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LOCAL DERIVATIONS OF THE
POLYNOMIAL RING OVER A FIELD

YonNG Ho YON

ABSTRACT. In this article, we give an example of local derivation,
that is not derivation, on the algebra F(z1,--- ,Zn) of rational func-
tions in z1,- -+ ,Tn over an infinite field F, and show that if X is a
set of symbols and {z1,--- ,Zn} is a finite subset of X, n > 1, then
each local derivation of F[z;,--- ,zy] into F[X] is a F-derivation
and each local derivation of F[X] into itself is also a F-derivation.

1. Introduction

Let R be a commutative ring with unity 1 and X a set of symbols.
The free monoid on X is the set Gx of all finite sequences z; - -z,
of elements from X, including the empty sequence, with the mul-
tiplication defined by juxtaposing sequences: (z1---Zp)(y1-- Ym) =
T1 o TpY1Ym, TiyY; € X (1 =1,---,n, j =1,--- ,m). Thus, the
empty sequence is the unity element of Gx. The free R-algebra on X
is the R-algebra RG x satisfying that every mapping from X to an R-
algebra A extends uniquely to an R-algebra homomorphism of RGx to
A. The familiar commutative polynomial ring R[X| can be obtained by
a similar construction: let Hx be the free commutative monoid on X.
Then R[X] = RHx. If X consists of the distinct symbols z1,--- ,zn,
n > 1, then we will write R[zy,--- ,z,] for R[X] (see [4, p. 6]).

Let A be a commutative R-algebra with unity 1 and M an A-module.
An R-linear mapping d : A — M is called an R-derivation of A into
M if d(ab) = ad(b) + bd(a), a,b € A, and an R-derivationd: A — A is
called an R-derivation on A. A couple (M, d) is called a derivation mod-
ule of A if M is an A-module and d is an R-derivation of A into M. Let
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(M,d) and (N,0) be derivation modules of A. Then an A-module ho-
momorphism f : M — N is called a derivation module homomorphism
if fod =4, and a derivation module homomorphism which is one-to-
one and onto is called a derivation module isomorphism. A derivation
module (U, d) of A is said to be universal if for any derivation module
(M, ) of A, there exists a unique derivation module homomorphism
f:(U,d) - (M,9).

It is well known (see [2]) that for any commutative R-algebra A
with unity 1, there exists a universal derivation module of A, and it is
unique up to derivation module isomorphisms. And a universal deriva-
tion module (U, d) of A can be constructed in the following way: let
U= AQgrA/J, where J is the A-submodule of A ®p A generated by
all elements of the form 1® ab-a®b—-b®a, a,b € A, and define
d:A—->Ubyd(a) =v(l1®a),ac A where v: A®r A — U is the
natural module homomorphism. Then (U, d) is a universal derivation
module of A.

An R-linear mapping o : A — M is called a local derivation of A
into M if for each a € A, there exists an R-derivation §, : A — M such
that a(a) = da(a), and a local derivation a : A — A is called a local
derivation on A.

Every derivation is a local derivation but the converse is not true, in
general. The example is constructed by C. U. Jensen (in response to
question raised during a recture in Copenhagen in 1986). This example
uses the algebra C(z) of rational functions in one variable z over the
field C of complex numbers [3]. This adds further interest to determin-
ing the local derivations of the polynomial rings over C and any field F.
Richard V. Kadison showed that each local derivation of C[z1,- - - ) Zn)
into Czy,- -+ , ] is a C-derivation, where n and m are positive inte-
gers with 1 <n < m [3]. And the similar results for the polynomial
rings over an algebraically closed field are proved in [5, p. 32-41].

In this paper, with any infinite field F', we show that a F-linear
mapping a of F(zy,--- ,x,) into itself is a local derivation if and only
if a(c) = 0 for all constant ¢ € F(zy,--- ,2,), where F(zy,--- ,z,)
is the algebra of rational functions in z1,--- ,2, over F, and give an
example of a local derivation on F(z,--- ,z,) that is not F-derivation.
Next, it is proved that if {zy,--- ,z,} (n > 1) is a finite subset of a set
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X of symbols, then each local derivation of F[z1,- - ,z,], and of F[X],
into F[X] is a F-derivation. Throughout this paper, F' is an infinite
field and X is a set of symbols.

