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CONTROLLABILITY OF INTEGRODIFFERENTIAL
EQUATIONS IN BANACH SPACES

Hyo-KEUN HAN, JONG-YEOUL PARK AND DONG-GUN PARK

ABSTRACT. In this paper, we will study controllability of some case
as an initial condition ¢ included in some approximated phase space.
To this prove we used to the Schauder fixed point theorem.

1. Introduction

In this paper, we will study controllability of some case as an initial
condition ¢ included in some approximated phase space. Let X be a
Banach space with norm || - ||. If z : (—r,@ + €] — X, then for any
t € (—ra+§)letz,: (—r,0] — X be defined by z,(0) = z(t + ), —r <
6 < 0. We consider the following integrodifferential equation:

11
(1) dfi(tt) = Ax(t) + / 9(t, s,)ds + f(t, ) + But), >0
0
To = ¢ € B,

where g: IXIxB— X, f:IxB— X, >0,I=0,£ are continuous
functions, A : D(A) — X is the infinitesimal generator of a strongly
continuous operator semigroup 7'(t) on X. Also, the control function
u(-) is given in L?(Z,U), a Banach space of admissible control functions,
with U a Banach and B is a bounded linear operator from U into X.
Henriquez ([3,4]) studied the existence of solutions, periodic solutions
and stability of a class of partial functional differential equations with
unbounded delay. Several authors ([1,5,6]) investigated the approximate
controllability and controllability of nonlinear integrodifferential systems
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in Banach space by method of fixed point. In this paper we will use the
Schauder fixed point theorem to obtain the controllability of equation
(1). To apply the Schauder fixed theorem we will employ a compactness
condition on the compositions of the semigroup T'(¢) and the functions

f,9,B.

2. Preliminaries

We will use the phase space B introduced by Hale and Kato ([2]). B
will be a linear space of functions mapping (—r, 0] into X endowed with
a seminorm || - ||;. We will assume that B satisfies the following axioms:

(C) Ifz: (-r,a+ &) — X,€ > 0 is continuous on {a, a + §) (a: fixed)
and z, € B then for every ¢ in [a, a + §) the following conditions
holds:

(i) z; is in B;

(i) ()] < K]l

(i) [|lz:ll, < M(t - a)sup{||lz(s)]| : @ < s < t}+ N(t —a)|zall,,
where K > 0 is a constant; M, N : [0,00) — [0,00), M is continu-
ous and N is locally bounded and K, M and N are independent of

(C2) For the function z(-) in (C1), z; is a B-valued continuous function
on [a,a +£).

(C3) The space B is complete.

We list the following hypotheses;

(H1) If A is the infinitesimal generator of a Cj-semigroup T'(¢),t > 0
satisfying ||T(t)| < L.
(H2) The linear operator W from U into X, defined by

Wu = /06 T(¢ — s)Bu(s)ds,

has an invertible operator W~! defined on L?(I;U)/ker W, and
there exist positive constants Ly, L3 such that [[B|| < Lo, |[W}| <
L (see [7] for construction of W).

(H3) There is a compact set V; C X such that T(t)f(s, %), T(t) f; 9(s,
T,)dr, T(t)Bu(s) € V;, for py € Band 0 < s < ¢.
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DEFINITION 2.1. A functionz : (—7,§) — X,0 < &, is a mild solution
of the Cauchy problem if zo = ¢ and the restriction z : [0,£) — X is
continuous and satisfies the integral equation:

z(t) = T(t)p(0) + /Ot T(t— s)f(s,zs)ds

t 3 t
+/ T(t— s)/ g(s, T,z,;)drds +/ T(t — s)Bu(s)ds, t > 0.
0 0 0

DEFINITION 2.2. The system (1) is said to be controllable on the
interval I if, for every initial function zo € B,z; € X, there exists a
control u € L2(I; U) such that the solution z(-) of (1) satisfies z(£) = z;.

3. Main Result

THEOREM 3.1 If the hypotheses (H1)~(H3) are satisfied, then the
system (1) is controllable on I.

