [A,T*(XY)] and B € [A,T*(Y")] be any
elements. Then we have

[a, ﬁ]rvz = Cﬁ/lt(xw)([CW*X(a): CW‘Y(ﬂ)](FW)‘)-

This isomorphism (-x is also useful to investigate the properties of
the dual of the generalized Hardie-Jansen product.

1. Formulas for generalized Hardie-Jansen product

Let W be a fixed space. We define an adjoint map
0:[X AW,Z) — [X,Z%)]
by (8(a)(x))(w) = a(z A w) for any map o : X AW — Z and any
elements z € X and w € W. In the following lemmas, we obtain some
formulas for 6.
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LEMMA 1.1. Let f : X — Y be any map. Then there is & commuta-
tive diagram

v Aw, 2] L0 (x AW, 2)
o 0
v, 2% [x,2%).
Therefore we have 8(a)o f = 8(ao(fAly)) forany map o : Y AW — Z.

Proof. By the definition of 6, we have
(Olao(f Alw))(@))(w) = (ao(fAlw))(zAw)
= of(z) Aw)
= ((6(c) o f)(z))(w)
for any elements zeXandweW.

LEMMA 1.2. Let f: X — Y be any map Then there is a commuta-
tive diagram

[AAW, X] L [AAW,Y)
[ é

4, X") —— [4,Y"],

Therefore we have f¥ 0 6(a) =6(foa) forany a: ANW — X.

Proof. By the definition of 6, we have
((f7 e 8(@))(@)(w) = (fob(a)(2))(w)
= f((6(a)(z))(w))
= flo(z Aw))
= (foo)(zAw)=(6(f 0 a)(z))(w)
for any elements z € A and w € W. :

LeMMA 1.3. (i) Let X be a co-Hopf space. For any elements o and
B in [X AW, Z), we have

6(a + B) = 6(a) + 8(B) € [X, Z7).
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(ii) Let Z be a Hopf space. For any elements o and (3 in [X AW, Z|], we
have

b(a + B) = 0(a) + 8(B) € [X, Z").
Proof. (1) Let v be a co-multiplication of X. Then the co-multiplication
of X AW is obtained by
VAL : X AW — (XVX)AW ~ (X AW)V (X AW).
We have
ba+ B) = 6(Vzo(aVpP)o(vAly))
= O0(Vzo(aVp))ow

Here, we see 8(Vzo(aV B))oji =0(Vzo(aV B)o(ji Alw)) = 6(a) and
(Vzo(aVF))ojs = 6(F) where 71, j» : X — X VX is inclusions defined
by j7i(z) = (z,*) and j2(z) = (*,z) for any element z € X. Hence we
have

8(a + B) = Vaw o (8(a) VO(B)) o v = B(a) + 6(0).
(i) Let p be a multiplication of Z. Then the multiplication of Z% is
obtained by

Vo ZW x Z¥ = (Z x Z)W — ZV.
We have
Ola +B) = B(uo(axp)oldxw)
= p¥ob((ax f) o Axaw)-

Here, we see pi¥ o0((ax 8)o Axaw) = 8(p1o(ax B)oAxaw) = O(a) and
Y 00((ax B)oAxw) = 0(8) where p, p, : X x X — X are projections
to the first and the second factors respectively. Hence we have

Bla + B) = u" o (8(a) x 6(B)) 0 Ax = 6(c) + 6(0).

We notice that & is an isomorphism of groups when the domain and

the codomain of @ have the group structure. (cf. Theorem 6.3.28 Maun-
der [5})

We recall the definition of the generalized Hardie-Jansen product in
[7]. It defines a pairing

[CX AW, Z) x LY AW, Z] — [I(X AY) AW, Z]
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by o, BIF = 6-1([6(c), 0(B)Ir) € (X AY) AW, Z] for any elements
a € TXAW,Z]and B € TY AW, Z], where [ -, - |r is the I-Whitehead
product. Now we prove the following results by making use of the lemmas
mentioned above. These results are quoted in [7] without proof.

THEOREM 1.4. If T is a commutative co-Hopf space or if W is a
co-Hopf space or if Z is a Hopf space, then [a, S|} = 0 for any a €
TXAW,Z] and B € LY AW, Z].

