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SOME GENERALIZED FIXED POINT THEOREMS
MeE-KwANG KANG

1. Introduction

In 1974, Subrahmanyam[4] proved the following fixed point theorem
of contraction principle . Let (X, d) be a complete metric space and
let T' be a continuous mapping from X into itself. Suppose that there
exists v € [0, 1) such that

d(Tz,T?*z) < r- d(z,Tz) for z € X.

Then there exists z € X such that » = T=.

In 1996, Kada, Suzuki and Takahashi{2] first introduced the concept
of w-distance on a metric space and generalized Subrahmanyam fixed
point theorem by weakening the metric d and the continuity of T with
a w-distance p and some condition, respectively, as follows : Let X be
a complete metric space, p a w-distance on X and 7' a mapping from
X mto itself. Suppose that there exists v € {0, 1) such that

p(Tx, T%x) <7 p(z,Tx) for z€X (%)

and that
inf{p(z,y) +p(z,Tr): z€ X} >0 {#%)

for every y € X with y # Ty. Then there exists z € X such that
z = Tz. This theorem also gencralizes the fixed point theorems of
Kannan[3] and Ciri¢[1].

Ume[5] improved fixed point theorems of Kannan(3], Cirié[1] and
Kada, Suzuki, and Takashif2] by using the condition (xx) for more

Received May 26, 1999, Rewvised July 3, 1999

291



292 MEE-KWANG KANG

general contractive mapping than quasi-contractive mapping satisfying
the condition (*).

In this paper, we obtain some generalizations of Subrahmanyam
fixed point theorem and Ciri¢ fixed point theorem using the concept of
w-distance.

2. Preliminaries

DEFINITION 2.1. Let X be a metric space with a metric d. Then a
function p: X x X — [0, 00) is called a w-distance on X if the following
are satisfied:

(1) p(z,2z) < p(z,y) + ply,2) forany z, ¥, z€ X ;

(2) for any = € X, p(z,-} : X — [0,00) is lower semicontinuous ;

(3) for any € > 0, there exists § > 0 such that p{z,z) < ¢ and
p(z,y) < 6 imply d(z,y) <e.

Consider some examples of a w-distance.

ExaMPLE 1[2]. Let X be a metric space with a metric d. Then
p = d is a symmetric (i.e., p(z,y) = p(y, ) for z,y € X) w-distance
on X.

Above example shows the possibility that a w-distance p 1s to be a
very useful tool to generalize several fixed point theorems.

EXAMPLE 2. Let X bc a metric space and p a w-distance on X
Then the function g : X x X — [0, 00) defined by

q(z,y) = max{p(z,y), p(y,z)} for z,y € X
is a symmetric w-distance on X, provided that p(-,z) : X — [0,00] is
lower semicontinuous.

PROOF Let z, 4, 2€ X. Then we have

plz,y) < plz,2) +plz,y)
< max{p(z, z),p(z,2)} + max{p(z, ¥}, p(y, 2)}
= g(z,2) + q(z,y)

Similarly,

p(y,z) <ply, 2} +p(2,z) < q(z,9) + q(z, 2).
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Thus

g{z,y) = max{p(x,v),p(y, 2)} < q(z,2) + gz, ),

which satisfies (1). For each c € R and z € X,

{y | alz,y) >c} = {y | plz.y) >} U {y | ply,2) > c}-

Since p(z, -} and p(-, =) are lower semicontinuous, {y € X | ¢(z,y) >
c} is open in X, which shows that g{(z,-) 15 a lower semicontinuous
function satisfying (2). By using the condition {3) for p, we can easily
show the condition (3) for g.

Remark that a w-distance p X x X — [0, 00} defined by p(x,y) =
¥l in [2] is not symmetric.

EXAMPLE 3. Let X be a normed linear space. Then a function
p: X x X — {0,00) defined by

ple,y) = max{fizl, {fyll} forz,y€ X,
is a symmetric w-distance on X

LEMMA 2.2(2] Let X be o metric space with a metric d and p a
w-distance on X. Let {x,} and {yn.} be scquences m X, {a,} and
{Bn} sequences . {0,00) convergmg to 0, and x,y,z € X. Then the
follounng hold :

(1) if plan,y) <a, and p{x,,z) < G, for anyn € N, theny = 2,
in particular, of p(z,y) =0 and p(r,2) =0, theny = z |
(in) ?*fp(xn: Yn) < @n and p(x,, 2) < B, for any n € N, then {yn}
conuverges to z ;
(i) of p(zp.Tm) < an for any n,m € N uwrth m > n, then {z,} 1s
a Cauchy sequence ;
(iv) of p{y,2n) € an for anyn € N, then {z,} is o Cauchy se-
qUENCE.

