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THE EXISTENCE OF SOLUTION OF
SEMILINEAR ELLIPTIC EQUATION

KwoN WooK KiMm

ABSTRACT. This paper is concerned with the existence of positive
solution of a semilinear elliptic equation with homogeneous Dirichlet
boundary condition.

1. Introduction

This paper is concerned with the existence of positive solution of semi-
linear elliptic equation with homogeneous Dirichlet boundary condition

—Au= f(z,u) inQ
(P) u>0, u#0 inQ
u=0 on

where Q@ C RV is a bounded domain with smooth boundary and the
function f(z,u): Q x [0,00) — R satisfies the following assumption:

(H1) For almost all z € §, the function u — f(x,u) is continuous
on [0,00) and for each § > 0, there is a constant Cs > 0 such that

f(z,u) > —Csu for almost all z € Q, for all u € {0,4].

(H2) For each u > 0, the function z — f(z, u) belongs to L=(Q2).

We introduce the measurable function

ao(a) = li T2:2)
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ont= g 120

so that —oo < ag(z) < 400, and — 00 < @y (T) < +00.

Previously, Brezis and Oswald [3] treated the case of sublinear elliptic
equation. More precisely, in {3] a solution of (P) was shown to exist at
most one solution by assuming (H1), (H2). Moreover, if a solution of
(P) exists and the function u — f(z,u)/u is decreasing on (0, 0c), then
the facts that

(1) A1(— A —ap(z)) <0

2) M(= A —ag(z)) > 0

are known. By the strong maximum principle,we know that u is a pos-
itive solution on . Here A\;(— A —a(z)) denotes the first eigenvalue of
— A —a(z) with zero Dirichlet condition on 8. In the present paper,
we shall generalize H. Brezis and L. Oswald’s result [3] under the critical
growth condition on f(z,u). In [3], the condition(H3) is assumed only
for p=2.

(H3) There is a constant C > 0 such that
f(z,u) < CWPt +1)

for almost all z € Q, for all uZOwhere2$p<N2f—2ifN23and
2<p<xif N=2.

Instead of ag(z) above, we replace it by

(3) ap(z) = luli% inf f—(%’—lﬂ

Let us assume that

. 2F (z,u)
< —_
S B
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uniformly for almost all z € Q where F(z,u) fo z,t)dt and

(4) lim sup——— f;’ v < Ai(-4)

utoo
on a subset of 2 of positive measure (abbr., A;(—A) = Ay).

From (H1), there is a constant C such that ag(z) > —C and from (4),
we may assume that there is a function a(z) € L*®(Q2) such that

2F(z,u)
u2

(5) lim sup <afz) <)\

utoo

uniformly for almost all z € Q.

. _ 2 —_ .
For example, if f(z,u) = e~ 1*1*"4?~1 since

u
F(a:,u)z/ e lelt*p=1g4
0

2

1 2
= —/ e 17lsg8 14
2Jo

_1 up"2 up_4
= S g T O (—Ww) !

lim 2F (:1: u)
utToo u

then
=0< (D).

Thus we can take the functions of this type f(z,u) = e~l=lu?yp—1 gat
isfying both conditions (H3) and (4). This function also satisfies both
conditions (H,) and (Hs).

Our main result is the following:

MAIN THEOREM. Under the conditions (Hi), (Hz), (Hs), (1) and
(4), there exists a weak solution u € H3(2) N L®(Q) of (P).

We will prove the theorem using following Lemma.
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LEMMA. Assume that the conditions (4) and (5) hold. Then there
is & > 0 such that, for every u € H}(Q),

v =3 [[vul-a@n?] 23 [ |gul

ProOF. It follows from Poincaré’s inequality that
o1 2 2
P(u) 2 5 | | vul* = u] 20
2 Ja
If 4(u)=0, then [|vu/®>=[Au? and thus

0 = y(u) = % /Q (1 — afz))ul.

Since A; > a(z) on a subset of Q of positive measure, u = 0 on a subset
of Q of positive measure. By the unique continuation property, we
obtain u = 0. Assume now that the conclusion is false. Then there is
a sequence (uy) in H}(f2) such that

Tunl2 =1, up = u in H}(RQ), up — u in L3(Q)
o 0

and 0 < ¥(u,) — 0 asn — co. We obtain

lim inf/lvun|22/|vu|2

/Q|vun|2—>/na(x)u2.

Hence 0 < ¥(u) < 0,i.e.,9¥(u) =0. Thusu=0. But 1= f,|vun|* —
0 which is impossible. O



The existence of solution of semilinear elliptic equation 305

2. Proof of main theorem

We consider the functional E : H}(Q) — R U {oco} defined by
E(u) = %/ | 7 ul? - / F(z,u) for all u e H}(R),

where F(z,u) = [} f(z,t)dt and f(z,u) is extended to be f(z,0) for
u < 0. Note that E(u) is well-defined, since F(z,u) < C( [ulP + |ul)
for all z € Q, for all u € R. We claim that the following:

(8) E is coercive on H}(),

(9) E is lower semicontinuous for the weak H}(Q2) topology,

(10) There is some ¢ € H}(f2) such that E(¢) < 0.

