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NILPOTENCY CLASSES OF RIGHT
NILPOTENT CONGRUENCES

JOOHEE JEONG

ABSTRACT. It is known that a right nilpotent congruence 8 on a
finite algebra A is also left nilpotent [3]. The question on whether the
left nilpotency class of 3 is less than or equal to the right nilpotency
class of g is still open.

In this paper we find an upper limit for the left nilpotency class
of 5.

In addition, under the assumption that 1 ¢ typ {A}, we show
that (B]F = [B)* for all kK > 1. Thus the left and right nilpotency
classes of 3 are the same in this case.

1. Introduction

The commutator operation on the lattice of congruence relations on
algebras has found its deepest applications in the study of congruence
modular varieties [1]. The list of problems that have been solved using
commutators are too long to mention here. For the nonmodular case
the usefulness of commutators is severely limited because in nonmodular
varieties the commutators no longer enjoy some nice properties such as
commutativity and complete additivity.

However, in [2] D. Hobby and R. McKenzie obtain various results
concerning commutators for finite algebras in nonmodular varieties using
the tame congruence theory developed by them. In [3] K. Kearnes devises
a new method, using tame congruence theory heavily, of overcoming
the lack of those nice properties of commutators in finite algebras in
nonmodular varieties, which he calls annihilation of tame quotients. His

Received August 31, 1998.

1991 Mathematics Subject Classification: 08A05. .

Key words and phrases: commutator, nilpotent congruence, nilpotency class.
Research supported by TGRC-KOSEF 1998.



Joohee Jeong

method greatly expands the applicability of commutators for algebras
that does not generate modular varieties.

One of the nicest properties of the commutators in a modular variety
V is the following equivalence of the 4 conditions

C(B,6;6) & 6>(B,0] & C(8,8,6) < ¢6>10,0]

where (3, 6 and § are any congruences on any algebra in V. In general, for
algebras in nonmodular varieties, these 4 conditions are not equivalent
to each other.

In (3] K. Kearnes examines the relationship among the 4 conditions:
C(8,0;6), 6 > [B,6), C(0,5;9), and § > [0, 5] for the case when (4,6) is
a tame quotient in a finite algebra A and (3 is any congruence on A. It
is obvious that C(3,6;8) = é > [B,0] and C(4,5;0) = 6 > [0, ]. But
in general all other implications fail. Kearnes shows that under some
-moderate assumptions some of the nonobvious implications hold.

He obtains various interesting results using the nonobvious implica-
tions among the 4 conditions. One of the results is that right nilpotent
congruences in finite algebras are also left nilpotent. But left nilpotent
congruences are not necessarily right nilpotent, and for infinite algebras
right nilpotence does not imply left nilpotence.

One of the problems he poses in [3] is whether the left nilpotency class
is less than or equal to the right nilpotency class for a right nilpotent
congruence (3 in a finite algebra A. We do not settle this problem here.
However, we find an upper bound on the left nilpotency class of 3. The
upper bound we propose is rather rough though. In addition we find the
answer to above problem to be affirmative provided that the type set of
A omits the unary type. In fact the left and right nilpotency classes are
the same in this case.

As a matter of fact the condition of 1 ¢ typ {A} is strong enough to
imply that left nilpotent congruences are also right nilpotent. This fact
is essentially included in the work of Kearnes’ in [3] although he does not
explicitly say so. Nevertheless, even under the assumption 1 ¢ typ {A},
it is not immediate to get “left nilpotency class = right nilpotency class.”

We assume that the reader has a nodding knowledge in universal al-
gebra, commutator theory and tame congruence theory. Our reference
for these subjects are [4], [1] and [2].
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2. Nilpotent congruences

We use the following notation. Let « and § be congruences of an
algebra A.
(1) (o' =)' =[a]' =0
(2) (@, B)' = [, B)! = [, B].
(3) (o™t =
(4) o)™ = [[a)", o,
(5) (™! =[le]" [a]"],
(6) (o, 8" = [a, (o, )",
(7) [, B)** = ([, 8)", B]-
For n € N, if (a]**! = 0,4, then we say that o is n-step left nilpotent. a is
left nilpotent iff it is n-step left nilpotent for some n. The left nilpotency
class of a is the natural number n such that « is n-step nilpotent but not
(n — 1)-step nilpotent. Similarly we define the right nilpotency (class).
Recall that a is said to be solvable if [a]® = 04 for some 7. Note that
nilpotent congruences are solvable, but not vice versa.

