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A DOUBLY COMMUTING PAIR
OF HYPONORMAL OPERATORS

YonG TAE KM

ABSTRACT. If (Hy, H7) is a doubly commuting pair of hyponormal
operators on a Hilbert spaces 7, then there exists a commuting pair
(T1,T2) of contractions on # such that H; = H}!T; for eachi=1,2.

Throughout this note let H be a Hilbert space and let £L(H) be the
algebra of bounded linear operators on H. An operator T' € L(H) is
called a contraction if ||T'|} < 1 and is called hyponormal if T*T -TT* >
0. A pair (T1,T?) of operators on H is called a doubly commuting pair
if 1T = ToTy and TZTy = T3Ty. In 1966, R. Douglas ([2]) showed
that if A, B € L(H) then the following are equivalent:

(i) A = BC for some C € L(H);
(i) [|A*z|} < k||B*z|| for some k >0 and all z € ’H
(iii) ran A C ran B.

As an interesting corollary of the above theorem, it can be shown (cf.
[1]) that if H is a hyponormal operator on H then there exists a contrac-
tion T' € L(H) such that H = H*T. If (H,, H,) is a commuting pair of
hyponormal operators on # then there exist contractions Ty, T> € L(H)
such that H; = H}T; for each ¢ = 1,2. But in this case, T and T3 may
not commute. In this note we show that there exist commuting such
contractions for a doubly commuting pair of hyponormal operators.
The following is our main theorem.
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THEOREM 1. If (Hi, Hy) is a doubly commuting pair of hyponormal
operators on a Hilbert space H then there exists a commuting pair
(T1,T») of contractions on H such that H; = H}T; for each i =1,2.

Proof. Suppose that fori=1,2, H;isa hyponormal operator on H.
Then for each x; € H, there is a unique y; € cl(ran H;) with

Write T;z; = yi. Then T; is a contraction on H satisfying (cf. (2])
(2) H;=H!T; and ranT; C cl(ran H;) (1=1,2).

We will show that Ty Ts = ToT) if (Hy, Hs) is a doubly commuting pair.
Suppose (Hi, Hz) is a doubly commuting pair. By (2) we have

HyHy = HiHiTo = HiH\To = HH{ T\ Tz = HTH3 TV Ty

(3) HoH, = H,H}T, = HyH Ty = HY H;T>Th,
which gives
(4) Hi(H3T\T3) = HY (H; TTh).

We now claim that

(5) H3T1To(H) Ccl (ran Hy)
and
(6) H3ToTi(H) = HyT1(H) C cl (ran Hy).

Indeed, we have, for each z € H

HyT'Thx = H;(limHlyn) with lim Hyy, = T1Tez  (by (2))
= lim Hy Hiyn
= lim Hy H;yn, € cl(ran Hy)
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and

H;TleiL' = HQT]_.’L’
= Hy(limHy2,)  with limHyz, = Thz
= limHzlen
= lim H1Hy2, € cl(ran Hy),

which gives (5) and (6). But since cl(ran Hy) = (ker H})*, it follows
that

(7 HT\Ty = HiToTh.
Next we will show that
(8) ToTy(H) C el (ran Hy) and TiTa(H) C cl (ran Hy).

The first part of (8) follows at once from (2). For the second part of
(8) suppose that for each z € H,

y :=T1Toz = Ty (lim Hozy,) with y € cl(ran Hy),

where the second equality is guaranteed by (2). It now suffices to show
that y € cl(ran Hs). Indeed we have

Hiy = Hy(lim Hoz,)  (by (1))
= limHlexn
= lim HoH{ T\,
= Hf(limHngwn).

Since by (6), lim HyThz,, € cl(ran Hy), it follows that y = lim HyThyzp,
€ cl(ran Hy), which gives the second part of (8). By (7) and (8), we
can conclude that 1115 = ToT;. (]
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REMARK 2. Even though H; and H; are commuting hyponormal
operators, the product HyHs need not be hyponormal: in fact, there
exists a hyponormal operator whose square is not hyponormal (cf. 3,
Solution 209]). However the equality (3) in the proof of Theorem 1
shows that if H; and Hy are doubly commuting hyponormal operators
then the product H; H; is also hyponormal.

On the other hand Sz.-Nagy’s theorem on the dilation theory is as
follows (cf. [4]): Ewvery contraction T € L(H) has a dilation to an
isometry V on €2(H) given by

(T

OOOOS

OO OO
OO~ OO0
O OO0 O
-_OOOOO0O

oo )

where Dy = (I-T*T)'/2. Ando’s work, which applies to the case of two
commuting contraction, is as follows (cf. [4]): Every pair of commuting

contractions Ty, T» has a dilation to a pair of commuting isometries
V1, Ve on £3(#H). Thus we can have:

COROLLARY 3. If (H;, Hz) is a doubly commuting pair of hyponor-
mal operators on a Hilbert space H then there exists a commuting pair
(Va,Va) of isometries on £5(H) such that H; = H; PyVily (i = 1,2),
where Py denotes the orthogonal projection from £2(H) onto H.

Proof. This follows at once from Theorem 1 and the preceding re-
mark. O
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