Proof. Using Propositions 1.2 and 1.3 of [6], we have the result.

THEOREM 1.5. Let o € TX AW, Z| and 8 € [T'Y A W, Z] be any
elements. Then we have the following results.

(iYyola, Bl =[yoa,yoB¥ forany~y:Z — Z.
(i) [, BI¥ o (TG AE)A1w) = [@o (TS A 1w),Bo (Te Adw)]¥  for any
0: X' - Xande:Y' -Y.

Proof. (i) Using Lemma 1.2 and Proposition 1.1 (i) of [6], we have

8(vola,BlY) = 7" ob(e,BIY)
7 o [8(c), 6(B)]r
= [ ob(@),7" 8(B)r
[0(y 0 a),8(y o B)lr
= (roa,yo AlY).
(ii) Using Lemma 1.1 and Proposition 1.1 (ii) of {6], we have

(o B o (DG A ) Alw)) = O(ja, BI) o D3 )
[0(a), 6(8)lr o (6 A €)
[0(a)oT8,0(B)oTelp
= [0(ao(T0A1w)),0(80(FeAlw))lr
= O(lao (TS A 1w),B0 (TeAlw)lY).

i

i

i

THEOREM 1.6. Let T : Y A X — X AY be the switching map. Let
a € TXAW, Z} and 3 € [TY AW, Z] be any elements. Then the product
[o, BI¥ € [T(X AY) AW, Z] satisfies

(CT A w) ([, BIF) = — 1B, dF.
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Proof. Using Lemma 1.1 and Proposition 1.5 of [6], we have

8(l, BIf o (FT A lw)) = (o, )f) oTT

= [ a)0 ]roI‘T
= = [8(8),0()lr
= —9([ﬁ, ]r)

= 6(~ [B,a]f).

THEOREM 1.7. (Bilinearity) If X and Y are co-Hopf spaces, then we
have :

(i) e + B, = oY + 18,7 for any o, € [TX AW, Z] and
vye[TY AW, Z].

(i) (o8 + 7Y = [ B} + [erlf for any a € TX AW, Z] and
By € LY AW, Z).

Proof. We only prove (i). Using Lemma 1.3 and Proposition 1.9 of
[6], we have

8(la + B,917) = [8la+ B),6(]r
[6(cr) + 6(8), 6(M)]r
[6(c), 6(M)]r + [0(8), 6(7)]Ir
= 6([e,7IF) + 6((8,7])
(t

=9a’Y]r [7]1“)-

THEOREM 1.8. (Jacobi identity) If X;, X, and X3 are co-Hopf spaces,
then we have

[l el sl + (s A 1w)*([[o2, )t s enlf)
+ (T2 A 1w)*([[os, an]r’ ao]r?) = 0

for any ay € [FX] AW, Z], gy € [FXZ A VV,Z] and a3 € [FX3 AN VV,Z],
where Tiji : X1 A Xo A X3 — X; A X; A Xy, Is the permutation of factors
of the smash products.
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Proof. Using Lemma 1.1'and Proposition 1.10 of [6], we have

0 ([loa, c2lf s eslt + (PTam A 1w )*([foz, 03t aa]Y)
+ (O A 1w ) ([[os, el oY)
[9([a1,a2] ), 0(as)]r
+ 0([e, a3l ), 0(cur)]r o Ty
+ [0([as, aatY), 8(c2)]r © T Tipa
= [[8(c1), 6(c2)]r, O(cs)lr + [[6(2), B(cs)]r, B(c)]r 0 TTam
+ [[6(zs), 6(c1)]r, O(aa)]r o TTayy
= 0.

Il

This completes the proof.

We define an inclusion map i : Z — I'*(I'Z) by i(z)(t) = t A 2 for any
z€Zandtel. Let

I':[X,Z) — [[X,TZ)

be the I'-suspension map. The following lemma says that the inclusion
map ¢ and the I'-suspension map are essentially equivalent.

LEMMA 1.9. Let & : [['X,I'Z] — [X,T*(T'Z)] be the adjoint isomor-
phism of T'. Then the following diagram is commutative.

X, Z] [X,TZ]
\[x, ()]

Proof. For any map @ : X — Z and any elements t € T, z € X,
we have (5(Ca)(z))(t) = T'a(t Az) = t A ofz) and (z*(oz)(a:))(t)
((i 0 a)(z))(t) = t A a(z). Hence we have the result.