2. Local derivations of the algebra of rational functions over
a field

In this section, F(z3,---,z,) will denote the algebra of rational
functions over F in a set {1, -- ,z,} of variables.

PROPOSITION 2.1 ([1]). Let R[X] be a polynomial ring over a com-
mutative ring R with unity. If U is a free R[X)-module with a basis
{ug : = € X}, where uy = uy if and only if ¢ = y for z,y € X, and
d: R[X] — U is an R-derivation defined by d(f) = 3, x(0f/0z)us,
f € R[X], then (U,d) is a universal derivation module of R[X].

Let (U,d) be the universal derivation module (in Proposition 2.1)

n
of Flzy, - ,zn). Then d(z;) = _ 1%§uzj = gz Ug, = Uz, ¢ €
J:
{1,---,n}. If § is a F-derivation on F[xi,---zy,], then there exists
a unique F[z1,: - ,Tn)-module homomorphism ¢ : U — Flz1,- - ,Zx)

such that ¢ o d = 8, whence &(z;) = ¢(d(z;)) = ¢(ug,), i € {1, ,n},
and we have that

50 = 9ld() = 4 g ve g #um) =3 Oa:ia z2),
f € Flzy,- - ,z,). Hence for any F-derivation § on Flzi,--- ,zn],

5(f) = ; 2£.§(z:), f € Flzy,- -+ ,zn).

LEMMA 2.2. Let § be a mapping of F(z;,--- ,zy) into itself. Then
the following two conditions are equivalent:

(1) 6(f Z (5(3:z ) for all f € F(zy,--- ,Zn),

(2) disa F der1vat1on

249



Yong Ho Yon

Proof. Let 6 : F(a:l, -+ ,Zp) — F(z1,--- ,z,) be a mapping satisfy-
ing that 6(f) = Z J(wz) f € F(z1, -+ ,zn). Then § is a F-linear
mapping and we have that

st = Y. Ms(a) =3 (122 + 02 ) o

=1 i=1

(E ) ()
(;axi@) o (2 56

= fd(g) + 96(f),
f,9 € F(zy,--- ,z,). Hence § is a F-derivation on F(z1,--- ,&y).
Conversely, let § be a F-derivation on F(z;,--- ,z,), and if p is a
non-zero polynomial in Fz1,- - ,zy,], then

0=106(1) =é(pp™ ") =6(p)p~" +po(p1),

whence 5( 1) = —4(p)p~2. Thus, for any rational function f = pg~!
in F(z1,--+ ,,), where p,q € Fz1,--- ,z,] and ¢ # 0, we have that

6(f) = o(p ‘1) =8(p)g~ " +pd(q") = 8(p)a" — pé(q)g2

B n n aq .
- (Bt o | e
_ = Op dq -2
Z [0 -+22) e
~ d(pg") = of
=Y S(zi) =Y 76(x:)
— Ox; p Ox; 0
THEOREM 2.3. Let o be a F-linear mapping of F(z1,- -+ ,x,) into

itself. Then the following two conditions are equivalent:

(1) « is a local derivation,
(2) afc) =0 for all constant ¢ € F(z1, - ,Tn)-
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Proof. Let a be a local derivation on F(zi,--- ,Z,). Then for each
constant ¢ € F(xy,--- ,Zn), there is a F-derivation é. on F(z1,--- ,Tn)
such that a(c) = d.(c) =0

Conversely, if f is a constant in F(zy,---,Zp), then for any F-
derivation 6 on F(zy,--+,Zn), a(f) = 0 = 6(f). Let f be a non-
constant in F(z1,+++ ,%y). Then there exists a z; in {z1,--- ,Zn} such
that 8f/0z; # 0. Take one of such z; and we denote it by z, and define
a mapping &5 of F(z1, -+ ,n) into itself by following:

Oh/0z

51(0) = 57amalf)
for each h € F(z1,- - ,Zy), then d; is a F-derivation and we have that
_of / (9::: .
hence a is a local derivation. O

