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ON THE ALMOST SURE CONVERGENCE OF
WEIGHTED SUMS OF 2-DIMENSIONAL ARRAYS
OF POSITIVE DEPENDENT RANDOM VARIABLES

TAE-SUNG KiM, Ho: YU BAEK AND KWANG-HEE HAN

ABSTRACT. In this paper; we derive the almost sure convergence of
weighted sums of 2-dimensional arrays of random variables which are
either pairwise positive quadrant dependent or associated. Our re-
sults imply an extension iof Etemadi’s (1983) strong laws of large
numbers for weighted sums of nonnegative random variables to the
2-dimensional case.

1. Introduction

Lehmann (1966) introduced the notion of positive quadrant depen-
dence: A sequence {X; : ¢ >1} of random variables is said to be pair-
wise positive quadrant dependent (pairwise PQD) if for any real r;,r;
and i # j, P{X; > ry, X; > r;} > P{X; > n}P{X; > r;} (or
P{X; <7, X; <7;} > P{X; < r}P{X; < r;}. A much stronger con-
cept than PQD was considered by Esary, Proschan, and Walkup (1967):
A sequence {X; : i > 1} of random variables is said to be associated
if for any finite collection {X;q), -+, X i)} and any real coordinatewise
nondecreasing functions f, g on R", Cov(f(X;qy, -+, Xjm), 9(Xja) -
X)) = 0, whenever the covariance is defined. Let us remark that associ-
ated random variables are always pairwise PQD and that (pairwise) inde-
pendent random variables are (pairwise PQD) associated. For a sequence
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of random variables the strong law of large numbers are investigated ex-
tensively in the literature. Etemadi (1981) derived the strong law of large
numbers for a sequence of pairwise independent, identically distributed
random variables and extended it to the d-dimensional array of random
variables. Etemadi (1983 a) studied the strong law of large numbers for a
sequence of nonnegative random variables which are pairwise negatively
dependent and Etemadi (1983b) derived the almost sure convergence of
weighted sums of nonnegative random variables.

Birkel (1989) also studied the strong laws of large numbers for sequences
of random variables which are either pairwise positively quadrant depen-
dent or associated. Kim et al. (1998) extended the Birkel’s (1989) results
to the 2-dimensional case (see [7]).

Let {X;,j > 1} be a 2-dimensional array of random variables, assumed
throughout ‘this work to be nondegenerate, with finite first moment and
let {wj,j > 1} be a 2-dimensional array of positive numbers. Define

z1<]<n w; X; and W, = Zl<]<'n wj.
In this paper we study the almost sure convergence of (S, — ES,)/W,
to zero as n — oo for the case where the 2-dimensional positive dependent
random variables are nonnegative and {w;, j > 1} satisfy

(1) . E)g—»Oande—>ooasg—»oo,
W, .
where n — 00 means that |n| =n; x ng — oo for n = (n,ny).

Then we apply the result to the 2-dimensional array of random variables
which are either pairwise PQD or associated.

In Section 2 we obtain a strong law of large numbers of weighted sums
of 2-dimensional arrays of positively dependent nonnegative random vari-
ables by extending Theorem 1 in Etemadi (1983 b). In Section 3 we derive
strong laws of large numbers for 2-dimensional arrays of random variables
which are either pairwise positive quadrant dependent or associated.

2. Preliminaries
By extending Theorem 1 of Etemadi (1983 b) we obtain the following
theorem which will play the key role to derive our main results.

THEOREM 2.1. Let {w;,j > 1} be a 2-dimensional array of positive
numbers satisfying (1) and let {X; : j > 1} be a 2-dimensional array
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of positively dependent nonnegative random variables with finite second
moments such that

(2) sup EX < 00,

Jjz1

wiijov(Xi, Xl)

3 > Y

321 1<fil<l|

Let Sy =) 1cjc, Wi X;- Then asn — 00,(S, — ES,)/W, — 0 a.s., where
n — 0o means that In| =ny x ng — oo for n = (ny, ny).

PROOF. Let a > 1, b > 1.and for each k = (k;, k), set ng = n such
that ny < n < gy and aB1bR2 < W, < a®+1b8*!, Since W, /W,y — 1 as
n —» 00, it follows that W,, ~ ak1b* for all large k; and ky. Therefore for
some positive ¢ and every i > 1, {k : ny > i} C {k: Wa, > Wit C {k:
ca®b? > W;} and thus by Chebyshev s inequality we have for every € > 0

> " P{|S,, — ESy| 2 €Wy, |}

k>1
Var(Sy,)
S 1 _ =
w,w,C'av X,,X)

© ey Y Y

k>1 1<5<n; 1<i<n;

wszCov (X X;)

<a), Y. Z o2k p2k;

k>1 1<j<n; 1<é<ls)

<Caz Z wzw]Cov(X,,X)

321 1<lil<l] Wi

* which yields by the Borel-Cantelli lemma

S, — ES,,
(5) ‘L_—I/Vni_‘_ — 0 a.s.
Now given k = (ki, k2), positive integers ki, ky for ny <n < Tg+1 We have
(6) Sy — ES, Sngy — ESy, Woy  ESn, — ESn,
W, |1 W, W, Wi,
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by using the monotonicity of S,,. Note that the first term on the right-hand
side of (6) converges almost surely to zero by (5). From (2) and the fact
that W, ~ a"1b* the second term on the right-hand side of (6) becomes

ES,,_, — ES,,
(7) —= = <supEX;(ab—1)
W, 21
and thus
) |S, — ES,]
(8) lim szp ( W, ) < Sllzli) EX,(ab—1)
for every a > 1 and b > 1 which concludes the proof since a and b may be
arbitrary close to 1. (|

CoroLLAY 2.1. Let {w;,j > 1} be a 2-dimensional array of positive
numbers and let {XZ : j > 1} be a 2-dimensional array of pairwise inde-
pendent random variables with finite second moments such that

(9) sup E|X; — EXj| < oo,
_7>1
wiVar(X;)
21 ]

Let Sy = Y 1< ;< w;X;- Then asn — oo, (Sy — ESy)/Wp — 0 as.

