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ON FUZZY T,-AXIOMS

Sung K1 CHo

ABSTRACT. Some fuzzy To-axioms are characterized in terms of the
notion of fuzzy closure and the relationship between those fuzzy To-
axioms are obtained. Also, finite fuzzy topological spaces satisfying
one of those axioms are studied.

1. Introduction

Several fuzzy To-axioms have been defined in different ways and in-
vestigated by many authors, such as Hutton and Reilly [2], Ganguly and
Saha (1}, Sinha (3] and Srivastava [4]. In particular, Sinha characterized
and compared some of them. The aim of this paper is to provide an-
other equivalent conditions for these axioms and to study finite fuzzy
topological spaces satisfying one of these axioms.

2. Basic definitions

Let X be a set of points and I the unit interval [0,1]. A fuzzy set A
in X is a mapping from X into I. For z € X and X € (0,1], a fuzzy set
Ty, defined by
MNy==zx

xx(y)={0’y¢x

is called a fuzzy point in X.
Let Ox and 1x be, respectively, the constant fuzzy sets taking the
values 0 and 1 on X.
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DEFINITION 2.1. A collection 7 of fuzzy sets in X is called a fuzzy
topology on X if

(1) Ox and 1x belong to 7,

(2) any union of members of 7 is in 7 and

(3) any finite intersection of members of 7 is in 7.

Members of a fuzzy topology on X are called fuzzy open sets of X and
their complements fuzzy closed sets of X. The intersection of all fuzzy
closed sets containing A is called the fuzzy closure of A and denoted by
Cl(A).

Throughout this paper, a “fts X” means a set X equipped with a
suitable fuzzy topology.

A fuzzy open set A in a fts X is called a fuzzy open nbd of a fuzzy
point z) if A < A(z). A fuzzy set A in X is said to be g-coincident
with a fuzzy set B, denoted by A,B, if there exists £ € X such that
A(z) + B(z) > 1. For a fuzzy point x) in a fts X, a fuzzy set A is called
a fuzzy g-nbd of z if there exists a fuzzy open set U in X such that
zx,U and U(z) < A(2) for all z € X.

DEFINITION 2.2 ([1]). A fts X is said to be fuzzy GS-T; if for every
pair of distinct fuzzy points z, and yg, the following conditions are
satisfied:

(1) if ¢ # y, then z, and yg have fuzzy open nbds which are not
g-coincident.

(2) if £ = y and a < (8 (say), then xg has a fuzzy ¢-nbd A and z,, has
a fuzzy open nbd U such that A U.

DEFINITION 2.3. ([3]) A fts X is said to be fuzzy S-T3 if for any fuzzy
point z,,

za = [ CUU)

veu
where U is the collection of fuzzy open nbds of z,.
DEFINITION 2.4 ({2]). A fts X is said to be fuzzy HR-T; if for every

fuzzy set A in X, there exists a collection {U;;li € I,j € J;} of fuzzy
open sets in X such that

A= U(ﬂ Uij) = U(ﬂ Cl(U,-j)).

i€l Njed; i€l Mjed;
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DEFINITION 2.5 ([4]). An fts X is said to be fuzzy SS-T3 if for any
distinct fuzzy points z, and yg with = # y, there exist fuzzy open nbds
U and V of z, and yg, respectively, such that UNV = 0x.

For definitions and notations which are not explained here, we refer
to [1], [3] and [4].

3. Main results

THEOREM 3.1. For a fts X, the following are equivalent:

1. X is fuzzy GS-Ts.

2. for any two distinct fuzzy points z, and yg: (1) if ¢ # y, then
there exist fuzzy open nbds U and V of o and yg, respectively, such
that Cl(V) < 1x —U and Cl(U) < 1x-V; (2)ifz=yanda < fB
(say), then there exists a fuzzy open nbd U of z, such that xg ¢ CI(U).