We have an example of a local derivation that is not derivation
as follows: we can consider F(z;,---,z,) as a vector space over F.
Let X be the (n + 1)-dimensional subspace of F(zi1,--: ,%) generated
by {1,Z1,--- ,Zn}, Y a complement of X, and o : F(x1, -+ ,Zn) —
F(x1,--+ ,n) the projection on Y along X. Then a(c) = 0 for all
constant ¢ € F(zy, -+ ,Zn), whence a is a local derivation by The-
orem 2.3, but it is not F-denvation, in fact, if o is a F-derivation,

then from Lemma 2.2, a(f) = Z a(x;) for all f € F(zq, -+ ,Zn),

and a(z;) = 0, sinee z; € X, ¢ e {1 - ,n}. Hence a(f) = 0 for all
f € F(zy,-+- ,zn), in contradiction with o # 0.

3. Local derivations of the commutative polynomial algebra

If {z1, -+ ,T,} is a finite subset of X (n > 1), then F[X] is viewed as
a F[z1,--+ ,zn)-module. Let a be a local derivation of F[z] into F[X]
with z € X. Then a(c) = 0 for any constant ¢ € F[z], and for each
k € N (N is the set of positive integers), there exists a F-derivation d;«
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of F[z] into F[X] such that a(z*) = 6,x(z¥). We will denote the
by 6. It is easy to show that a F-linear mapping ¢ : Flz] — F[X] is
a F-derivation if and only if §(f) = f'é(z) for all f € F[z], where f’
is the usual derivative of f, by applying the multiplicative property of
the derivation.

LEMMA 3.1. Let a be a local derivation of F|z] into F[X], where
z € X. If a(z) = 6x(x) for each k € N, where 6, : Flz] — F[X] is the
F-derivation such that 6;(z*) = a(z*), k € N, then a is a F-derivation.

Proof. Since a(z*) = & (z*) = ka*16x(z) = kx*~la(z) for each
k € N, we have that

a(f) = (a1 + 2apz + -+ - + nag" Ha(z) = falf),

for f = ap + a1x + a2z® + --- + a,z™ € Flz], where f’ is the usual
derivative of f, hence « is a F-derivation. |

THEOREM 3.2. Each local derivation of Fz] into F[X] is a F-
derivation, where x € X.

Proof. Let a be a local derivation of F[z] into F[X] with z € X.
Then for each j € N, there is a F-derivation d; : F(z] — F[X] such
that

afz) = 6,(x) and afz?) = jz?~16;(z) ( > 2).
Let g; = 6;(z), 7 € N. Then a(z’) = jzi~1g;, j € N, and we shall
show that gy = go = -+ = g, = +--, whence « is a F-derivation from
Lemma 3.1.

Choose a non-zero element a in F and let p = 27 —a?~%z* k,j € N.
Then p € Flz] and there is a F-derivation 8,2 : Flz] — F[X] such that
a(p?) = 6,2(p?), hence we have that

(1) 2p0y2(p) = &p2 (p%) = (p?)
= a(z% — 2q7~kgith 1 2= 42k
= a(z¥) - 207" *a(27tF) 4 a20F) o(2%F)
= 2ja* 7 g5 = 2(j + k)’ F g

+ 2ka2(j_k).’l,‘2k_lgzk.
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With z replaced by a in (1), we have that

0= 20" [jigo; — (j + k)gjtk + kgorl,_, »

since the left side of (1) is 0, for p(a) = 0, whence

0=[ig2; — (5 + k) gj+& + kgax),_, -

Since a is arbitrary non-zero element in F',

0= [jg2; — (4 + E)gj+k + kgor],_,

for all non-zero a € F. Hence 0 = jgo; — (j + k)g;+x + kgox in F[X]
and it follows that

(2) (7 + k)gj+k = jg25 + kgok-
For any k € N and non-zero a € F, let g = 1—a~*z*. Then q € F[z]

and there is a F-derivation dg2 : F[z] — F[X] such that a(q?) = §,2(¢?).
Proceeding as in the computation of (1), we have that

3) 2¢0,2(q) = —-2k(a"kwk"lgk - a'2kw2k_1g2k),

and with z replaced by a in (3), 0 = a™ ! gy — 92k p—a> for g(a) = 0,
hence 0 = [gx — gok)z=a for all non-zero a € F, whence it follows that
gk — g2k = 0 in F[X] and

(4) 9k = g2k.