Q
p—

THEOREM 1 (K. Kearnes). Let A be a finite algebra. Suppose that
(6,0) is a tame quotient of A, U is a (8, 8)-minimal set with body B
and tail T, and 3 is any congruence on A. Consider the following four
conditions:

(a) C(B,6;90),

(b) 6> (B,6],

(c) C(6,5;0),

(d) 6>10,0].

We have

(1) If typ(6,0) € {3,4,5}, then (a) = (b) ¢ (c) & (d) holds. If
(B)*ly € B> U T? for some k > 1, then they are all equivalent.

(2) If typ (6,6) € {2}, then (a) = (b) = (¢) & (d) holds. If (B)*lp C
B2U T? for some k > 1, then they are all equivalent.

(3) If typ (6,6) € {1} and if (B)F|ly C B> U T? for some k > 1, then
(¢) = (d) = (a) < (b) holds.

Proof. See [3]. " O

COROLLARY 1 (K. Kearnes). Any right nilpotent congruence on a fi-
nite algebra is also left nilpotent.
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Proof. See [3]. O

Following is a useful lemma that is easily proved.

LEMMA 1. If 3 is a right nilpotent congruence on a finite algebra A
and if (0,0) is a tame quotient in Con A, then we have the implication

62 1[0,8=62=B,0]

Proof. By corollary 1 there exists an integer k such that (8)F|y = 04.
Hence

(,B]kIU = OAIU - .B2 U T2,

Therefore we can apply lemma 1 to get the desired implication. 0l

Using above lemma we can obtain an upper limit for the left nilpotency
class of a right nilpotent congruence on a finite algebra as in the following
theorem.

‘THEOREM 2. Let (3 be a right nilpotent congruence on a finite algebra
A. Let n € N be such that there exists a sequence

B=9%>v> " >9 =04

of coverings of congruences such that [8)F € {vo,--- ,7n} for all k > 1.
Then (B]™*! = 04: ie., the left nilpotency class of 3 is less than or equal
to .

Proof. We will show that v; > (8]*™ for each i < n by induction on i.
That will suffice. For 7 = 0 there is nothing to prove. Assume 7; > (8]*+!.
We need to show ;1 > (8]"*2.

Choose k > 1 so that [8)* > «; > 7.1 > [B)¥*!. Then

Yi+1 > [ﬂ)k-‘rl = [[ﬂ)k1ﬂ] 2 [72’/3]
We apply lemma 1 to get

Yir1 = [,
Now by the induction hypothesis y; > (8]**!, we see that

v = [B,7) = 18, (8] = (8]

which was to be shown. O
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In lemma 1 the condition of the quotient (4, ) being tame was critical.
We can strengthen the lemma by replacing this tameness condition with
“(8,0) is tame or typ{d,0} = {2}.” Further we can prove the other
direction § > [#,8] < & > [, 0] under the assumption typ {d,6} = {2}
and 0 < 3. - : :

LEMMA 2. Let 3 > 6 > § be congruences of a finite algebra A. If 3 is
a right nilpotent congruence on A and if typ {6,0} = {2}, then we have
the biimplication

§>1060,8] & 6> 15,6

Proof. Let us prove (=) first. Suppose § > [0, 3] and assume, for
the purpose of getting a contradiction, that § 2 [3,6]. The assumption
implies the failure of C(f3, 6; &), and hence there exist (u,v) € 8, (a;,b;) €
6 fori=1,--- ,n and p(z,7) € Pol,,1 A such that

p(u,a) 2 p(u, l_)) and p(v, a) Gédp(v, b).

We are going to find p’ € Pol, 1 A such that

- 0 _
(1) p'(u,a) = p'(v,a) and p'(u,b) Z p'(v,b).
That will suffice to show § 2 [6, 3].
First, choose a prime quotient (v, A) in the interval I{4, ] so that

p(v,8) = p(v, b).