PROOF. (1=>2) Assume z # y. By condition (1) of Definition 2.2,
there exist fuzzy open nbds U and V of z,, and yg, respectively, such that
U4V . Tt then follows from UgV that U(2) < 1-V(z) and V(2) < 1-U(2)
for all z € X. Since 1x — U and 1x — V are fuzzy closed, we have
Cl(V)<1x -Uand Cl(U) <1x - V.

Now, assume z = y. By condition (1) of Definition 2.2, there exist
a fuzzy ¢-nbd A of z3 and a fuzzy open nbd U of z, such that A.
Let V be a fuzzy open set in X such that z5 V and V(z) < A(z).
Then, it follows from 8 > 1 - V(z) = (Cl(1 - V))(z), V(z) < A(z) and
U(z) <1 - A(z) that 8 > Cl(U)(z). That is, zg ¢ Cl(U).

(2=1) Let z,, and yg be distinct fuzzy points in X.

First, assume z # y. By condition (1) of 2, there exist fuzzy open nbds
U and V of z, and yg, respectively, such that CI(V) < 1x — U. This
inequality implies that for all z € X, U(2)+V(2) < (CU(V))(2)+U(z) £
1. That is, U V.

Now, assume = = y and a < §. By condition (2) of 2, there exists a
fuzzy open nbd U of z, such that z5 ¢ Cl(U). Let A = 1x — CI(U).
Since for all z € X, A(z) + U(z) < 1, we conclude that AU. Further-
more, A is a fuzzy open set and 8+ A(z) > a+ A(x) > 1. Thus, Ais a
fuzzy g-nbd of zg such that AU. O
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THEOREM 3.2. For a fts X, the following are equivalent:

1. X is fuzzy S-T»

2. for any two distinct fuzzy points z and yg: (1) if T # y, then there
exist fuzzy open sets Uy, Ua, V1, Vs in X such that o € Ui,ypqV1, UrgV1
and.yg € Vo, TaqUa, UzgVe; (2) ifz =y anda < 3 (say), then there exist
fuzzy open sets U and V in X such that z4 € U,zg,V and UV.

3. for any two distinct fuzzy points zo and yg: (1) if x # y, then
there exist fuzzy open nbds U and V of x, and yg, respectively, such
that zo ¢ CI(V) and yg ¢ CU(U); (2) if ¢ = y and a < B (say), then
there exists a fuzzy open nbd U of z, such that zg ¢ Cl(U).

PROOF. (1&2) Theorem 2.4 of [3].

(2=3) Assume z # y. By condition (1) of 2, there exist fuzzy
open sets U, V,W;, W, in X such that zo € U,yg,W1,U W1 and yg €
V,ZaqWa, VgW2. This implies that zo, € U,8 > (1x — W) (y),U <
1x —Wi and yg € V,a > (1x —Wa)(x),V < 1x —Wa. Therefore, U and
V are nbds of z, and yg, respectively, such that Cl(U)(y) < [Cl(1x —
W)Iw) = (x — Wi)(@) < B and CUV)(z) < [Cl(lx - Wo)l(z) =
(1x — Wz)(ﬂ)) <a.

Now, assume that = y. By condition (2) of 2, there exist fuzzy open
sets U and V in X such that z, € U,z5,V and UgV. Then z, € U, 3 >
(1x — V)(z) and U < 1x — V. Consequently, U is a fuzzy open nbd of
z,, such that Cl({U)(z) < [Cl(1x = V)](z) = (1x = V)(z) < B.

(3=2) Assume z # y. By condition (1) of 3, there exist fuzzy open
nbds U; and V, of z, and yg, respectively, such that z4 ¢ Cl(V,) and
yp ¢ Cl(U1). Let Vi = 1x —Cl(U1) and Uz = 1x —Cl(V3). Then V; and
U, are fuzzy open sets in X such that 8+ Vi(y).= B+ [1 - Cl(U1)(y)] >
B+(1-PB)=La+Usy) = a+1 -Cl(B)(@)] > a+(1-0a) =
1,1 =1x —Cl({U1) £1x - U, U2 =1x — Cl(Vz) < 1x — V,. That is,
To € U,YsV1,UrgV1 and yp € Vo, ZaqUz, UzgVa.

