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ON THE STUDY OF AFFINE DIFFERENTIAL

GEOMETRY OF SURFACE S2 IN A4

E. T. Ivlev, O. V. Rozhkova and Hai Gon Je

Abstract In this paper, we investigate the existence of a two dimen
sional surface in a four dimensional equiaffine space and characterize 
that surface

1. Introduction

A two-dimensional surface & is viewed in a four-dimensional equiaffine 
space A4. We shall mark through L? is a tangent plane to 集 m the 
current point A, and 辰 are focus lines of plane I泠 and I啓 are
the focal (tangent) 3-planes in meaning [1]; pi(p2)is the characteristic 
element of 3-plane 1*(1*)也 the direction Z2(^i) Let's consider points 
X G 厶4 and X± = Prr3 X, X2 = Pr.X

The totality of all points X 6 A4, which are satisfied the point A G 
S2, so that corresponding points Xi and X2 lie inside corresponding 
characteristics^hyperplanes 戏 and T* forms a second order hypercone 
K豊 in A4 with the vertex at the point A

Let「2 be the plane polary associated with the plane L2 and hyper
cone :匕3 = pi QT2 J4 = /92 0 ?2- Then the plane P2 = Z3IJZ4 is 
clothings plane of surface S2 at the point A :尸2=厶)3 U 乙2 = 
厶4 In conformity with [2], centre-affinity transformation [[(z) of the 
plane in itself with center A replies of each point z £「小 Non- 
eigen points of the straight lines Z3 and I4 correspond centre-affinities 
transformations and [[4, accordingly
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As remarked here affine-invariant geometric images take the possi
bility to construct the canonical frame of surface S2 in A4, with the 
help which succeed to separate and geometrically to characterize some 
private classes of surfaces. One of such classes, which is characterized 
from the following properties:

a) the hypercone K豎 on a surface S》degenerated in two 3-planes 
are going through a two-dimensional plane「2,

b) the straight line "I?) at the centre-affinity transfomation [73(]^4) 
transfers in itself.

It's found that the indicated class of a surface & in A4 exists and 
is determined with arbitrariness of six functions of one argument.

2. Invariant rationing of vectors & and 為

The equation of a tangent hyperquadric Q2 m the local coordinates 
can be expressed in the form

(2.1) CLZjX + OidQiX +(2oo =

where

(2-2) a” = (& * 弓)，aOl = (f * ez), aQo = (F* r).

A condition for a point to belong to 난le hyperquadric surface will give

(2.3) ago =顷* r) = 0.

A condition for all points to belong to the first differential vicinity (that 
is a first-order tangency) can be accomplished by differentiating (2.3) 
and reducing coefficients of independent forms lj1 and to zero.

We obtain (dr * r) = Q v=> Q(& 겨顼) + ㈤ **)=0. Hence

(2.4) ^oi 三(尸* &) = 0, ao2 三(r * €2) = 0.

To support a second-order tangency, one should differentiate (2.4). We 
obtain

(dr * ci) + (f * dei) = 0, (dr * 蔵2) + (r * d&) = 0.
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Inserting expressions dr and dea with using of (3),(4),(8) and (13) 
in [4], we can find equating coefficients by cv1 and u2 :

(指'* 畐)+(药 * er) = 0,(6! * e2) = 0,

(2.5) (A * 為)+(82 * 药)=0 <二»

(2.6) «03 + = 0, ai2 = 0, ao4 + 曲2 = 0.

To support a third-order tangency, we differentiate (2.5). Taking 
into consideration

3(& * &) + E* (工 * &) = 0,3(& * &) + E(A * 畐)=0,

(2.7) (&*&) + (ei * &) = 0, (ei * 甫 + (&*&)= 0 <=>

3^13 + E*Q()4 = 0, 3(Z24 + E%)3 = 0,

(2-8) ^23 + all = o, <214 + ^22 = o.

On supposing

(2.9) G-ii = a, <2-22 = a ,

we can find from (2.6) and (2.7)

^03 = —Q, QQ4 = 一a*, ^23 — 一Q, Q14 二—a*〉

(2.10) 灼3 = 豎，如4 = 孚

Substituting values of some coefficients azk found from (3), (4), (8) 
and (10) m [4], we obtain that all hyperquadrics in 4勿 which have a 
third-oder tangency with the surface S» are defined by the equation:

a(x1)2 + a^(x2)2 一 2a*xrx4 — 2ax2x3 — 2ax3 一 2aW#

(2.11) +~E^ ax1 x3 + ~Eax2x4 + %猝％° = 0.
t5 o
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In view of (32) in [4], it is seen that polars of points 切 and n in 
(2.10) are defined by equations respectively:

ti : ax1 + — a*x4 = 0,
3

(2.12) 丁 1 : a*x2 + ^Eax4 一 ax3 = 0.
o

If this system is considered regarding to a and a*, then we can 
obtain that it will have non-trivial solutions according to a and a* if 
and only if