PROOF OF (8). From the conditions (H3) and (5), there is a function
B(z) € L1(2) such that

F(z,u) < (afz) + /\16)%2 + B(z).

Thus
£ = [ [3lvu? - Fla)

Thus E(u) is coercive on H}(2) under the norm lullaz = g |vul2)}/2.0
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PROOF OF (9). Let u, — u converge weakly to u in H§(Q2). By
Sobolev’s imbedding theorem, passing to a subsequence if necessary, we
may suppose that 4, — u in LP(Q), u,, — u(z) for almost all z € {2 and
lun(z)| < h(z) for some h € LP(R). Then it follows from (H3) that

|F(z,un(z))| £ C(h(z)? + k().

Since the right side of the above inequality is in L'(f2), we have, by
Lebesque dominated convergence theorem,

n_}oo/ F(x,u,) = / F(z,u).

Thus

o R 1 2
lim infB(u,) = lim inf / L G unl? = Flz,un))

n—oo

> lim inf —|vun| - hm /F(:z: Up)
2

>3 [Ivu? - [ Flew=Ew.

PROOF OF (10). We fix any ¢ € H}(Q) satisfying

/Iv¢|2—/ ap$?® < 0.
Q [670]

Such ¢ always exists by assumption (1). We may always assume that
¢ > 0 and that ¢ € L>°(2). Otherwise, we replace ¢ by |¢| and truncate
¢. We note that

.. JF(zu) (1
11}1% me— > -iao(a:)

and thus

lsiﬁ)l inff%aﬂ > %ao(m)¢2(a:) for almost all z € [¢ # 0.
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On the other hand, we deduce from the condition (H1) that

F(z,e9)

52 Z _C¢2 Z _C'

Therefore, by Fatou’s lemma, it follows

lim inf F(a:,2€¢) > ! / aod?,
eld  Jpzo) € 2 Jip0)

nf/ F(:L' €¢) > / a0¢2'
€¢° [¢0]
Hence we obtain

/ | v ¢l® - / F(x 8¢) <0 for &>0 small enough.

from which

a

CONCLUSION OF PROOF. Using (8), (9) and (10) we see that i’}ﬁ E(v)
u€ Hy

is achieved by some u Z 0. We may always assume that v > 0. Other-
wise we replace u by ut and use the fact that F'(z,u) < F(z,ut). Here
the last inequality holds since F(z,u) = f(z,0)u < 0 for v < 0. Then
we know that E(u) is of class C1 . Thus there exists a weak solution
u of (P). If we knew in addition that u € L*°(2), we would conclude
that u is a solution of (P). To show that u € L°°(f2), we introduce a
truncated problem. We set, for each integer £ > 0,

(@, u) = max{f(z,u), ~ku} fu>0
{ f¥z,u) = (2,00 = f(=,0) fu<0

and

af(z) = hmmff (:1: u)

Assumptions (H1), (H2) and (H3) hold for f*(z,u). Since f < f*¥ and
ao(z) < af(z), M(— A —af(z)) < (- A —ap(z)) < 0 holds. From
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this, the assumption (1) holds for a§(x). Moreover, the assumption (4)
holds for f*(z,u) provided that k is large enough. Set

.mw=§Lth14ﬁum

for all u € H}(2). It follows from the previous argument that inlg Ex(u)
ucHy
is achieved by some u;. Moreover, uj satisfies

— Nug = f*¥(z,ux) inQ
ug > 0,ur Z0in
ur = 0 on 0.

Then there exist constants Dy, C such that
—Di(jul + 1) < f¥(z,u) < Ci(lulP~* +1).

Therefore Ei(u) is of class C* and by a standard bootstrap argument,
ur € L®() . Set v = min{u,ux}. We claim that

E(v) < E(u).

This shows that u € L*°(€2). Indeed, we have

%/Q|Vuk|2—/QFk($,uk)S%/QIV¢|2—/QF,°(””¢)

for all ¢ € H3(2). Choosing ¢ = max{u,ux}, we obtain

1
5/ IVuk|2—/ F*(z, uk)
4 J{up2u] [uix>u)

w3 vl - [ Freu)
2 [ur <u} [ur<u]

1
<3 [ vwf- [ Few)
[uk>u] [ug2u]



The existence of solution of semilinear elliptic equation 309

Thus we find

(11)

[ dvuwt- [ P
[uk<u] [ur<u]
1
<3 [ Avet-[ P,
[wr <u] -J[up<u]

On the other hand, we have

mm—mm=/

1 1
{§| v ukl® — §| v ul? — F(z,ux) + F(z,u)}

[ur<u]

< / F*(z,ur) — F*(z,u) — F(z,ux) + F(z,u)
[ur<u]

_ /{uk@][ /u " F@,t) — F*(z,1))dt < 0.

Thus E(v) < E(u). From this, we know v = u, u < ug. Therefore
u € L>(Q). O
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