Comm. Korean Math. Soc. 14 (1999}, No. 4, pp. 843-850

SOME PRODUCT FORMULAS OF THE
GENERALIZED HYPERGEOMETRIC SERIES

YoUunG JooN CHO, TAE YOUNG SEO AND JUNESANG CHOI

ABSTRACT. The object of this paper is to give certain classes of pre-
sumably new product formulas involving the generalized hypergeo-
metric series by modifying the elementary method suggested by Bai-
ley.

1. Introduction and Preliminaries

The generalized hypergeometric function with p numerator and ¢ de-
nominator parameters is defined by

al, ,ap; y
z| = pFglon, ... ,ap01,--. .84 2
[,81, '7/8q; } p q[ ) ) p,,B, 7'8‘17 ]

_ o (@)n - (ap)n 2
B Z (Bi)n -+ (Bg)n nl’

where (c),, denotes the Pochhammer symbol (or the shifted factorial) is
defined by, o any complex number,

(1.1)
(@) :={a(a+1)”'(a+"_”’ ifneN:={1,23 ...}

1 ifn=0.

From (1.1), we can easily deduce the following formula:
(=D)*)n
(1.2) (@)p—g = 7——= (0<k<n).
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The well-known Gamma, function I" has a relationship with the circu-
lar function:

(1.3) I+ 2)D(1 - 2) = —=

sinwz’

Gauss’s multiplication formula is given as follows:
) ' O j—1
(1.4) T(mz) = (2m)2(-mmme—3 H r <z + ]———) (m € N).
i=1 m

The following identity is well known and can readily be deduced from
(1.1):

(15) (@)kn = kkI:I (ﬁf—k—‘—l-)

We also recall the following summation formulas for ,Fy:
_T(1+a-bI(1+ 1a)
" T(l+ia-b)T(1+a)
(Re(b) <1;14+a-b#0,-1,-2,...),

Fila,b;1+a—b; —1
(1.6) 2Fi(a “ )

(see [3, p. 78, Formula 53));

a, b, c
3by ;1
l+a—-b,14+a—c

(1.7) _T(1+30)T0+a-bT(1+a—cl(1+3a—b—c)
TT(l+a)f(1+la-bT(1+la—c)T(1+a—b—c)

<Re (—;-a—b— ) > —1) (see [2]).

Bailey [1, p. 247] stated the following product formulas associated
with the generalized hypergeometric series without proof:

. € of'1 2, T - Ccos n!?
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1 2
(1.9) e’ o Fy (g, 3 ——) —1+223f" ! cos—--f—.
Indeed, put
1 2 x3 b z"
T )=1 o
e” oy (3 3 ) +nzz:1a oy

It is a routine work to get

[n/3]

(-1)™n!
" e (), (],

Using (1.2) and (1.5), we obtain

73737 ¥

n=3Fy |—=
32[3 3) 3

which, using Dixon’s theorem (1.7), reduces to
rHrErEri) ,
23r(3-HIrG+HTE+3)T(B)

Finally making use of (1.4) (m = 2 and m. = 3) and (1.3) yields (1.9).
Similarly, using Kummer’s theorem (1.6) and (1.3), we can prove (1.8).
On the other hand, Bailey also generalizes (1.8) and (1.9) by using an el-
ementary method totally different from those given just above as follows
(see [1, pp. 247-248, Eq. (3.8)]): For A a prime,

. 12 A-1 T\
¢ ol [x’x’“"—r"(x) ] |
oo b
_ 1 n2r—=1m  n(2r-1)m| 2"z
—1+—): E {ngcos 2 cos X Y

which, for A = 2 and X = 3, reduces immediately to (1.8) and (1.9).

Ay =

(1.10)
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In this note we are also aiming at providing some product formulas
involving the generalized hypergeometric series of similar nature of (1.10)
by modifying the elementary method proposed by Bailey in the proof of
(1.10). Indeed, we obtain the following presumably new formulas: For A
an odd prime,

(1.11)
1 1 1 2

A
Al T
(-1) ‘X!"0F2/\—1 {ﬁ + 2 ox

n=1 \\r=
and
1 2 A—=1 /z\*
€ oFx-1 [X’ X"“’—_)\_’(X>]
1.12
( ) —1+li{/\cosnr—cos(ﬂ)}2n n
’\n=1 — A A 17

where A is a prime.