3. A generalization of Subrahmanyam fixed point theorem

In this section, we generalize Subrahmanyam fixed point theorem
using the concept of a w-distance.
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THEOREM 3.1. Let T be a mapping from a metric space X nto itself
and p a w-distance on X . Suppose that there exists a point u € X such
that

(1) {T™u} has a convergent subsequence with a imit z € X ;

(2) p(Tz,T?z) <r-p(z,Tx) for x € O(u),

where O(u) = {u, Tu, T?u, ---} andr € [0,1) ;

(3) a function G : X — R defined by G(z) = p(z,Tx) 1s lower

semacontinuous at z € X ;

(4) p(z,z) = p(z, 2} for each x € O(u).

Then z 15 o fixed pownt of T.

PrROOF. Set z = Twu. Then by (2),
p(T?u,T%u) < 7 p(Tu, T?u) < 72 - plu, Tu) < - .
By induction, we have

p(T"u, T™ 1) <™. p(u,Tu) for any n€ N.

If m > n,

p(T"u, T™u) < p(T™u, T ) + - + p(T™ tu, T™u)
< replu, Tu) + -+ 7™ plu, Tu)

n

<
—1l-7

- plu, Tu).

From Lemma 2 2, 1t itnphies that {T™u} 1s a Cauchy sequence. By (1),
{T™u} converges to z. Since G(z) = p(z,Tz) is lower semicontinuous
at z, we have

p(z,Tz) < hminf p(T™u, T u)
=00
<liminf v p(u, Tu)
N == 00
=0
On the other hand, since p(T™u, -} is lower semicontinuous at z,

p(T™u,2) < lim inf p(T"u, T™u)

T

< - plu, Tu)

1—-7
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From (4) and the fact that p(z,-) is lower semicontinuous,

p(z,z) <liminf p(z, T"u)
n—o0
= liminf p(T"u, 2)

n

< lim inf
n—oo l -

=0

- plu, Tu)}

Thus p{z,2) = 0 and p(z,T2) = 0. By Lemma 2.2 (i), we have z = T'z.

THEOREM 3.2. Let T' be a mapping from a complete metric space
X wnto itself and p a symmetric w-distance on X Suppose that there
exsts v € [0,1) such that

p(Te, T%2) <r-p(z,Tx)

for any ¢ € X and that G(x) = p(z,Tx) 15 lower semicontimuous.
Then there exists z € X such that z = Tz. Moreover, of y = Ty, then
ply,y) = 0.

PROOF. Let u € X. Then {7"u} 1s a Cauchy sequence. Since X
is complete, {771} converges to some pomnt z € X. The remainder of
the process follows the proof of Theorem 3 1.

As a corollary, we obtain the following result of Subrahmanyam

THEOREM 3.3[4]. Let X be a complete metric space with a metric
d and T a continuous mapping from X into itself. Suppose that there
exsts v € [0, 1) such that

d(Tz,T?z) <r-d(z,Tz)

Jor x € X. Then there emsts z € X such that z =Tz.

PROOF. Any metric d 1s a symmetric w-distance. And the continu-
ity of T’ guarantees that G(x) = d(z,Tz) is lower semicontinuous.
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4. A generalization of Ciri¢ fixed point theorem

Clrié[l] proved a fixed point theorem for a quasi-contractive mapping
on a complete metric space. In this section, we generalize Ciri¢ fixed
point theorem using the concept of a w-distance.

LEMMA 4.1(5]. Let X be a metric space with a metric d and p a
w-distance on X. Let T be a mapping of X wnto itself satisfying

p(Tz,Ty) < r-max{p(z,y), p(z,Tx), p(y.Ty), p(z,Ty), py, Tz)}

for allz,y € X and some r € [0,1). Then
(1) for cach z € X andn € N,

7.n—l

Tn Tn+l <
(I, @) < 1-7r

a(z),

where a(z) = p(z, z) + p(z,Tz) + p(Tz,z), and
(2) for each z € X, {T™z} 1s a Cauchy sequence.

THEOREM 4.2. Let X be a metric space, p a w-distance on X, and
T a mapping of X wnto wtself. Suppose that there exists a pomnt u € X
such that

(1) {T™u} has a convergent subsequence with a bimat 2 € X ;

(2) p(Tx, Ty} < r-max{p(x.y), p(z,Tx).p(y, Ty), p(z, Ty), p(y, Tx}}

for all x,y € O(u) and some r € [0,1) ;

(3) p(z,x) = p(x, 2} for each element x of O(u).

(4) G(z) = p(z,Tx) 15 lower semicontinuous ot z € X.

Then z 15 a fired point of T and p(z,z) = 0.