If j = k4 1 in (2), then we have that

(5) (2k + V)gak+1 = (k + )gort2 + kgok-

We shall show that g1 = g2 = g3 = -+ = gop_1 = gop = 9Pony1 = -
by induction in n.

If k = 1in (4) and (5), then g; = g» and 3g3 = 2g4 + g2, respectively.
Since g2 = g4 by (4), 393 = 392 and g3 = g, hence g1 = g2 = g3.
Suppose that g1 = go = g3 = --- = gax—1 = g2k = gok+1, k € N. Then
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g2k = g2k+1, hence from (5), (2k + 1)goxt+1 = (k + 1)goxt2 + kg2x+1,
whence (k + 1)gak+1 = (k + 1)g2k+2 and gox+1 = g2k+2, hence we have

that g1 = g2 = -+ = goky1 = gort2. Since gry2 = gor42 and since
k+2 = G2k+4 from (4), gax+2 = gok+a. With & replaced by k+1 in (5),

(2k + 3)g2k+3 = (k + 2)g2k+4 + (kK + 1)gok+2
= (k+ 2)g2k+2 + (k + 1)g2k+2

= (2k + 3)g2k+2

and gok+3 = gok+2. Hence g1 = g2 = --+ = Gakt+1 = g2k+2 = 92k+3- It
follows by induction that g; = g; for each ¢,5 € N. O

LEMMA 3.3. Let a be a local derivation of Flzy,--- ,,] into F[X]
that satisfies a(z;) = 0 for each j € {1,--- ,n}, where {x1,--- ,zs}
is a finite subset of X. If the restriction of o to F(z;(1), " ,Tjn-1)]
is a F-derivation for all (n — 1)-element subset {Z;(1), - ,Zjn-1)} of
{z1, -+ ,zn}, then the local derivation o is 0.

Proof. Let «: F[zy,- -+ ,z,] — F[X] be a local derivation such that
a(z;) =0, j € {1, ,n}. Then since the restriction of a to F[z,] is a

F-derivation from Theorem 3.2, we have that
(1) a(zf) = kzy a(z1) = 0,

k € N, and since the restriction of a to Flzs,--- ,z,] is F-derivation
by hypothesis, we have that

@) alzs® .. zkm)

n
—Zk k(2) - k(zl l)xk(z) 1 k(z+1) - zF M a(z))
=2

for all non-negative integers k(i) (: = 2,--- ,n).
Let z’f(l) .- 25 be a monic monomial in F [1,--- ,2,]) With non-
negative integers k(i) (¢ = 1,--- ,n). Choose any non-zero elements
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by, ,bn in F, and let @ = —bfM5;*® .. 5.5 and ¢ = o}V +
azt® ... 25" Then a is a non-zero in F and q € Flzi,--- ,n). Since
a is a local derivation of F[z,,- - - , z,) into F [X ], there is a F-derivation
8g2 : Flzy, -+ ,2n] — F[X] such that a(g?) = 6,2(¢%), and we have that

29842(q) = 82(¢°) = alg?)
= a(mfk(l) + 2ax’1°(1)x’2°(2) ..k 4 azxgk(z) oo 2Ry

= 2aa(zFMzE@ ... k()
from (1) and (2), hence it follows that
(3) G/—lqtsqz (q) = a(;p’f(l) . $,I;(n))

With z;,--- ,z, replaced by by,--- ,b,, respectively, in (3), we have

that 1
O = [a(ml( ) “e mg(n))] ,

m1=b11"'7$‘n:bn
for q(b1,---,b,) = 0. Since by,---,b, are arbitrary non-zero ele-
ments in F, a(z¥ ... 25™) = 0 in F[X] ([6, Th.I.14]). It follows

that oz 'f(l) - k(n)) = 0 for all monic monomial :vk(l) . zh™ in
F[z1,--- ,z,), and hence a = 0. a