THEOREM 1.10. Let I'y be a co-grouplike space and T, a co-Hopf
space. Then we have T'y([a, B]{) = 0 for any elements « € [T, X AW, Z]
and B € IT'Y AW, Z].
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Proof. Let i : Z — I'(I'2Z) be the inclusion map. By Lemma 1.9, we
have

K(Tolo BIF) = oo BIF,
= [ioa,ioflf, in [T((XAY)AW,T3(:2)).

Since I'j(I'2Z) is a Hopf space, the element [i o o, i o ]}, vanishes by
Theorem 1.4. Hence, we have the result.

2. Dual product

Let twar : WAT - TAW be the switching map. We define a natural
homeomorphism wr : T*(XW) ~ XTW — XWAI ~ (I X)¥ induced
by twar. And we define a map

1 [AT(XY)] — (4, ([ X)"]

by n(a) = twar o a for any map a : A — I'*(X"). We notice that 7 is a
bijection of sets. We now show some formulas for the bijection 7.

LEMMA 2.1. Let a and 3 be any elements in [A,T*(X")]. Then we
have

(e + B) =n(a) + n(B)
Proof. We see that the map fwr is a Hopf map. Then we have -
n(a +B) = twaro(a+f)
= twaroa + twarof
= n(@) + n(pB)-
PROPOSITION 2.2. Let a: A — I'*(X"W) be any map. Then we have
(i) n(*(fY)oa)=T*f)¥ on(a) foranymap f: X - Y.
(i) n(aog) =n(a) oé for any map g: A' — A.
Proof. (i) The following diagram is commutative.
D (XW) 22 (e X)W
(%) T nH¥
(YY) 22 (Y)Y
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Then we have n(I'*(f¥)oa) = twar o T*(f¥)oa = (" f) otwaroa =
(T* ) on(a). i
(it) From the definition of 7, we see n(@ o g) =twaroaog=1n(a)og.

Let 7 : [4,T*(X")] — [AAW, I X] be the composition map of n and
61, namely 7 = 8" o.

PROPOSITION 2.3. Let a and 3 be any elements in [A,T*(X%)]. Then
we have
(e + 6) = 7(a) + 7(8)-
Proof. From Lemmas 1.3 and 2.1, we have

Tla+0) = (@ on)e+h)

67} (n(e) + n(B))

= 607 (n(@)) + 67 (n(B))
= 1(a) + 7(6).

The homomorphism 7 is an isomorphism gince 7 and @ are bijections.
We obtain the following formulas for 7.

]

LEMMA 24. (i) Let f: X — Y be any map. Then there is a com-
mutative diagram

(4,1 (x")] Ek 4 Py ™))

[AAW, T"X] T [AANW,T*Y].
Therefore we have I f o 7(a) = 7(T*(fW) o ) for any o : A — [*(XW).
(i) Let g : A’ — A be any map. Then there is a commutative diagram

[4,T*(XW)] —L— [4,T(X"™)]

T T

[AAW,T*X] —— [A AW, T*X].

(gAlw )
Therefore we have T(a) o (g A lw) = T(a 0 g) for any a : A — I*(XV).
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Proof. (i) From Lemma 1.2 and (i) of Proposition 2.2, the result fol-
lows. (i) From Lemma 1.1 and (ii) of Proposition 2.2, the result follows.

We recall the dual of the Hardie-Jansen product in [7]. It defines a
pairing
[A, T (X")] x [A,T*(YY)] — [A,T*((XbY)")]
by [a, BI% = 7 Y([r(), 7(B)]r:) € [A,T*((XbY)")] for any elements
a € [A, (X)) and B8 € [A,T*(YW)], where | -, - |- is the [*-Whitehead
product and X'b Y is the homotopy fibre of the inclusion map 7 : XVY —

X x Y. Now we give proofs to the following propositions. These results
are quoted in [7] without proof.

THEOREM 2.5. If T is a commutative co-Hopf space or if W or A
is a co-Hopf space, then [a, B]% = 0 for any o € [A,T*(X")] and B €
[A,T*(Y7)].

Proof. Using Proposition 2.2 of [6], we have the result.