Now, assume z = y. By condition (2) of 3, there exists a fuzzy open
nbd U of z, such that 5 ¢ CI(U). Let V = 1x — Cl(U). Then
V is a fuzzy open set in X such that V < 1x — U and (3 + Viz) =
B+[1-ClU) )] > B+ (1—pB)=1. That is, o € U,z5,V and UgV.l]

THEOREM 3.3. For an fts X, the following are equivalent:
1. X is fuzzy HR-T5.
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2. if a € (0,1) and U is the collection of all fuzzy open nbds of z,,
then zo = NyeyCUU).

3. for any z,y € X and any o, € (0,1): (1) if x # y, then there
exist fuzzy open nbds U and V of x, and yg, respectively, such that
ys € Cl(U) and zo ¢ CKV); (2) if z = y and a < [ (say), then there
exists a fuzzy open nbd U of z, such that xg ¢ Cl(U).

4. for any two distinct fuzzy points x, and yg withx # yorelsex =y
and % < a < @, there exist fuzzy open sets U and V' such that z,,U,
zggV andUNV < %

5. A = 1x —sup{A x B|A and B are fuzzy sets and A< 1x — B} is
fuzzy closed in X x X.

PROOF. (1=2) By hypothesis, there exists a collection {Vix|l € L,k €
K} of fuzzy open sets in X such that

1x -2 = U ( ) Cl0)).

leL M€K,

For every | € L and every k € K, let Uy, = 1x — Cl(Vi). Then

xazﬂ(U U1k>.

leL k€K,

Since for each I € L, Ugek, Uik is a fuzzy open neighborhood of z,, we

e e (U< (U Ulk)qa.

Ueu leL “keK;
Thus,

Ty = ﬂU.

Ucl

First, we shall prove that (Nyey/Cl(U))(x) = a. To show this, assume
to the contrary that (NycyCl{U))(z) = B > a. Then for all U € U,
(Cl{U))(z) = B. Choose v € (o, ). By hypothesis, there exists a
collection {V;;li € I,j € J;} of fuzzy open sets in X such that z, =
L]ie](ﬂjeji‘/ij) = Uiej(ﬂjeJiCl(Vij)). Then there exists ig € I such
that a < (Njes;, Vigj)(x). This means that {Viy;|5 € J;,} C U. Since
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(Njea,, Cl(Vigj))(x) < 7, there exists jo € Ji, such that (Cl(Viyj,))(z) <
3. Consequently, we have an obvious contradiction that

B= (ﬂ Cl(U))(:c) < (Cl(V,-ojo)) (z) < B.

Ueld
Thus

(Uou Cl(U))(m) = o

Now, we shall prove (NyeyCHU))(y) = 0 for all y € X — {z}. By
hypothesis, there exists a collection {U;;|i € I,j € J;} of fuzzy open sets

in X such that
N ciws)).

)Y
i€l “jeJ; i€l Njed;

This means that (N;cs,Cl(Ui;))(y) = 0foralli € I and all y € X —
{z} and that, for every 8 € [a,1), there exists ig € I such that g <
(Njes, Uipj)(x) < 1,i.e, {Uig;lj € Jiz} CU. Let y beapoint in X —{=z}.
For each positive integer n, choose j, € J;, such that (Cl(Ui,;,))(y) <
1/n. Notice that each U, is a member of U and (N,Cl(Ui,;,))(y) = 0.
Since y is arbitrary in X — {z} and {Ui,;,} is a subcollection of U, we
have

( N C’l(U)) (y) =0 for ally € X — {z}.
Ueu

(2=3) Clear.
(3=>4) Assume that = # y. By condition (1) of 3, there exist fuzzy
open nbds W and V of z¢ and y;_g, respectively, such that (CU(V))(x)

< ¢ and (CUW))(y) < 1—£. Let U = 1x — CU(V). Then z4,U and
ysqV . Furthermore, since UV,wehave UNV < %

Now, assume that £ = y and % < a < (3. Choose € > 0 such that
a < 3 — €. By condition (2) of 3, there exists a fuzzy open nbd U of za
such that (Cl(U))(z) < B. Let V = 1x — Cl{(U). Then z4,U and yg,V.
Also, UNV < % because U V.