PROOF. Let S, = 21<J<n w;(X;—EX;)* and its negative counter part,
S, = Ez<]<n 'wJ(X — EX;)~. Then from Theorem 2.1 and the fact that
forj > 1 Var[wJ(X — EX;)*] < Blwi(X; — EX; ) < Varlw; X;] we
obtain the desired result by noting that ES; - ESi* =0. ]

Finally we introduce the following maximal inequality for 2-dimensional
array of associated random variables in Newman and Wright (1982).

LEMMA 2.1. (Newman, Wright, 1982) Let {X; : j > 1} be a 2-
dimensional array of associated random variables with EX; = 0, EX; 2

00. Then, for Ay > A; > 0, we have
2

ES? \%
. 35-1 n 4 > %
(1) P{max S, > b} < 372 (__(x2 - w) [P(S, > M.

PROOF. See the proof of Theorem 10 of Newman and Wright (1982).
O
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3. Main Results

The following theorem is the almost sure convergence of weighted sums
of 2-dimensional arrays of PQD random variables.

THEOREM 3.1. Let {XZ i e 1} be a 2-dimensional array of pairwise
PQD random variables with finite variance. Assume

wzw]COU XZ, X;)

(12) 3 < 00,

3=1 1< i< 4] J_

(13) sup E|X; — EXj| < co.

jz1

Then, as n — 00, (S, — ES,)/Wy, — 0 a.s., where S, = 3, .o w; X;.
PrOOF. First note that (X;, X;) is PQD if and only if
Cov(f(X3), 9(X;)) 20,

for all nondecreasing (nonincreasing) functions f, g such that the covari-
ance exists (see Lemma 1 of Lehmann (1966)). Hence the w;(X; — EX;),
J > 1, are pairwise PQD and without loss of generality, we may assume
that, for j > LEX; = 0. Now we consider {XJ+ :j > 1} and its cor-
respondmg sum, say S* ZKan X" Our a,ss_umptions (12) and (13)
A similar consideration for the negatlve parts say S’** = ZKK” wiX ~_,
and the fact that ES; — E'S;* = 0 complete the proof of Theorem 3.1. O

If the random variables are associated, assumption (13) in Theorem 3.1
may be dropped and we need maximal inequality to prove the following
theorem:

THEOREM 3.2. Let {X; : j > 1} be a 2-dimensional array of associated
random variables with finite variance. If (12) holds then, asn — oo, (S, —

ES,) /W, — 0 as.

PROOF. Since the random variables w;(X;—EX;)’, j > 1 are associated
by (P;) of Esary, Proschan and Walkup (1967), without loss of generality
we may assume that, for j > 1, EX; = 0. We may also assume that
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X; > 0. As in the proof of Theorems 2.1 by Chebyshev’s inequality for
every € > 0,

PG> =L T

k>1 321 1<lif<|j] l

wiw; Cov( XZ, X_)

< 00,

where ¢ is an unimportant constant. Thus by the Borel-Cantelli lemma,
as ng — o0

Sn‘ - ESn
By standard argument, it suffices to show that, as ny — oo,
(16) n&g_z_lgx%ﬂ ~—-——Wn& — 0 a.s.

Let @ > 1,b > 1 and let for each k = (ky, k2), Ao = eW,, and \; = eWm
Using Chebyshev s inequality and applying (11) of Lemma 2.1 we have

{ Sz - Snk
P max —; = > e}

g <i<np. Wn "

1

3391 (E(S"H - S"&)z) i (E(S”&fl - S"&)2) 1

- (36Wn,)? (36Wn,)?
(17) < W Var(Sy,., — Su,)
< AW Var(S,,.,)
< a2b2d2W;;lVar(SnM), where d; >0, dy >0,

since the w;X; are nonnegatively correlated. Replacing the random vari-
ables w; X; by their negatives (which are also associated according to (FP;)
of Esary, Proschan and Walkup (1967)) we get the analogous inequality

18) P{W;' max —(S;—S,) > €} <a’*d&uW, 2 Var(S,,_,).
z 3 k-1 k=1

& nk<z<n1\ 1
Consequently (17) and (18) imply
(19) P{W,;] , max i = Sn| > €} < 2a°0*d, W, 2 Vaar(S,,_))
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and hence

(s
- n&<i§n.k_1

> P{ W' max |si—sm_,[ze}
k>1

< 2%y Y W, Var(S,,,)

k=1
< 2a2b2dzzW,;2Var(Snﬁ)
k21
ww;Cov(X;, X;
< 24,y S 2 W(2 i X3)
21 1<[i<l] i
< oo

according to (4), where dy, d3 are positive constants. Again applying the
Borel-Cantelli lemma, we obtain (14) and complete the proof. O
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