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EXISTENCE OF ERGODIC RETRACTIONS FOR 
ASYMPTOTICALLY NONEXPANSIVE SEMIGROUPS 
WITH NONCONVEX AND NONCLOSED DOMAINS

Jong Kyu Kim and Young Man Nam

Abstract. In this paper, we study 나te nonlinear ergodic retraction 

theorems for an asymptotically nonexpansive semigroup with noncon- 

vex and nonclosed domains in Hilbert spaces

1. Preliminaries and notations
Let H be a Hilbert space with norm || • || and inner product (•, •). Let 

G be a semitopological semigroup, i.e., a semigroup with a Hausdorff 

topology such that for each s E G the mappings s i s 너; and s 11 ・ s 

of G into itself are continuous* Let C be a nonempty subset of H and 

let S = {S(t) . t 6 G} be a semigroup on C, S(st)x = S(s)S(t)x 

for all s.t E G and x E C. Recall that a semigroup 8 is said to be an 

asymptotically nonexpansive semigroup on C if each t C G> there exists 

kt > 0 such that

||S(也:-S(执川 < (1 + kt~)\\x — 2/11

for all £ C)where infse<； supt€<? kts = 0. In particular, if 辰=0 

for all t E Gy then S is called a nonexpansive semigroup on C
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In 1975, Baillon [1] proved the first nonlinear ergodic theorem for 

nonexpansive mappings in a Hilbert space : Let C be a nonempty 

closed convex subset of a Hilbert space H and T a nonexpansive map

ping of C into itself. If the set •戶(Z) of fixed points of T is nonempty, 

then for each x E the Cesaro mean

1 n—1
Sn(x) = -^Tk 

k=0

X

converges weakly to a point of ^(T) as n oo. In this case, putting 

y = Px for each a? G C, P is a nonexpansive retraction of C onto 

:F(T、) such that PT = TP = P and Px € conv{Tnx : n = 0,1,2,... } 

for each t € C, where convA is the closure of the convex hull of A. 

The analogous results are given for nonexpansive semigroups on C by 

Baillon [2] and Brezis-Browder [3]. In [7], Mizoguchi-Takahashi proved 

a nonlinear ergodic retraction theorem for lipschitzian semigroups by 

using the notion of submean. And also, in 1992, Takahashi 卩이 proved 

the ergodic theorem for nonexpansive semigroups on condition that 

「Leg 而访{$($£)© : i 6 G} C <7 for some x E C.

In this paper, without using the concept of submean, we attempt to 

prove the nonlinear ergodic retraction theo호ems for an asymptotically 

nonexpansive semigroup with nonconvex and nonclosed domains in a 

Hilbert space. For the proof of main theorem, we prove that if C is 

a nonempty subset of a Hilbert space H〉G a semitopological semi

group, and S = {S(t) : t G G} a representation of G as asymptotically 

nonexpansive mappings of C into itself, then

cdnv{S(ts)x ： t £ G} 

seG

is at most one point, where

E(x) =〈 z : inf sup |挣(伪灯 — 히I = inf \\S(t)x — z\\
I seGteG teG

and
e(s)=p E(c

xec
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Our results are generalizations and improvements of the known re

sults of Baillon [1], Brezis-Browder [3], Hirano-Takahashi [4], Ishihara- 

Takahashi [5], Lau-Nishiure-Takahashi [6], Mizoguchi-Takahashi [7], 

Reich [8], Takahashi-Zhang [9], and Takahashi ([10], [11] and [12]) in 

many directions.

2. Lemma and proposition
Throughout this paper, we assume that C is a nonempty subset 

of a real Hilbert space H〉G a semitopological semigroup, and S = 

{S(t) : t E G} an asymptotically nonexpansive semigroup on C. For 

each x E C, define E(w) and E(S) by

E(g) = (z . mf sup ||S(ts)x — z\\ — inf — 기11

I s£G 七8 圮6 J

and
E(，= Q E(X)

x^C

respectively. And we denote •戶(S) by the set {x G C : S(s)x = 

x for all s G G} of common. fixed points of S.

We begin with the following important lemma and proposition for 

our main theorems.