(2.13) Q2 : - (1 + 爻A)我泌 + 与愆3)2 + 孝(^4)2 = 0.
y <5 0

We call Q2 the aggregate of all points (36) in [4] in A4, to each of 
them corresponds the aggregate of such hyperquadric (2.10), according 
to which points 切 and fi have the same polar. It follows from (2.11) 
and (2.12) that Q2 is the hyperquadric in A4, defined by equation
(2.13) .

Points with radius vectors

讣=A + et,

= A + e2, 

which are symmetrical to points (32) in [4] on the corresponding straight 
lines, are taken up. The point with the radius vector

T 1
V = 4+5(弓+可)

is the middle of the segment fj*] In view of (17) in [4], it is seen 
that the curve

K. 广=0

on the surface & is geometrically characterized, because the point A 
describes a line with the tangent along the curve, which parallels to 
the straight line Ay = (A,弓 + 药).From

d(& + 62) = + (…)2 百成 + + 3号&

=+ (...)262 + s'由 + 3。為, (2.14)
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we notice that the strai응ht line Av* = (A, & + &) is the intersection 
of the plane「2 = (A, 63,切)with 3-dimensional plane passing through 
L2 = (A,ei,e2)and the tangent linear subspace to the aggregate of 
straight lines Ay along the curve K,

Let us consider the point on the straight line I3 — (A, 63)

T3 = A + te3,

which is in direction Ay* projected at the point Z4 — ^4 + £為 on the 
straight line 板 =(4 商)

Let points T3 and T4 be such points that (K/i/如旗)=1, then 
t2 = 1. Consequently, on lines Z3 and I4 points

^3 — A + 63, == A — €3,
—t —*

£0=4 + C4, £4* = A — €4,

give the geometrical meaning of rationing of vectors 63 and 64. It follows 
from (2.13) that the hyperplane「2 = (A, €3,64) and the hyperquadric 
Q2 intersect in two straight lines:

U4 = (A, E*蠢 + 3€3),犯3 = (A, E角3 + 364).

Hence, invariants E and E* are 응eometrically characterized in fol
lowing manner' E = 3糾 E* = 3a*

Here formulas

3 = ((A e3),u3; (A, 63 + 34)； (A,為)},

3* = ((A,&), (A,召3 + &);应4； (A,e4)}, 

are complex connections of the corresponding four straight lines passing 
through the point A E S2 m the plane「2

3. Some affine-invariant geometrical images

For geometrical interpretation of some special classes of the surface 
S2 in A4, which are to be discussed m the next section, in this section 
let us consider some affine-invariant geometrical images associated with 
the surface S2 in A4 We shall conduct a research of these images, using 
terms of the canonical frame built analytically in [4] and geometrically 
m the preceding section.
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3.1. The diversity {L2S2} is a two dimensional 

diversity of pairs of planes 乙2 and「2

3.1.1. Some affinities of the tangent plane L%

Let us take up the point in T2： Z = A + G IV
We have: dZ =(…)+ a色4岛，3為.

Therefore, to each point Z C「2 corresponds the centre-affine into- 
transformation of the plane with the vector A ( (7) in [2]):

(3-1) H(z) = •㈤+ K%}.

This affinor transfers each direction

(3.2) x = (0角3)』3 £ L2

to the following direction

y = (X ea)ya e L2, y =⑵⑦，

(3-3) ，" = {靖 + 犷厶읐詩/,

thus y = Z/2p|(r2nr(2,x)}. T
Here, T(z,x) means the line described by the point Z C「2 in the 

direction of x. It follows from (15) and (41) m [4] that there are two 
invariant affinors II3 and II4 of the plane 1% which are the affinor II(z), 
responding with non-eigen points of straight lines I3 and I4

(3.4) n3 = {，辱}, n4 = {a^}.

We shall put the following geometrical images.
1. ) The straight line I* — {Z E「2I terll(z) = 0},
2. ) The conic q" = {Z € L| terU2(z) = 0},
3. ) The focus conic ＜庞 = {Z C 1시 detH(z) = 0}.

