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TOEPLITZ OPERATORS ON BERGMAN SPACES
DEFINED ON UPPER PLANES

St Ho KANG AND JA YounGg KiM

ABSTRACT. We study some properties of Toeplitz operators on the
Bergman spaces BP(H,), where H, = {z + iy : y > r}. We consider
the pseudo-hyperbolic disk and the covering property. We also obtain
some characterizations of compact Toeplitz operators.

1. Introduction

For any r € R, let H, = {x +iy € C: y > r}. Then H, is an upper
plane in C and invariant under horizontal translations. For 1 < p < oo,
we define B? = {f € LP(H,) : f is a holomorphic function on H,} which is
called a Bergman space. Some properties on Bergman spaces of the unit
disk have been well studied; see [1],{2],(5]. Then a point evaluation is a
bounded linear functional on BP. For each ﬁxed w € H,, there is a is a unique
function K (-,w) € B? such that f(w) = (f, K(-,w)) = Ju f(2)K(2 K(z,w)dz
for all f € B%. In fact, K(2,w) = m

Since B? is a closed subspace of L2 there is a unique unique orthogonal projec-
tion P : L? — B? defined by Pf(w) = [ f(2)K(z K(z,w)dz for all f € L2
Moreover, for any f € BP, Pf = f If p = 1 then the projection P is
not bounded but for 1 < p < oo, P is bounded and hence we get that
the dual of BP is B%,where —;- + % = 1. Much information about Bergman

space defined on H, is in [4].
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This paper deals with the pseudo-hyperbolic distance and the com-
pactness of Toeplitz operators on BP(H,). We find the connection be-
tween pseudo-hyperbolic disks and Euclidean disks and the covering prop-
erty (see [1],(3]). This implies two quantities are equivalent. For f €
L*(H,,dA), we define T;(g) = P(fg). Then T} is bounded. Under some
conditions, we show that T is compact iff f € Co(H,).

2. Toeplitz operators on BP

Let w = z +1dy € H,. We define ¢, : H, — H, by ¢,(2) = e
+i(3;=-+r), where z = s+it. Then ¢, is 1-1, onto and holomorphic on H,

|2—w|

and we define the pseudo-hyperbolic distance d(w, z) by d(w, z) = Emrl
where w = £+414(2r —y) and ¢, preserves pseudo-hyperbolic distance. For
0 < R <1 and w € H,, the pseudo-hyperbolic disk D(w, R) = {2 € H, :
d(w, z) < R}.

PROPOSITION 2.1. For 0 < R < land w = z + iy € H,, D(w, R)
is the Euclidean disk with center (z, }‘ng( — r) + r) and radius %{_%}2
which is denoted by B((z, ifgz (y—r)+r),5 2Ry r2) and ¢, (D(w, R)) =

D((r + 1)i, R).

PROOF. Let p(z,w) denote the pseudo-hyperbolic distance on H be-
tween z and w. Then 2z € D(w, R) 1ffp(z—rzw—rz) < Riff 2 —

ri € B((z, }*gz (y — 1)), Z?WRJ)) iff z € B((z, i"_’ﬁ, (y=—r)+7), 2If£yR2')).
Moreover, z € ¢,(D(w,R)) iff z = ¢,(u) for some u € D(w, R). If
u = s + it then ¢y (u) = =2 +4(X=L + r) and hence z € ¢, (D(w, R)) iff
z € D((r+1)i, R). 0

COROLLARY 2.2. Forw =z +14y € H, and 0 < R < 1, [D(w, R)| =
Ar R?(y~r)?
(o

Suppose w = z+iy. Since ¢, ( ((r+1) z,R)) D(w, R), inf{| K,,(2)| :

z € Dw,R)} = inf{{Ku(2)| : 2 € ¢! (D((r + 1) B)} = iy
1nf{m Tz = s+ it (S D((T 1)’& R)} m(l )2. Then

one has the following:
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LEMMA 23. If w € H, and 0 < R < 1 then inf{|Ky(z)| : z €
D(w,R)} = Q=R g sup{|Ku(2)| : z € D(w, R)} = (1+R)

dn(y—r)? dn(y-1)2°

LEMMA 2.4. Let0< R<t<1landl < p < oo. Then for any w € H,,
z € D(w, R) and any holomorphic function f on H,, there is C > 0 such

that |f(Z)|p S m ID(w,t) |f|p dA.