(4=>5) Theorem 2.14 of [3].

(5=1) Proposition 7 of [2]. a
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THEOREM 3.4. For any fts X, the following are equivalent:

1. X is fuzzy GS-T5.

2. X is fuzzy S-Ty and for z,y € X with x # y, there exists a fuzzy
open nbd U of z; such that Cl{U)(y) = 0.

3. X is fuzzy HR-T5 and for z,y € X with x # y, there exists a fuzzy
open nbd U of z; such that Cl(U)(y) = 0.

4. for z,y € X: (1) if x # y, then there exists a fuzzy open nbd U of
z1 such that Cl(U)(y) = 0; (2) ifz = y and a < (3, then there exists a
fuzzy open nbd U of z4 such that zg ¢ CL(U).

PROOF. (1&2) Theorem 2.11 of [3].

(2=>3) Theorem 2.15 of [3].

(3=2) Let z € X and let U be the collection of all fuzzy open nbds of
x1. For each y € X — {z}, choose a fuzzy open nbd Uy of x; such that
Cl(Uy)(y) = 0. Then &1 = Nyex—{+3CL{U,). Since {Uyly € X —{z}} C
U, we have

N cWy)=z< ) CUU)S [ CUUy).

yeX—{z} Ueu yeX—{z}

Therefore, ;1 = NycyCl(U). By combining this with Theorem 3.3, we
obtain X is fuzzy S-T5.
(3<>4) Obvious by the definition of fuzzy HR-T3 spaces. O

THEOREM 3.5. For a fts X, the following are equivalent:

1. For every z € X, x; is fuzzy closed.

2. For z,y € X with ¢ # y, there exists a fuzzy open nbd U of x;
such that U(y) = 0.

PROOF. (1= 2) Let z,y be distinct points of X and let U = 1x —y;.
Then U(z) =1 and U(y) = 0. Since y; is fuzzy closed in X, U is fuzzy
open.

(2=>1) Let z € X. For every y # z, choose a fuzzy open set V, such
that Vy(z) = 0 and V,(y) = 1. Let V = Uy, V;. Then

0,z=z

V(z):{l, z # .

Since V is fuzzy open in X, we have ; = 1x — V is fuzzy closed in X.[J
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THEOREM 3.6. If X is fuzzy SS-T>, then for every ¢ € X, 1 is fuzzy
closed in X.

PROOF. Similar to the proof of (2=-1) of Theorem 3.5. O

For a fuzzy set A in X,
Ag = {z € X|A(z) > 0}

is called the support of A. Note that for any fuzzy set Ain X, X — Ao C
(1x — Ao.

In general, the converse of Theorem 3.6 does not hold as is seen from
the following example.

EXAMPLE 3.7. Let X be an infinite set. Suppose 7 consist of 0x and
all those fuzzy sets in X whose complements have finite supports. Then
7 is a fuzzy topology on X. For each = € X, let U, be a fuzzy set defined
by
0, y==z
L, y#z

Then 1x — Uy = z1, and hence (1x — Uz)o = {z}. Thus z; is fuzzy
closed in X. But this fts is not fuzzy SS-T2. To show this, assume to
the contrary that for any distinct fuzzy points z, and yg with z # ,
there exist fuzzy open nbds U and V of z, and yg, respectively, such
that UNV =0x. Then Uy € X —Vp C (1x —V)o because UNV = Ox.
Since (1x — V)o is finite, Uy is finite. This contradicts to the fact that
U is fuzzy open in X.

Ux(y) = {

We end this paper with some remarks for a finite fts.

If X is a finite fts, then the converse of Theorem 3.6 holds. In fact,
we have the following theorem.