Proof. By Henriquez ([3]), we obtained the existence of a mild solution
of system (1) together above hypotheses. Using the hypothesis (H2),
define the control

'3 . s
ut) = W [x - T - [ T(6=3) [ als,mz)ards

4
- / T(¢ —s)f(s, Is)dSJ (t).
0
Also, using this control, we shall show that operator G is defined in below

Go)(t) = T(t)p(0)+ / T(t - 5) /Osg(s,f,xf)dms

+ /ot T(t— s)f(s,zs)ds + /ot T(t — s)Bu(s)ds

has a fixed point. This fixed point is then a solution of (1). Clearly
(Gzr)(§) = z;. This means that the control u steers solution of the
abstract functional integrodifferential system with the initial function ¢
to z; at £ if we have a fixed point of nonlinear operator G. First of all,
let us define the function y(t) = T'(¢t)¢(0) for ¢ > 0 and yop = ¢. Then
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from the properties of B we infer that y, € B and let [jy, — ollg < 7 for
0 <t < &, where & is some constant and 7 < §. Let £ be any constant
such that 0 < £ = min{¢;, —A%_f:’z} and

V(o) = {z € Ve; llmo — @ll, =0,z — ¢lls < 8,0 <t <€D,

where ) is the space of all functions z : (-, €] — X such that z, € B
and the restriction z : [0,£] — X is continuous and let ||-||, be a seminorm
in ) defined by

lll, = leoll, + sup{llz(s)]): 0 < 5 < €}

and C = L7§ + Le + L2L3{”.’L‘1” + L1”Q0(0)“ + L1L7€2 + L1L6§}, M =
max{M(t) : 0 < t < £} since M is a continuous function. Then, Ye(o)
is clearly a nonempty, bounded, convex and closed subset of V¢ (see (3])-
Now we define the map G on Ye(p) by

(Gz)(t) = T(t)¢(0) +/0 T(t—s) /Os g(s,7,z,)drds
+ /Ot T(t — s)f(s,zs)ds + /ot T(t — o)BW 'z, — T(£)¢(0)

¢ . ¢ |
_ /0 T(€ - s) /0 o(s, 7, 2,)drds — /0 T(€ — 7)f(r, z,)d7](0)do.

Now, we show that G is map from Y(p) into Ye(p). Since subsequent
arguments will demonstrate the continuity of Gz we need only ascertain
that (Gz)(t) € Ve(p). Let z = Gz. Since Gz is continuous on [0, €],
z e yg. Set

w(t) = /Ot T(t — s)f(s,zs)ds,
u(t) = /Ot T(t — s) /Osg(s, T,z )d7ds,
o) = | Tt — o) BW! [m — T(£)¢(0) - /0 "I s)
. /Os g(s, 7,z )drds — /05 T —71)f(r, xT)dT] (0)do.
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Then we can write map Gz as z = y + v + w + p. Here we estimate the
following term;

lze = olls < Ny = @lls + Nvells + Nwells + lloells
<+ floells + llwells + lloells-

Since f, g are continuous functions, we can choose some constants Lg, Ly

such that ||f(¢t,¥)|| < Ls,|lg(t,s,¢)|| < L7 for all ¢ € Bs(p). From
Axiom (C}) (iii) we have

loells + llwells + el
< M(®)sup{Jlv(s)] : 0 < 5 < t} + M(&) sup{Jw(s)]| : 0 < s < ¢}
+M(t)sup{llo(s) ]| : 0 < s < 1}
and
oI + llw® + o)

< Lyé{Lr€ + Lg + LoLs[||z1|| + L1llp(0)|| + L1L+&7 + L1 Le€]}

<d=n
M

Thus we may deduce that ||z, — ¢||;, < ¢ and consequently (Gz)(t) €
Ye(). Next we will prove that G maps V() into a precompact subset
of V(). To prove this, we first show that, for every fixed ¢ € J, the set

YVe(p)(t) = {(Gz)(?) : © € Ve(#)}

is precompact in X. This is clear for t = 0, since V;(¢)(0) = {¢(0)}. Let
t > 0 be fixed and for 0 < £ < t define

(C.z)(t) = T(£)e(0) + /0 T - s) / (s, 7, 3,)drds

0

+ [T s mds+ [ 1= )BW s - T(ER(O

- /06 T(€ - s) /Os g(s,7,z;)drds — /0§ T(¢€ — 1) f(7,z,)dT](0)do.