Lemma 2.1. Let G be a semitopological semigroup, C a nonempty 

subset of a Hilbert space H, and S = {S(Z) . t G G} an asymptotically 

nonexpansive semigroup on C Then we have C E(S).

Proof. Let x G C and f E •戶(S). Since S is an asymptotically 

nonexpansive semigroup, for an s > 0, there exists sq E G such that 

for alH E G

V

Hence, for each a £ G.

inf sup J]S(ts)a; - /j| < 
seG teG

<

<

sup ||£(ts()a)/ - f II
teG

sup(l +庇 so)||£(a)z-/|| 
teG

(1 + 时||$(0)工一/II
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Since & > 0 is arbitrary, we have

inf sup||S(ts)x - /|| < inf ||S(t)a： 一 /||- 
sCG teG 心

Therefore f C E(z) for all x E C. This completes the proof.

The following proposition plays a crucial role in the proof of our 

main theorem in this paper.

Proposition 2.2. Let G be a semitopological semigroup, C a nonempty 

subset of a Hilbert space and S = {S(Z) : Z £ G} an asymptotically 

nonexpanszve semigroup on C. Then for every x £ C, the set

conv{S(t3)x : t E 

seG

consists of at most one point.

Proof. Let u^v E conv{S(ts)x : t G G} Q E(x). Without 

loss of generality, we may assume that

inf ||S(W - 에2 < inf ||S(i)a; 一 에勺 
ttGr tfeCr

Now, for each £, s € G, since

||w 一 에2 + 2(S(ts)x — u^u — v) = ||S,(ts)x 一 에2 — ||5(ts)ar — 씨|七 

we have

||u — 비I? + 2 inf {S(ts)x — u,u ~ v)
t^.G

> inf ||5(ts).r 一 씨卩 一 sup ||S,(ts)x — 씨卩
心 teG

> inf ||5(t)x — 에2 „ Sup \\S(ts)x — 씨伫
坨 G teG
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Since u G E(w),

|血 — 이|2 + 2 sup inf (S(ts)x — u,u-v)
gGtEG

> inf ||S(£)$ - MF — inf sup \\S(ts)x — 씨卩 
twG seG teG

= inf \\S{t)x - 삐|2 - inf - 이卩
t ECz 11 Cr

>0.

Let s > 0. Then there is an si W G such that

||ti — 씨12 + 2(S(tS])£C _ u, u _ p)〉_s

for all t E G. From v G c。泌{SQsJz . t £ G}, we have

\\u — ■이I? + 2(0 ~ u,u — v) > ~e.

This implies that ||iz —v||2 < 公 Since e > 0 is arbitrary, we have u = v. 

This completes the proof.

3. Ergodic retraction theorems
Now, we are in a position to establish 나le ergodic retraction theo

rems for asymptotically nonexpansive semigroups with nonconvex and 

nonclosed domains m a Hilbert space.

Theorem 3.1. Let G be a semitopologzcal semigroup} C a nonempty 

subset of a Hilbert space H7 and S = (S(i) : t E G} an asymptotically 

nonexpansive semigroup on C such that E(S)丰 0. Then the following 

statements are equivalent:

⑴ PseG conv{S(ts)x : t G G}「]E(S) 구% 0 for each x E C.
(2) There is a unique nonexpansive retraction P of C into E(S) 

such that PS(t) = P for every t E G and Px € conv{S(t)x : 

t E G} for every x E C.
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Proof. (2) => (1). We know that Px E E(S) for each x e C. And 

also PxeOseG conv{S{ts)x : t £ G}. In fact, for all s C G,

Px = PS(s)x E conv{S(t)S(s)x : t € G}

=conv{S(ts)x : t G G}.

(1) => (2). By Proposition 2.2, p|seG conv{S(ts)x : t G G} Q E(S) 

contains exactly one point for each x 6 C, say it Px. Hence, for each 

a C G,

{PS(^a)x} =conv{S(tsa)x : t € G}「)E(S)

D conv{S(ts)x : i € G} E(S)

seG

={Px}.

This implies that PS(t) = P for every t E G.