PROOF. Let f be holomorphic on H, and let w € H;. Since D(w,R) =
! (D'((r + l)z',R)), for z € D(w, R), there is A € D((r + 1)i, R) such

that z = ¢2!()\). Put Ry = d(aD((r +1)i, R),0D((r + l)i,t)). Then
B(‘pw(Z),RO) c D((r+ 1)i,t) and f(z) = fogo;l()\) _ m
i) B (s (Z)Ro)fo¢;1dA Hence |f z)|f < _Ilsz (oa110) |f0<pw1‘pdA <
ﬁgf ((T+1)zt) |f ‘pwll dA = 7I'R0 fD(wt)'f @wl(¢w(“))|p|¢w'(u)| dA(u

= m= Jowwy 1174 ];,(—‘[fp(wtﬂf PdA, where C = itss. O

Let 0< R< 1 and let {B,} be a sequence of pseudo-hyperbolic disks
in H, of radlus = such that U = H.. Put D, = B;. Forn >
2, let i =first{k E N: Byn (U"_ D = 0}. Put D, = B, Let Wn
be the pseudo-hyperbolic center of D,. Then (o ; D(ws, R) = H,. If
z =z +1iy € H, then 7R*(y — r)? < |D(2,R)| = wR ) o ARy’

(1-R?)? (1-R)?
D{z,R) 2
o] o o Let g = fm: dlun,2) < 29),

Since limy_, o —273— = 1, there is k € N such that R < —23_%_1— Then
23 k-1 k-1 28141
D(wn, &) C Dz, E2—5—“)—1{*’”—) whenever n € J,. Since for each m €

3
1_& - 2 2
Jz; l+2ﬁ'+1 lrInnzluz Tr, zmer( ) 71-(hn'wm - T) S ZmeJ, D(wma %)I S
k-1i)pegb=l | 2
2-35-14+1)R+3+? @ el :
|D(=, (—§E)—)| < 4r (~—3———1_ ——— ) (Imz —7)?, and hence |J,| is
3

bounded by some constant which is depend on k and R. Summarizin
g

this observation:

and hence R?m <

LEMMA 2.5. For 0 < R < 1, there is a sequence {w,} in H, and a
positive integer M such that | J o, D(w,, R) = H, and for each z € H,,
{n : z € D(wn, BNV < M.
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PROPOSITION 2.6. Let 0 < R < 1,1 < p < oo and u a positive
Borel measure on H,. Then there are constants C and D such that

u| D(w,R) Sy, \fPdu B D(WR)
SUPues, Tpoot S Csupre Thpas < D R)

PROOF. Take any w = z + iy € H,. If g(z) = ——21— then

7r12’ (2r+(z—w)i) F
g € BPand [, |g(2)IP dA(z) = = fu m dA(z) = 41r(yl_—r)2 and hence

Ju 191Pdu >[5 p Igl"du > mf{IK (2)]* : z € D(w, R)}p(D(w, R)) =

1-R)? \2 Y Sy, lglP dps u{D(w,R)
(42(y_2)2) #(D(w, R)). This implies that fH wraa = C' |(D( R)I)
C'. Let {w,} be the sequence in Lemma 2.5 and let f € BP be such that

f #0. Then
/ UIEEY /D 1P du

<Y sw F@Pu(D(wn R))

zeD(w,.

for some

n=1

wn,

<C E PdA

|D W, 2R+1)| Dlwn 2Ra+l) |f|
for some C' by Lemma 2.4

ad u(D(w,R))/
< - ~ 7 PdA
~02133g |D(w R)| ooty

< CM sup PdA
<oM o HTAT / d
for some M by Lemma 2.5. O

Let P : L?(H,,dA) — B? be the orthogonal projection. For f €
L*(H,,dA), we define T} : B2 — B? by T(g9) = P(fg) for all g € B2.
Then ||T7(g)|?> = (9)1?dA < || fl%]lgll3 and hence T} is bounded.

PROPOSITION 2.7. Let K be a compact subset of H, and let f €
L*(H,,dA) be such that f =0 on H, \ K. Then T} is compact.