THEOREM 2.6. Let o € [A,T*(X")] and 8 € [A,T*(Y")] be any
elements. Then we have the following results.
(i) [, Bfl oy = [aoy,Bonlfl foranyy: A — A
(i) (C*((8be)™)) o o, Bl = [(T*(6™)) 0 o, (T*(e™)) 0 Bl for any
0: X > X' ande:Y - Y.
Proof. (i) Using Lemma 2.4 (i) and Proposition 2.1 (i) of [6], we have
([ Bl o) = [r(a), 7(B)]r o (v A 1w)
= [r(@)o(yAlw),T(B) o (v Alw)lr
= [r(ao),7(B oY)
= 7(laoy,Bo9%).
(ii) Using Lemma 2.4 (i) and Proposition 2.1 (ii) of [6], we have
r(T*((65)")) o [o, BI) = T*(8b€) 0 ([a A1)
= I*(6be) o [r(a), 7(B)lr-
= [IMéor(a), e 0 7(B)|r
= [r((T*(&")) 0 @), 7((T* (™)) 0 B)]r-
= 7([(T*(8")) o o, (T*(e™)) 0 BIF).
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THEOREM 2.7. Let T : XbY — Y bX be the switching map be-
tween induced fibres. Let a € [A,T*(X"))] and 3 € [A,T*(Y")] be any
elements. Then the product [a, B|F € [A, T*((X b Y)W)] satisfies

(T (T")) (e AIF) = = (8, -
Proof. Using Lemma 2.4 (i) and Proposition 2.4 of [6], we have
(@) ol BiE) = Tor(afit
= I'To[r(a), 7(B)lr
= = [r(B), ()l

= 7( = [, o).

We define the evaluation map e : ['(I™*A) — A by e(t A \) = A(¢) for
any elements t € Tand A € ™ A. Let =~

I :[4,X] — [[*A,T*X]

il

be the I'-loop map. Then the following lemma says that the evaluation
map e and I'-loop map are essentially equivalent.

LEMMA 28. Let « : [I'(T*A), X] — [I™A,T*X] be the adjoint iso-
morphism of the space I'. Then the following diagram is commutative.

(4, X] — . [[4,T*X]

eI

[T(T*A4), X]

Proof. For any map o : A — X and any elementst € T, A € ™ A, we
have

(ke (@))(N)(E) = € ()(tAN)
(@oe)(tAN)
= ale(t A N))

= a(A(1))

= ((T"e)(N)().



540 Nobuyuki Oda and Toshiyuki Shimizu

THEOREM 2.9. Let I'y be a co-grouplike space and T's a co-Hopf
space. Then we have T3([a, f]f) = 0 for any o € [A,T{(X"Y)] and

pelATI(YY)]
Proof. Let 1 : [[34, T3(T3((XbY)¥))] — [[o(T34), Ti((XbY)™)]
be the inverse map of the adjoint isomorphism k. By Lemma 2.8,
£ (I3[, Ol1)) = [e Bl ce = [aoe, Boelf

in [[5(I3A), T1((XbY)")]. The element [a o€, Boelf vanishes by The-
orem 2.5, since I';(I";A) is a co-Hopf space. This completes the proof.

3. Related isomorphisms &y pnx and (ypx

Let twax : WAX — XAW be the switching map defined by tyax (wA

z) = zAw for any elements z € X and w € W, where zAw is an elements
in X AW. It is a natural homeomorphism. We define
bwax : TX AW, 2] — [TWAX, Z]

by &wax(a) = aoTltwax for Ttwax : TWAX =TAWAX —
FTAXAW =TX AW. Then we can define the 'W-Whitehead product
[Ewax (@), Ewar(B)lrw € TW A (X AY), Z] for any elements o € [[X A
W,Z} and 8 € [['Y AW, Z]. Then we obtain the following equality in
Theorem 1.3 [7];

[, B)F = &xnxar) Ewax (), Ewnv (B)]ow).

Therefore we can use both isomorphisms ¢ and £ to study the properties
of the product [a, 8]¥. Now we consider the properties of {wax in this
section as is shown below.