Finally, we have to show that P is nonexpansive. Let x^y E C and 

0 < A < 1. Since Py G E(S), for any e > 0, there exists % C G such 

that

sup — Py\\ < mf ||S0)z — Fg|| + e.
teG 屹 G

Therefore, we have

WXS(tss^x + (1- 시Pz — Py\\2

= ||A(S(iss!)x 一 Py) + (1 - 시(Re — Py)\\2

= 시|S0ssi)z — Py\\2 + (1 - 시||・Rr — 尸이卩

— A(1 — A)||S(issi)x — 尸씨卩

< A(||S(ab)x 一 Py\\ + s)2 + (1 - A)||Fa; 一 Py\\2

— A(1 — A) inf ||S(t)z — P께%
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for each t, 5, a, 6 G G. Since s > 0 is arbitrary, this implies 

inf sup ||AS(ts)x + (1 — X)Px — P?/||2 
昨G teG

< 시|S(沥)⑦ 一 Py\\2 + (1 - 시II尸⑦ 一 Py\\2 - A(1 — A) inf ||S0)z — R미F 
tWG

= II人S(况+ (1 — 시R己 一 Py||2 + A(1 一 시||S(ab)0： — Px|j2

— A(1 — 시 inf ||S(£)n — R에%

It is then easily seen that

inf sup H人S(ts)w + (1 — X)Px — Py^2 一 A(1 — A) inf sup ^S(ab)x — 一P끼卩
SEG 坨G b£G a£G

< sup ii% ||A5(ad)j： + (1 — X)Px — Py\\2 — A(1 — A) inf \\S(t)x — 尸쎄勺

Since Px £ E(S)> we have

inf sup [I人S0s)z + (1 — X)Px — Py||2
⑴ seGteG

< sup inf )|AS(f<s)x + (1 — 시/斗 一 F?/||2.
s£G 坨G

Let

h(X) = mf sup II人S0s)z + (1 - 시Rz — Py^2
s&G teG

Then for any 5 > 0, there exists S2 E G such that for all t W G>

J|AS(t52)x + (1 — 시Ru — Fy||2 < h(N + e

and hence

(XS(ts2)x + (1 - 시Re — Py. Px 一 Py) < (九(시 + 司* ||Px 一 Py^

for all t E G. Since Px E cdnv{S(ts2)x : t E G}, we have

(XPx + (1- 시Rr - Py, Px 一 Py) < (九(시 + e* \\Px - Py\\.
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Since 6 > 0 is arbitrary, we have

\\Px-Py\\2<h(X),

that is

(2) ^Px 一 Py||2 < inf sup II入+ (1 — 시Rr — P训조.

Now, one can choose an 53 € G such that 治(切3)% — P께 < M for 

all i G G, where M = 1 + inf圮g ||S(£)z — P피|. Then, we have

||AS(f5s3)rr + (1 - 시Pz — Py^2 = ||A(S(fss3)x 一 Px) + (Px — F?/)||2

= A2||S(iss3)x 一 户끼|2 + \\Px 一 Py\\2

+ 2X(S(tsss)x — Px, Px — Py)

< M^X2 + \\Px - Py\\2

+ 2入(S(tss3)z — Px} Px — Py).

It then follows from (1) and (2) that

2A sup inf (S(is)x — Px. Px — Py)

> 2A sup inf (S(tss3)x — Px, Px — Py)
seG 坨G

>sup inf ]|AS(t553)rr + (1 — 시Rr — Py\f
seg 坨 G

-\\Px~Py\[2-M2)^

= sup inf II 入 S(ts)S(S3)z+(l—시 PS($3)%—Fg||2

一 \\Px — Py\\2 — Af2A2

> ||PS(s3)z - Py\\2 一 \\Px 一 Py\\2 - M2>?

=-m2x2.

Therefore, we have

sup inf (S(ts)x — Px, Px — Py) > --M2X.
昨 GtEG - 2
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Letting 入 t 0, then we have

(3) sup inf (S(ts)x — Px^ Px — Py) > 0.