PROOF. By Lemma 4.1, {T"u} is a Cauchy sequence. Since {T"u}
has a convergent subsequence with a hmit z, {7"u} converges to z. If
n < m,

p(T7u, T™u) < p(T™u, T™ ) 4 - -« 4+ p(T™  ty, T™u)
n—l1 m—2

r
< . .
< T a(w)+ -+ T a(u)

’f‘n_l(l _ vaﬂ)

= L - a{u),
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where a(u) = p(u,u) + p(u, Tu) + p(Tw,u). From the fact that p(z,-)
is lower semicontinuous at z, we obtain

p(T"u, z) < liminf p(T"u, T™u)
m-—0

Tn—l (1 _ ,rm—'n.)

< limi -a{u

< l:yin_}élof TRy a{u)
rn—l

“a=p - afu),

Again applying the lower semicontinuity of p(z,-), we obtain
p(z,2) <hminf p(z,T"u)
n—oo
=hminf p(T"u,z)
n—oQ
n—1
=1{.

And, the condition (4) induces that p(z,Tz) = 0 as follows ;

)

p(z,Tz) <liminf p(T"u, T"* ' u)
n—od

n—1
< I inf a(u)
n—0c —~7r
=0.

Therefore, p(z,z) = 0 and p(z,Tz) = 0, which imphes that z = Tz
by Lemma 2 2 (i)
As a corollary, we obtain the following result of Cirié[1].

THroreM 4.3 Let X be a complete metric space with a metric d
andT : X — X a mappwng such that for allx, y€ X,

d{(Tz,Ty) <r max{d(z,y),d(z,Tx),d(y, Ty),d(z, Ty),d(y, Tx)}.

for some r € [0,1). Then

(1) T has o umque fized point z wn X,
(2) lim, T"z = 2.
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PRrROOF. Let x € X. Then, by Lemma 4.1, {T"x} is a Cauchy se-
quence. Since X is complete, {T"2} converges to some point z € X,
which proves (2). On the other hand, since the metric d is a symmetric
w-distance, the conditions (1), (2) and (3) in Theorem 4.2 are satisfied.
Since T"x — 2z, we have

d(Tz,z) <liminf d(T2z,T"z)

n—00
< liminfr - max{d(z, T" 'z),d(z,T2),d(T™ 'z, T"z),
d{z,T"x),d(T™ 2, Tz)}
<r-d{(z,Tz)
=r-d(Tz,z)
Thus d(T 'z, z) = 0, which implies that z = T'z. To prove uniqueness,
let y =Ty and z = Tz Then
d(y,z) = d(Ty, Tz)
< r-max{d{y, z), d(y, Ty), d(z,Tz), d(y, Tz), d(z, Ty}}
=r-max{d(y, z),d(y,y), d(z, 2),d(y, 2}, d(z, ¥} }
=r-d(y, z).

Hence d(y,2) =0 and y = 2.

COROLLARY 4.4. Let X be a complete metric space, p a w-distance
on X, and T a continuous mapping from X wnto itself. Suppose that
there exists v € [0,1) such that

p(Tz,Ty) < r-max{p(z,y),p(z, Tz), p(y, Ty),p(z, Ty), p(y, Tx)}

forxz,y € X. Then T has a unique fired point z and p{z,z) =0

ProoF. Let v € X, then {T™u} is a Cauchy sequence in a complete
metric space X by Lemma 4.1. Let z be the limit of {T™u}. Since T
is continuous, we have

Tz =T(lim TMu) = lim T 'u = 2.

n-—o0



SOME GENERALIZED FIXED POINT THEOREMS 299

Therefore, z is a fixed point of 7. Assume that T(y) = y and

T(z) = z for some y, z € X. Then

py.y) = p(Ty, Ty) <7 -maxp(y,y),

which shows that p(y,y) = 0. Also,

p(y,2) = p(Ty, Tz) < r-max{p(y, z),p{z,y)}

and

p(z,y) = p(Tz,Ty) < r-wax{p(z.y).p(y, 2)}.

If p(y,z) < p(z,y) then p(z,y) < p(z,y), which implies p{z,y) = 0.
Since p(z,z) = 0 and p(z,y) = 0, by Lemma 2 2 we have z =y

(U
(21

3}

[4]

[5]

REFERENCES
L. J Ciné, A generalization of Banach’s contractzon principle, Proc. Amer
Math Soc 45 (1974}, 267-273

O. Kada T Suzuki, and W. Takahashi, Nonconvez mamimzation theorems and

fived pownt theorems in complete tnetmic space, Math Japonica 44 (1996}, 381-
391

R Kannan, Some results on fired pownts, 11, Amer. Math Monthly 76 (1969),
405-408

P V Subrahmanyam. Remarks on some fized pownt theoremns related to Ba-
nach’s contraction principle, J Math Phys Sci 8 (1974}, 445-457

J S. Ume, Pured powni theorems related to Crird’s contraction prnciple, J
Math Anal Appl 225 (1998), 630-640.

Department of Mathematics
Dongeu: University

Pusan 614-714, Korea

E-mad: mee@hyomin dongeur.ac kr



