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ON THE DUALITY OF THE SPACE
X AND THE ALGEBRA C,(X)

SunG Ki Park

ABSTRACT. The set of continuous maps of a space X to real usual
space R equipped with the topology of pointwise convergence will be
denoted by C»(X). In this paper, we prove that: Cp(X) is hereditar-
ily separable and hereditary Lindelof if and only if X™ is hereditarily
separable and hereditary Lindel6f. .

1. Introduction

We will be interested in the interrelation between a space X and the
space Cp(X) formed by all continuous real valued functions on a space
X with the topology of pointwise convergence, some progress has been
made recently by N. Nagata [2], N. Noble [3] and A. V. Arkhangel’skii
[1]. ,
We will study the problems associated with separability and Lin-
deléfness. And we generalize and extend the theorem of N. Noble [3],
i.e., Proposition 1.

The main result of this paper is shown : Cp(X) is hereditarily sepa-
rable and hereditary Lindelof if and only if X™ is hereditarily separable
and hereditary Lindelof.

- 2. Countability between X and C,(X)

DEFINITION. All hypothesized spaces are assumed to be completely
regular Hausdorff. The set of continuous functions from X to Z is
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denoted by C(X, Z) or, when Z = R, by C(X). The density character,
0X, of a space X is the least cardinality of a dense subset of X and the
weight, wX, of X is the least cardinality of an open basis of X. We
define the weak weigh, wwX, of X to be the least of the cardinals wY
for Y a continuous one-to-one image of X.

PROPOSITION 1. Let X be any infinite space and let C(X) have

any topology between the pointwise topology and the compact-open
topology. Then 6C(X) = wwX (See [3]).

PROPOSITION 2. Let X =Y x R, i.e., the space X is the product
of a space Y and the real line R. Then the space (Cp(X))™ is linearly
homemorphic to the space Cp(X).

Proof. Let Z be the discrete space of integers, Z C R, and Xy =
Y xZcCX.

For an 7 € R we denote by [r] its entier, i.e., the largest integer not
exceeding r. Further, let (r) = r — [r] be the fractional part of r. For
z=(y,r) € X weput z~ = (y,[r]) € Xo and =zt = (y, [r] + 1) € Xo.

Let us construct the continuous extension operator ¢ : Cp(Xo) —
Cp(X), i.e., the continuous linear map ¢ : Cp(Xo) — Cp(X) such that
for each function f € C(Xp) the restriction of the function ¢(f) € C(X)
to X coincides with f. So, let f € Cp(Xo) and z = (y,7) € X. Put

¢(f)y,r) = ¢(f)(z) = (r) - f@) + (1 = (M) fz).

If r € Z, then (r) = 0,z = z, and ¢(f)(z) = f(z), i.e., the
restriction of ¢(f) to Xo coincides with f. It is easy to verify the
continuity of ¢(f).

Finally, the linearity of the map ¢ : C(Xp) — C(X) is obvious.

Since the value of ¢(f) at an arbitrary point x € X depends only on
the values of f at the two points z— and ™, the map ¢ is continuous
with respect to the topology of pointwise convergence on C(X) and on
C(Xo)-

Thus, ¢ : Cp(Xo) — Cp(X) is a continuous extension operator.

Therefore the space C,(X) is linearly homeomorphic to the space
Cp(Xo) x L, where L = {g € Cp(X) : 9(Xo) = {0}}. In face, the map
P 1 Cp(Xo) x L — Cp(X) defined by the rule ¥((f,g)) = #(f) +g €
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Cp(X) for all (f, g) € Cp(X)x L, is clearly a continuous linear map. It is
easily verified that ¢ is also bijective, and that ¥(Cp(X) x L) = Cp(X)
(if h € Cy(X), f = hlzo, and g = h — ¢(f), then g € L, f € Cp(Xo),
and ¥((f,9)) = ).

Since Xy is the free topological sum of ¥y copies of Y, the spaces
Cp(X) and (Cp(Y)X are linearly homeomorphic.

For n € Z we put

Ln={9€Cp(Y x [n,n+1]) : g(Y x {n}) = g(Y x {n +1}) = {0}}.

Taking for each n € Z an arbitrary function in L,,, we obtain a function
in L. Hence it is clear that L is linearly homeomorphic to the product
[I{Ln : n € Z}. However, clearly all L,, are linearly homeomorphic
to Lo. Hence L is linearly homeomorphic to (Lo)X°. If we denote the

relation of linear homeomorphism by ~, we can now write:

h
Co(X) % Cp(Xo) x L (Cp(¥ ) x Lo ¥

(Co(Y) x Lol % ((Cp(Y) x L)) & (Cp(Xx). O

LEMMA 1. If C,(X) is a hereditary Lindelof space, then X is a
hereditary Lindel6f space.

Proof. Suppose that F C Cp(X) is a Lindelof subspace and separates
points from closed sets i.e., if z ¢ F and F in a subspace X is closed,
then there is f € F such that f(z) =1 and f(F) = 0.

Let H = {H} be a family of sets open in X. For each point z € H
where H = U{H : H € H}, we choose H, € H and f, € F such that
fz(z) = 1and f,(X-H,) = 0. There exists a countable set B C H such
that {f; : z € B} is dense in {f, : * € H}. Then H = U{H, : = € B}.
Accordingly, if z € H, then there exists y € B subject to condition

1o(&) = ()l < 3.