Let U be any (v, A)-minimal set with body B and tail T. Note that
Ay is of affine type from the hypothesis of this lemma. Without loss of
generality the range of p is U, and the two elements p(v,a) and p(v, b)
belong to B. Observe that § is left nilpotent by corollary 1. Thus
(B%|ly = O4ly € B> UT? for some k > 1. Now by a basic lemma of the
tame congruence theory, we get By C B2UT?. (See lemma 4.27.(4).(ii)
in [2].) Since p(u,a) £ p(v,a) and p(u,b) £ p(v, B) we now have all the
4 elements p(u, @), p(u,b), p(v,a), and p(v,b) in B.
Let d(z,y, z) be the pseudo-Maltsev operation of U, and let

P(z,9) ¥ d(p(z, 9), (=, ), p(v, @)).
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With this polynomial p’ we have
7' (u,a) = p(v,a) = p'(v,a), and
P'(u,b) = d(p(u, b), p(u, ), p(v, )
= p(v,) # p(v,8) = P(v,D),

which implies (1) that we were to obtain.

Now to prove the other direction (<), suppose § > [3, ], and assume
that & # [0,0]. The assumption implies the failure of C(8,3;6), and
hence there exist (u,v) € 6, (a;,b;) € ffori =1,--- ,n and p(z,7) €
Pol,., ;1 A such that

é d(p(U, l_)),p(u, B)) p(’U, a’))

9 - _\ 6=5 -
p(u,a) = p(u, b) and p(v,a) = p(v,b).
We are going to find p’ € Pol,.; A such that

2) P(1,a) = p'(v,3) and p'(w,5) # p/(0,b).

That will suffice to show § 2 [5,6]. In this way, the proof proceeds
almost the same way as before except the place where we show that the
4 elements p(u,a), p(u,b), p(v,a) and p(v,b) all belong to the body B

of a (7, A)-minimal set U. This time we have p(u,a) 2 p(v, b) instead

of p(u,a) £ p(v,b). But # < 3 is a hypothesis of this lemma. Hence
8lv < Bly € B2UT? holds as before. We skip the rest of the proof. [J

Now we are ready to prove the following main theorem of this paper.

THEOREM 3. Let (3 be a right nilpotent congruence in a finite algebra
A. Suppose that 1 ¢ typ{04,3}. Then for every k > 1, we have

(8 = [B)".
Thus the left nilpotency class of § Is equal to its right nilpotency class.

Proof. We will only prove (8]¥ < [8)*. The proof of other direction
(B} > [B)* is similar and hence omitted. We proceed by induction on .
For k < 2, there is nothing to prove.

Let us assume (8)* < [B)* as the induction hypothesis and try to
prove (B)F+! < [B)F+1. Let § = [B)**! and 6§ = [B)*. Without loss of
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generality we assume that [3)F > 04: i.e., § < 6. Then by our hypothesis
1 & typ {04, 8} we may apply lemma 2 to get

B > [[8)*, 8] = 8" = (8, [8)"].
Now by the induction hypothesis [3)* > (8]* we have

18 2 16,(8)") 2 (5, (8] = (6

that was to be shown. 0

'COROLLARY 2. Let (3 be a right nilpotent congruence in a finite al-
gebra A such that 1 ¢ typ {A}. Then for every k > 1, we have

(8 = [B)*.
Thus the left nilpotency class of 3 is equal to its right nilpotency class.

Proof. Apply theorem 3. 0

3. Discussion

The main theme of this paper is the relationship between the left
and right nilpotency classes of a right nilpotent congruence 3 on a finite
algebra A.

If we have the commutativity of commutators, as it happens in mod-
ular varieties, it is obvious that the left and right nilpotency classes
coincide.

In this paper we showed that under the condition 1 ¢ typ {A}, which
is strictly weaker than the condition that A belongs to a modular variety,
the left and right nilpotency classes coincide. (By the way, under this
condition 1 ¢ typ {A} it is trivial to see that K. Kearnes’ result really
includes the fact that left nilpotent congruences on finite algebras are
also right nilpotent, as we mentioned earlier.)

For the general case when the type set of A may contain 1, we do
not know whether the proposed upper limit for the left nilpotency class
given in theorem 2 can be sharpened in any way.
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