PROPOSITION 3.1. Let « and 8 be any elements in [ X AW, Z]. Then
we have

bwax(a + B) = Ewax(@) + Ewax(B)-

Proof. By the definition of &{wax, we have
Ewnx(a + B) = (a + B) o Ttwax
= @O FtW/\X + ,B o FtW/\X
= &wax(@) + Ewnx (D).
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We notice that {wax is an isomorphism of groups. We have the fol-
lowing formula for the isomorphism {wax.

PROPOSITION 3.2. Let f : X — Y and g : V — W be any maps.
Then the following diagram is commutative.

Ty AW, 2} L2929, (px A v, ]
Ewny . Evax

Therefore we have &way (@) oT(g A f) = €vax(aoI'(f A g)) for any map |
a:TYAW — Z.
Proof. We have
§V/\X(a OF(f/\ g)) = aoP(ng) oTtyax
= aoltwar oT(g A f)
= &war(a) oT(g A f).

COROLLARY 3.3. If g = 1y : W — W in Proposition 3.2, then we
have

bwav(a) oTW f = {wax(a o (Tf A lw))
for any mapa:TY AW — Z.
From the results above, we can give other proofs to Theorems 1.5,

1.6, 1.7, 1.8 and 1.10, using the isomorphism ¢ instead of §. But we
omit them here.

Let ®x : I*(X%) — (TW)* X be the homeomorphism which is defined
in Definition 6.2.35 of [5] or (2.9) of Chapter III of [8]. Now we define a
map

Grx (A, T(XY)] — [A4, (TW)' X]
by {w+x{(a) = ®x o a for any element a € [A,*(X"7)).

PROPOSITION 3.4. Let o and 3 be any elements in [A, T*(X%)]. Then
we have

Crox(a + B) = Grex (@) + Goex(B).
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Proof. We see that ®x is a Hopf map. Thus we have
Gwx(a+B) = &xo(a+p)
- @X ox + (DX o} ﬁ
= (w-x(a) + {w-x(B)-

If we are given any two maps f: X — Y and g : V — W, then we
define two maps f9 : X" — YV by f9%(A) = fo Ao g for any element
A€ XV, and (Tg)Wf : (CW)'X — (CV)'Y by ((Fg)™ f)(X) = foXoTg
for any element A’ € (TW)*X. Then we have the following result.

PROPOSITION 3.5. Let f: X — Y and g : V — W be any maps.
Then the following diagram is commutative.

14,00 (")) S0 14 (7))

Cwex Sy*y

(A, TW) X] e 14, (TV)'Y]

Therefore we have ((I'g)™ f) o Cw-x(a) = Cv+y (T*(f9) o @) for any map
a: A—IH(XY).

Proof. The following diagram is commutative.
M(XY) 2. W)X

r*(f9) t(Fy)(’)f
YY) (rvy'y

oy
Hence we have

(T f)oCwx(@) = (Te)¥f)o®xoa
= Pyol"(fi)oa
= (o (T*(f9) o).

COROLLARY 3.6. If g = 1y : W — W in Proposition 3.5, then we
have

(CW)* £ o Gwex(a) = Gw-y(T*(f¥) 0 a)
for any map a : A — I'*(X%).
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THEOREM 3.7. Let o € [A,T*(XY)] and B € [A,[*(YY)] be any
elements. Then we have

e, ﬂhv“v = Cv—vlt(xby)([CW'X (a), Cw-v (B)l@wy:)-

Proof. Let XbY —+ X VY —L+ X x ¥ be the fibration. Let .
J1: X = XVY and j,: Y - X VY be the inclusions. By Corollary
2.10 of [7], we have

(@) 0 [, Al
= [ oo I (53) 0 ]
= ') ea+ (i3 ) o B - T*()oa = I"(iF) 0 8
where [z, y] denotes the commutator of z and y. Then using Corollary
3.6, we have

(C*(@")u([e, BIF)
= ') oo+ TG ) e f - T )oa =T*(j¥) o B
=[G xxvry (TW) 1 © Cwx()), Gt (o) (TW)* 2 © oy ()]
G vy (TW)'i 0 [Gwex (@), Cwey (Bl owye)
(T @) (G vy ([Gwex (@), Gwev (B)awye)).

Since (I'*(s")), is a monomorphism, we have the result.

From the results above, we can give other proofs to Theorems 2.6 and
2.7, using the isomorphism ( instead of 7. But we omit them here.
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