From hypothesis (H3) since T(¢)F(s, %), T(t) [y g(s, 7, %)dr, T(t)Bu(s) €
Vi, the set

Ye(0)(t) = {(Gex)(t) : © € Ve()}
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is precompact in X for every ¢, 0 < € < t. Furthermore, for z € Ye(¢),
we have

1(G=)(t) - (Ce) D)
.
/ t—on-[ - 700 - [ (e 9)

/ 8, T,Z,)drds — /OE T —T1)f(r, xT)dT] (0)do

/ (t— s)/ 8,7, L, )drds
t—e

/tt T(t - s)f(s,zs)ds

-

S 6L1L2L3[”.’L‘1” -+ L]”(,O(O)” + L1L7£2 + L1L6€] + EL][L7£ + Le],

which implies that Y.(y)(t) is totally bounded, that is, precompact in
X. If we can show that the image of V() under G is an equicontinuous
family of functions we can apply the Arzela-Ascoli theorem to conclude
that G().(y)) is precompact in V.(p). For that, let t; > ¢; > 0. Then,
we have

1(Gz)(t1) — (Gz) (B
< NT(t)9(0) — T(t)(0)|

[ 17 - ) - Tt - )BW [~ (0000

|

+

+

- /05 T(€ — s) /Os 9(s, 7, z,)drds — /OE.T(§ —7)f(T, m,)d'r] (0)do
- [ 1= 018w [z - 7€)

t1

- /05 T(¢ - s) /Os g(s,7,z,)drds — /: T —-71)f(m, -Tr)dT] (0)do

+ /0 (Tt - 5) = Tt — 5)] [ /0 Cos,m, )7 + f(s,a:s)] ds

- /: T(ty — s) ng(s,’r, z,)dr + f(s, a:s)} ds

0
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< NIT(t)e(0) — T(t2)p(0)]
/ [Tt —e—0)—T(ty—€— o)|T(e)BW™! [:cl —T(&)¢(0)

_ /0 T(E - 5) /0 o(s,7, 2;)drds - / "TE-1) f(T,z.,)d’r] (0)do

0

+(ta — t1) L Lo Ls[l|e1]| + Lall(0)|| + L1 L7€? + L1 Lef]

t1

i [T(t; —e—s) — Tty — e —8)]T(¢)

[ [ steimzir + s m] ds|| + (t2 — 1) La[ L6 + L)

Since T'(e) F( (e) J; g(s,7,9)dr,T(e) Bu(s) are included in a com-
pact set V, fora110<7-<s<£andalla:€yg( yand T(:)z,z € Ve is
continuous, the right side of above inequality tends to zero as t; —t; — 0
which is independent of z € V(). So, G(V:(p)) is an equicontinuous
family of functions.

Also, G(Y:()) is bounded in Y, and so by the Arzela-Ascoli theorem,

G(Ye(y)) is precompact. Hence, from the Schauder fixed point theorem,
G has a fixed point in V(). Any fixed point of G is a mild solution of
(1) on I satisfying

(Gz)(t) = z(t) € X.

Thus, the system (1) is controllable on I.

4. Example

Consider the abstract functional integrodifferential equation of the
form:

azgéw) (k(z)2(2, 2) / G(t,s,2(s —r))ds

(2) +F(t, 2(t — 7‘)) + Bu(t), z€0,1], tel
z(t,z) = (t,z) €L
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Let the space £ =: LP([—r,0]; X) endowed with the seminorm

0 1/p
el = (llw(O)ll”+ / l|90(9)l|”d9) .

Then the phase space L satisfies the axiom (C1)-(C3). Also, let X =
L*(I,R). We define an operator

A: X - X and (Az)(t)(z) = —(k(z)2:(t, 7))
with k € H!(0,1) and
D(A) ={z € X : (k(z)z,(t,x)); € X, 2(t,0) = 2(¢,1) = 0}.

Since operator A is compact under above conditions, A generates com-
pact semigroup T(¢). And B : U — X, with U C I, is a linear operator
such that there exists an invertible operator W~! on L*(I,U)/ker W,
where W is defined by

3
Wu = /0 T(¢ — s)Bu(s)ds.

The mapping G: IXI XL — X, F:IxL— X,€>0,I =10,§ are
continuous functions. Define g(t, s, p)(z) = G(t, s, p(—7)z), f(t,p)(z) =
F(t,o(—r)x). Then equation (2) can be formulated abstractly as

t
gz(t_t) = Az(t) +/0 9(t, s, z)ds + f(t,z) + Bu(t), t >0

n=peLl

Further, all the conditions in the above theorem are satisfied. Hence, the
system (2) is controllable on I.
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