PROOF. Let {g,} be a norm bounded sequence in B2. Then for each
w=z+iy € K, |9.(w)] = | [, 0a(2)Ku(2) dA(2)| < llgallal| Kullz <
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__lgnll2____
2/xd(0K O H,)

{gn.} which converges uniformly on K to a holomorphic function g. Since

Jo \gn f — gf1PdA = [y |gn, — 9PIfPdA < |1 f 3 Ngn, — gli3 {Tr(9n)}
converges to P(gf) in B2. Thus T} is a compact operator. d

LEMMA 2.8. B2 H*™ is dense in B2

PROOF. Since Co(H,) is dense in L*(H,), for each f € B® and ¢ > 0,
there is g € Co(H,) such that ||g — f]l2 < . For each § > 0, let fs(2) =

f(z+16). Then f5 € B, ||fs — fll2 < Ilfs — gsll2 + llgs — gll2 + lg — fll2
and f5 is bounded. Since lims_o || fs — gslle = 0, lims—o || f5 — fllo = 0 and
O

hence B2 N H*® is dense in B2.
PROPOSITION 2.9.

and hence {g,} is a normal family. Then there is a subsequence

T K - tends weakly to 0 in B? asImw — .

PROOF. For any f € B?, (/, “Kw“2) = ||K T2 flw) = 2y/m(y — ) (w),

where w = z-+iy € H,. Since BENH™ is dense in B?, limymy—r(f, " "2) =
0.

THEOREM 2.10. Let f be a nonnegative function in L*(H,,dA). Then
the following are equivalent:

(1) Ty is compact

(2) for any R € (0,1), me(wR)fdA —0asIlmw —r

(3) there is R € (0,1) such that If(Tt,T)l Jotwr fdA— 0 as Imw — 7.

(1 R2 2

PROOF. FO;{&(I’I?I'?}? ERS(l 1) |_D_(1}J_R)T fD(w R) fdx:.) WJD((;‘; R) fdA
—_— wi? 1 1+ z
—( m;zeD:(rw}f) TKLI2 (1= R)4R2 fD(wR)f dA < RI(1-R): fD(w R)f [ a4 <

1+R w
Rty Tt T ) TPen ey Jog,r) f 4A — 0 as Imw — 7. Hence
one has (2). Clearly (2) implies (3). Suppose (3) is true. For each
neN let K, ={(z,y)eC: —n<z<nadl+r<y<n+r}

Then T}.,, is compact and ||Tf — Ty |I* < supllg“2_1 Sk, Flol?dA <

C $UPuen, oy JH,\KnnD(w,R) f?dA and hence limy, o0 || Ty — Ty, I| = 0
Since Ty.y,, is compact, T} is compact. O

Let H® be the set of all bounded holomorphic functions on H, and let
U be the norm closed subalgebra of L®(H,,dA) generated by H* and the
complex conjugates of all the functions in H®. For any f = u+iv € H*,
u and v are bounded harmonic functions. If u is a real-valued bounded
harmonic function on H, then e**® € H*®. Since 0 ¢ {e*®) : z € H,},
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loge® = 2u € U and hence U is the norm closed subalgebra of L*(H,,dA)
generated by bounded harmonic functions. Let &(z) = (—:{% Then

® is holomorphic on H, and |®(2)| < 2||f]le for all z € H,. Thus one has
the following:

LEMMA 2.11. For f € H®, |f(w) — f(2)| < 2|| fllod(w, 2).
LemMA 212 For R€ (0,1) andw € H,, [, o [Kul?dA = B2 K[l

PROOF. For R € (0,1) and w = z + iy € H,, |K,(2)| = %, where

pule) = £58 and hence [y (P AAC) = g oy ()
dA(2) = 357 IB(0, B)| = iy = R K. ll3 O

Suppose f € L*(H,,dA), g € H® and h € B? Since gh € B?,
TsTy(h) = T;(P(gh)) = Ty(gh) = P(fgh) = Ty4(h) and hence TyT, =

T}y,. Since fp(w,R) fH Ig(u)2Kw(u)Ku(z)Kw(z)| dzdu < ”g”go”leh fD(w,R)
| Ko (w)|l| Kull2 du < 00, one has the following property:

THEOREM 2.13. Suppose f € H® and lim,_, f(z) = 0. Then T} is
compact iff f € Cy(H,).

PROOF. By Proposition 2.7, if f € Cy(H,) then T} is compact. Suppose
that there is § > 0 and a sequence {w,} in H, such that lim,_,. Imw, = r
and |f(w,)]? > ¢ for all n. Then there is R > 0 such that [f(z)l2

5 : pKun Ky m Ko 12
¢ for all z € D(w,, R) and <“§I{um“2 , ”Kwn”2> > fD(w,., R) wn”z YL ul g4 >

g f Dl ) TR llg II dA = ‘st. This contradicts to the fact that Tisp is com-

pact and Proposmon 2.9. a
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