Let e > 0. Then there is & € G such that

kg < s

for all t E G, For such an & E <?, from (3), we have

sup inf(S(ts)S(s4)^ - PS(54)x,PS(s4)x -Py)>Q 
s^GteG

and hence there is $5 € G such that

inf (S(ts5)S(S4)x 一 PS(S4)X. PS{s^)x — Py) > —s.
t€G

Then, from PS(S4)X = Px, we have

(4) inf(5(^584)3; 一 Px^ Px — Py) > —

Similarly, from (3), we also have

sup inf (S(ts)S(s5s4)?/ 一 PS(s554)y, PS(s5s4)y 一 Px) > 0, 
WGtEG

and there exists sq e G such that

inf (S(ts6S5S4)y 一 尸S(S5S4)g, PS(s^^y 一 Px) > -£,

that is

(5) inf (Py - S(ts6s5S4)y, Px - Py) > -e. 
t^Gr

On the other hand, from (4)

(6) inf (S(tsQS5S4)x 一 Px, Px — Py) > —e.
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Combining (5) and (6), we have

-2e < (S(ts6s5s4)x - S(ts6s5s4)y, Px - Pg) - ||Rr - Py||2

< ||S(tS6S5S4)J： - S(tS685S4)训• ||P：E -卩训 一 |卩改-F训2

< (i + 紐6心4)|出-y\\ • \\Px — Py\\ — IIPx — Py\\2

< (1 + 时脸-y\\ • IL& 一 Py\\ 一 IL如 一 Py\\2.

Since e > 0 is arbitrary, this implies \\Px — Py|| < ||x 一 This 

completes the proof.

By using Lemma 2.1 and Theorem 3.1, we have an ergodic retraction 

theorem for asymptotically nonexpansive semigroups with a nonempty 

domain which is noconvex and nonclosed.

THEOREM 3.2. Let C be a nonempty subset of a real Hilbert space 

H and let S = {S(f) : t £ G} be an asymptotically nonexpansive 

semigroup on C such that •戸(S)丰 0. Then the following statements 

are equivalent:

(1) ^onv{S(ts)x : t C G}n，「(S) N 0 for each x EC.

(2) There is a unique nonexpansive retraction P of C onto 戶(S) 

such that PS(t) = S(t)P = P for every t C G and Px € 

conv{S(t)x . t G G} for every x E C

We denote by B(G) the Banach space of all bounded real valued 

functions on G with supremum norm. Let X be a subspace of B(G) 

containing constant functions. Then, a real valued function 以 on X is 

called a submean on X if the following conditions are satisfied :

(1) I•心 + 9)< 卩(f) + 叭g) for every hg £ X

(2) 卩(af) = (싸心) for every f E X and a > 0
(3) f <g implies 心) < 歯g)

(4) /i(c) = c for every constant c.

The following corollaries are immediately deduced from above the

orem.

Corollary 3.3. [7] Let C be a closed convex subset of a Hilbert 

space H and X a rs-invartant subspace of B(G) containing constants
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which has a right invariant submean. Let S — : t E G} be a

Lzpschttzian semigroup on C wzth infs supt k^s < 1 and 戶(S)丰 0, 

where kt is the Lrpschrtzian constant. If for each x, ?/ G C, the funchon 

f on G defined by

f (t) = \\S(t)x 一 y\\2 for all teG

and the function g on G defined by

g(t)=膏 for all t G

belong to X, then the followings are equivalent'

(1) P|seG conv{S(ts)x : t E G}戶(S) + 0 for each x E C.

(2) There ts a nonexpansive retraction P of C onto :F(S) such that 

PS(t) = S(t)P = P for every t E G and Px G conv{S(t)x . 

t G G} for every x E C.

Corollary 3.4. [6] Let C be a nonempty closed convex subset of 

a Hilbert space H and let S = {S0) : t E G} be a continuous repre

sentation of a semztopological semigroup G as nonexpansive mappings 

from C into itself. If for each rr G C, the set conv{S(ts)x . 

t G (가「)戶(《$) 丰 0： then there exists a nonexpansive retraction P of 

C onto •戶(S) such that PS(t) — S(t)P = P for every t E G and 

Px e conv{S(t)x : t G G} for every x Q C.
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