Then f,(z) # 0 and z € H,. The open cover H has a countable
subcover Ho = {H; : ¢ € B}. And Hp is a countable base for X.
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Accordingly, X is the second countable space and hereditary Lindelof.
Therefore X is a hereditary Lindelof space. (W]

Anopenset U = [],{u; : open in X } € X™ is called an elementary
set if u; Nu; = ¢ for i # 7.

LEMMA 2. If C,(X) is hereditarily separable, then each elementary
set U is separable.

Proof. Let U = [];—, u; be an elementary set, £ a family of open sets
contained in U. For each point z = (z1, - ,&,) € §~, where §~ =U{u:
u € €} we choose a neighborhood uy; = []—; s, inscribed in § and
construct a function f, € Cp(X) such that fz(r) =1 and fo(X —u;) =
0. There exist a countable set B C £ such that {f, : = € B} is dense in
{fs:z €€} Then € =U{u,:z € B}.

Let x € §~ . There exists y € B such that

’fZ(xz) - fy(l'z)| < %, 1= 1a2a"' y .

Then f,(z;) # 0 and z; € uy, by the property of the elementary set
U. Therefore, € u,. That is, the countable set B is a dense subset of
U. |

THEOREM 1. (separability) Cp(X) is hereditarily separable if and
only if X™ is hereditarily separable.

Proof. (necessity) Let Cp(X) be hereditarily separable.

We will now prove that X™ is hereditarily separable by the mathe-
matical induction.

Step 1. In the case n = 1, it is obvious by proposition 1. Sup-
pose that X™~! is hereditarily separable. Let A C X", A, = {z =
(x1,"++ ,Zn) € A:z; # x; for i # j}

The set A—A,, lies in the union of a finite set of hereditarily separable
space homeomorphic to X™~1, so it is separable.

We will prove the separability of the set A,. Let 8= {V, :n € N}
be a countable base of R. For each function f € Cp(X) and each n-
tuple @ = (@1, -+ ,0,) € N, we define a set w(f,a) = [Ti—; f~ (Vas),
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Vo, € B. The set w(f, a) is an elementary set if and only if V,,,(\V,, = ¢
for i # j.

Step 2. Let {w(f:, ) : t € T} be an arbitrary family of nonempty
set. Then there exists a countable Ty C T such that

Uf{w(fe,a) : t € To} = UW{w(fr,a) : t € T}

by Lemma 2. Indeed, the family {f; : ¢ € T} contains a countable
dense subfamily {f; : ¢t € To} in it. If z = (21, ,25) € w(fs, @),
then there exists g € Tp such that fy(z;) € V,,, ¢ =1,2,--. ,n, where
a = (a1, ,a). Therefore, z; € f;'(Vo,) and z € w(fy, ). So A, is
separable, and X" is hereditarily separable.

(sufficiency) On the other hand, let X™ be hereditarily separable,
n € N. Let F C Cp(X). For each m-tuple « € N™, a = (o, , ),
let m(a) = {w(f, ) : f € F}. There exists a countable set F(a) C F
such that (o) = U{w(f,a): f'€ F(a)}. Let Fo = UF(a):a € N™}.
Then Fy is countable dense in F. (|

The proof of theorem 2 is similar to the proof of theorem 1.

THEOREM 2. (Lindelofness) Cp(X) is a hereditary Lindelf space if
and only if X" is a hereditary Lindelof space.

Proof. (necessity) In the proof of theorem 1, choosing an elementary
neighborhood for each point z € A, we extract from the obtained family
a countable cover of the set A. This is possible by step 2 in the proof
of theorem 1. From Lemma 1, A is a Lindelof space.

(sufficiency) Let X™ be a hereditary Lindelof space, n € N. Let
F C Cp(X). For each n-tuple’a € N”, a = (o, , ), let 7(a) =
{w(f,a) : f € F} and #(a) = UW{w(f,a) : f € F}. There exists a
countable set F(a) C F such that 7(a) = U{w(f,a): f € F(a)}.

.Let Fp =U{F(a): o € N*}. Then Fy is countable and dense in
F. :
Let fe€ FandV = {f: f(zx) € Voo, k = 1,---,1} be a
neighborhood of f.

Let ¢ = (z1,---,2;) and @ = (o, - ,a). Since f(zx) € Vg,
z € w(f,a) € m(a). There exists g € F(a) such that z € w(g, ).
Then g(zx) € V,, and ge V. : 0
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By theorem 1,2, we obtain the following symmetric result.

COROLLARY. The followings are equivalent:
a) Cp(X ) is hereditarily separable and hereditary Lindelof.
b) Cp(X™) is hereditarily separable and hereditary Lindel6f.
¢) Cp(nX) is hereditarily separable and hereditary Lindeléf.
d) (Cp(X))™ is hereditarily separable and hereditary Lindeléf.
e) (Cp(X))™0 is hereditarily separable and hereditary Lindeléf.

Proof. Suppose that C,(X) is hereditarily separable and hereditary
Lindel6f, then (X™)™ = X™™ is hereditarily separable and hereditary
Lindelof for any m = 1,2,---. Therefore, C,(X™) is hereditarily sep-
arable and hereditary Lindelof. Since (Cp(X))™ is homeomorphic to
Cp(X™), (Cp(X))™ is hereditarily separable and hereditary Lindelof if
Cp(X) is so. Since this is true for each n € N, (Cp(X))¥° is hereditarily
separable and hereditary Lindelof if Cp(X) is so. g
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