Let Hx be the free commutative monoid on X, M an F[X]-module,
and ¢ a mapping of F[X] into M. If §y : Hx — M is a mapping defined
by

So(zF W) ... g(m))

_Zk(z k(1) k(1 1)$k(z) -1 k(z+1) 2k M ()

for any :ck(l) - xﬁ(n) € Hx, then dg has a unique linear extension to a

F- derlvatlon §: F[X] - M given by

) (Z raghi @) . -a:fjf"”) = Znéo(x'f"(l) s ghilnad),

for ), ria:lfi(l) mﬁ,(n’) € F[X], and §(z*) = 6o(z*) = kx*~1yp(z) for
z € X and k € N, especially, §(z) = ¢(z), z € X.
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THEOREM 3.4. Each local derivation of Flzy,--- ,z,) into F[X] is
a F-derivation, where {1,--- ,z,} is a finite subset of X.

Proof. Let a: Fzy,- - ,z,] — F[X] be a local derivation. If n = 1,
the restriction of a to F[z;] (j € {1,---,n}) is a F-derivation from
Theorem 3.2. Suppose that the restriction of a to Flz;qy, -+, Zj(r—1)]
is a F-derivation for all (r — 1)-element subset {z;q), -+ ,Z;(-1)} of
{z1, - ,z,} withr < n. We show that the same is true for all r-element
subset of {1, -+ ,z,}. It will suffice to prove that the restriction of «
to Fz1,--- ,z,] is a F-derivation.

Let H be the free commutative monoid on the set {z;,--- ,z.} and
define a mapping & : H — F[X] by

So(z" D) ... )y

=2 k@)= a0 T 2k aay),
=1

]

where the k(i) are non-negative integers. Then &y has a unique lin-
ear extension to a F-derivation § of Fzr1,--- ,z,] into F[X] such that
0(z;) = afz;), 1 € {1,--+ ,r}. Since § and « are a F-derivation and a
local derivation, respectively, a — ¢ is a local derivation of Fzy,--- ,z,]
into F[X] such that (@ — 8)(z;) = 0, i € {1,---,r}. Since by as-
sumption, the restriction of a to F[z;x), - ,Z;j(r—1)] is a F-derivation
for all (r — 1)-element subset {z;x),---,z;—1)} of {z1, -,z HC
{1, ,zn}), @—4 is a F-derivation of F[z (1), ,Z;(»—1)] into F[X].
It follows that a — d = 0 from Lemma 3.3, and @ = § on Flzy,--- ,z,],
whence a is a F-derivation of F[z;,--- ,z,] into F[X]. a

THEOREM 3.5. Each local derivation on F[X] is a F-derivation.

Proof. Let a : F[{X] — F[X] be a local derivation and Hx a free
commutative monoid on X. Define a mapping d : Hx — F[X] by

50(1-’1“(1) e xfl(n))

= ST k(@)zf®) . DO kg (g,
=1
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for non-negative integers k(i) (¢ = 1,---,n). Then §p has a unique
extension to a F-derivation ¢ : F[X] — F[X] such that é(z) = a(z)
for all z € X. Since a and 4 are a local derivation and a F-derivation,
respectively, a — ¢ is a local derivation on F[X].

Let z’f(l) .-+ 28 be a monic monomial in F [X]. Since the restriction
ofato Flzy,- - ,z,] is a F-derivation from Theorem 3.4, the restriction
of a—6 to Fzy,- - ,z,] is also a F-derivation such that (a—§)(z;) =0
for all7 € {1,--- ,n}, and we have that

(= 8)(zfM ... k()

n
k(1 k(i—1)_k(i)-1_k(i+1 n
_ Zk(z)wl( )"'$i£1 1)$i(1) 1$i4(r1+ )...xﬁ( Na - 8)(z;)
i=1

=0.
It follows that (a — 5)(:1:’1°(1)---:cﬁ(")) = 0 for all monic monomial
2y ... 25" ¢ PIX], hence a — 6 = 0 and « is a F-derivation. 0O
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