THEOREM 3.8. For a finite fts X, the following are equivalent:

1. X is fuzzy SS-T5.

2. For every x© € X, o is fuzzy closed in X.

3. For z,y € X with = # y, there exists a fuzzy open nbd U of T
such that U(y) = 0.
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PROOF. (1=-2) Theorem 3.6.

(2<3) Theorem 3.5.

(3=1) Let z,, and ys be distinct fuzzy points. For every z # z, choose
a fuzzy open nbd U, of z; such that U,(z) = 0. Since X is finite, the
fuzzy set U = N, 2, U, is fuzzy open. Also,

l,z=z

U(z)z{o,z;éz.

Similarly, we have a fuzzy open set V satisfying

l, z=y
0, z#y.

Clearly, U and V are fuzzy open nbds of z, and yg, respectively, such
‘that UNV = 0x. ]

V() = {

As an application of Theorem 3.2, we obtain the following theorem.

THEOREM 3.9. Let X be a finite fts. Then X is fuzzy S-T, if and
only if X is fuzzy discrete space.

PROOF. (<«=) Clear.

(=) By Definition 2.3, every fuzzy point in X is fuzzy closed. Now,
let z, be a fuzzy point in X. Assume v < a. By Theorem 3.2, there
exists a fuzzy open nbd U, of z, such that z, ¢ Cl(U,). Note that
4 < Uy(x) < a. Let U = Upcy<alU,. Then U is a fuzzy open set and
U(z) = a. Let V = (1x — Uyzzy1) NU. Since X is finite, V is a fuzzy
open set in X. Furthermore, V = z,. O

But there is a finite fuzzy HR-T5 space which is not a discrete space
as is seen from the following example.

EXAMPLE 3.10. Let X = {z,y} and let Ay, be the fuzzy set in X
defined by
, A forz==zx

Axu(z) = {

Let 7 = {A),|0 <A <1,0 < p < 1}U{Ago}. It is clear that 7 is a fuzzy
topology on X. Since z; = Ajg and y; = Ag; are not fuzzy open under

p forz=y.
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the fuzzy topology 7, X is not a fuzzy discrete space. Now, since Aj,
is both fuzzy open and fuzzy closed for each A, u € (0,1), it is easy to
show that for any o, 8 € (0,1],

= U (N A,\y>: U((n Cl(A,\”)>

0<i<a V<<l 0<A<a O<p<l

o= U (ﬂ Axu)= U ( N cz(Am).

O<p<f 0<ALl O<u<f o<1
Thus, X is fuzzy HR-T5.

Since the fts given in Example 3.10 is not a fuzzy discrete space, X
is fuzzy S-T5 and hence, from Theorem 3.9, we have that a fuzzy HR-T5
space may fail to be a fuzzy S-T5.

COROLLARY 3.11. For a finite fts X, the following are equivalent:
1. X is fuzzy GS-Ts.
2. X is fuzzy S-T5 and fuzzy SS-T5.

PROOF. (1=2) By Theorem 3.4, X is fuzzy S-T, and for z,y € X
with z # y, there exists a fuzzy open nbd U of x; such that CI(U)(y) = 0.
By Theorem 3.9, X is fuzzy discrete and hence CI(U) = U. Thus by
Theorem 3.7, X is fuzzy SS-T5.

(2=1) By Theorem 3.9, Theorem 3.8 and Theorem 3.4, it is clear. O

COROLLARY 3.12. Let X be a finite fts. Then X is fuzzy GS-T; if
and only if X is fuzzy discrete space.

PROOF. (=) It follows from Theorem 3.4 and Theorem 3.9.

(<) For any distinct fuzzy points z, and yg with z # y, let U = z4
and V = yg. Since X is fuzzy discrete, U and V are fuzzy open nbds
of z, and yg, respectively, such that U NV = 0x. This shows that X
is fuzzy SS-T». Thus by Theorem 3.9 and Corollary 3.11, X is fuzzy
GS-Ts. O
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