It should be remarked in passing that the formula (1.11) is seemingly
a contiguous analogue of (1.10) and the formula (1.10) is concerned with
an alternating series in comparison with (1.12).

2. Proofs of Formulas (1.11) and (1.12)

Let w = e'"x‘i, where A is an odd prime. Consider the function

A [e’S)
s 2r—1
f(z) = E e = E anz",
r=1 n=0
where the coefficient a,, is, in terms of Maclaurin series expansion,

an=% (n e NU{0}).
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We find that
A

(n) — 2_n_ 2rn
OO = Gm 2w

and also observe that

A A

r=1 r=1

_ { 0 if n is not a multiple of A,
L A if nis a multiple of \..

From the above observation, we have

_1OM0) _ (-
v N VST

and otherwise the coefficient a,, vanishes.
We thus have

(2.1) ‘
A [e] Ny -
ziw?™ "l _ (_]_)n,Ln)\ ni
2 A

m=0

\ & §2mA o ad ,L'(2'm+1))\ (@ma1)x '
=X @ma)l" _2-:40((2m+ IS

O\ F 11,12 2 1
TR N T a2
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Indeed, using (1.5), we have

©  2mA A o0 (__1)m)\ (.’L’2>‘)m
;;;(%nAﬂx ‘“22% (D)2mr

A1 a-1 11 (e
22 72\ 2’27 \ 42 ’

Next, A being an odd prime and letting A = 21 + 1,

o0 j(2m+1)A 2@mEDA _ —(i:c)’\ i (—l)mA (xzx)
=0 ((2m + 1))\)' m—0 (1)(2m+1))\
A
. PESHK 1 11 2 1 2
=i(=1)F = Fp-1 |42y —+1, —+ =, —+1, -,
i(=1) M°2*1LA+T2A+’2A+T2A+’

A-1 1 A-1 3 (-2 A
2 22X 727\ 4)2
by considering the following identity |

A . A .
— y@m+1)A J — 2 (2m+1)A J(J
Wmin =AW (1) =xem [T (1)
J:l 2m+1 _7:1 2m

92mA )| ] 1 ]
—_Zem+a s A J 1 J
A > 11(u+2)nzx+om'

On the other hand, we have

(22) r=1 n=0r=1
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and so, if n > 1,
A

Z (1 +iw2'r‘—1)n'
ot n!
B _"2*: n(T, @ =D
Tl &\ 2)
o leos [T 4 (2r —1)nm visin (7T 4 (2r — )nm
22\ 2\
by noting

(14 i hym = (14 (B35

= (1 + cosd + isin7f)"

: 2
where 6 = 1/2 4 (2r — 1)/,
We therefore obtain the formula (1.11) by equating the imaginary

part of (2.1) and (2.2). Moreover, comparing the real part of (2.1) and
(2.2) yields another presumably new formula: For A an odd prime,

n_ _ n 0 nrd . . nwo
= 2" cos" — cos—2—+zsm—2- ,

- {2.3 ‘
( ZF 11,12 2 1 A-1 /\—1+11<—:1:2>>‘
€ - ke a? axliav ~ ""—-_-1— —’_; N
RSl a2 a2 23 2x 2727 42
1 & 2 x| (2r — )m nr  (2r — L)nw 2™
:1+X2{Zcosn<z+ o3\ )cos<—4——|——-———2)\ ) Ew”.
n=1 \r=1
Setting A = 3 in (2.3), we obtain the following formula
24
(z) 11125(—:1:2)3
e 0F5 T At wy T m
63 2 36 36
1 & 5 : 13 n
=14 {cos” o7 <:os5n—7r + cos™ 3m cosﬂ + cos™ =7 coslgn—ﬂ} 2—m"
= 12 12 4 4 12 12 | n!

We also note that the ca$e A =6 in (1.10) seemingly agrees with the
formula (2.4), but since A is a prime, we cannot get the formula (2.4)
from (1.10). ‘
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Similarly as in getting (1.11) and (2.3), considering the function

A
9(z) := Zezw% (w=e"™* and A a prime),

r=1
we readily obtain the formula (1.12).
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