It follows from (3.1) that each of these geometrical images in「2 is 
defined by equations respectively:

(3.5) Z： : 1 + 2如&舟=0, z。= 0,
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(3.6) 也 : 1 + 2a0a^a + 싱3 =0, 2。= 0,

(3.7) 媚：1 + 2如&2液+妇必京=0, 2户=0, 

whe 호 e

= 分4응3 aa/3 = 54嬴，号a，

(3.8) b&B = (恐M*] + 厶纺厶言2 - 4土2厶言1 - 4芝14*2)，

It follows from (3.5)-(3.7) that 나le straight line Z* is a polar of the 
point A in the conic 硏 o 호 快. Thus, to each point Z correspond 
centre-affinities II3 and II4

3.1.2. Affine connections C12 and C34

1). By analogy with [2] we shall consider the connection C12, which 
is the mapping of the adjoining plane onto the initial in the 
direction of plane「2.

This mapping is defined by forms and which, by virtue of 
(2) and (3) in [4], satisfy structural equations

A 扁

D3%=3】J\3%*R%w3\f\3L

where curvature tensor components are defined by formulas, by virtue 
of (8) and (14) in [4]:

•9) 
3

-21
2
 1
 

R

2
 

2
 

1
3
 

2
3
 

A

4
 

1

-

2

 
1
-
2

1

 
-
2
 

- =
 2

 
1

2
 2
 

R

21
1
2
 

R

1i
1
 -
2

-11
1



284 E T. IVLEV, O V ROZHKOVA AND HAI GON JE

We 안iall call

(3.10) Ri =知}

the affine into-transformation of curvature of the plane in the mean
ing [3].

2). The connection C34 is the mapping of the adjoining plane F* 
onto the initial,「2 in the direction, of L2 [2].

This mapping is defined by forms ctg, which, by virtue of (2) and
(3) in 囹，satisfy structural equations

= 3言 A 3% + 7엱 12。“ A 3%

where curvature tensor components are defined, by virtue of (8) and 
(14) in [4], in formulas:
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We 아call

(3.12) 彪 = {/엲1扑

the into-affinor of curvature of the plane「2 in the meaning [3]

3.2. The diversity {pi,P2} is a two-dimensional diversity 

of pairs of planes and p2 — (A, 62,64)

1). The connection C13 is the mapping of the adjoining plane p、onto 
the initial plane p\ in the direction of p小 This mapping is defined by 
forms 3g (a, = 1,3, — 2, 4), which satisfy structural equations

Duja =夢 A a《+ A w2.
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Q此=3旨A或+畝歴。'A 3%

where torsion curvature tensor components are defined by formulas:
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we shall call

ol _ 1 斤3 一 ____
^112 — 史 k312 — 2 ，

爲 12 = — 5(瑚2 ~ E* 爲2)，

(3.14) 瓦=｛总 12’ ^012)

the affine into—t호ansformation of curvature of the plane pi，

2). The connection C24 is the mapping of the adjoining plane p2 
onto the initial plane p2 in the direction of pi.

This mapping is defined by forms 展，which satisfy structural equa
tions

Dcua = 3& A 얘，+ .Rq12u，1 A cj2,

Du* = 3富 A 3： + 丿구gia”，' A (力2,

where torsion curvature tensor components are defined in formulas :
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3.3. The diversity is the two— dimensional diversity

of pairs of planes = (A, ^1,64) and /药=(A, 62,63)

3.3.1. Affine connections C14 and C23
1) . The connection C14 is the mapping of the adjoing plane p\ 

onto the initial plane p* in the direction of 两、This mapping is de
fined by forms 3$ (p, g, r = 1,4; p,q,r = 2,3), which satisfy structural 
equations:

Divp = 3" /\ 냬 + 反告I*】 A u;2,

Z) 쌔 = 3： /\ 啤 + 珥妙卜 A 此 

where torsion curvature tensor components are defined m formulas :

^012 = 0，-^012 = ~2J ^112 = ~2 一 思2)〉用 12 = 0；

(3.17) 死 12 = 5(建1 一 EE) R\12 = 一5(用2 + E曷i)・

We shall call

(3-18) 岳={璐12,砥 2}

the (linear) affine into-tiansfo호motion of the plane p\.
2) . The connection C23 is the mapping of the adjoning plane 

onto the initial plane m the direction of p{. This mapping is defined 
by forms 3* which satisfy structural equations

戶 =待 A 애 + 反為2。】 A 3七
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We 아｝all call

(3-20) 爲=｛醞2,用 12｝

the (linear) affine into-trasformation of the plane 队

3.3.2- Focus conics 9： and 宓 of the planes p： and 做

Focus conicsand of the planes and are defined by the 
equations

9：:(⑦丄)2 + + /%。土五4 — 4方£(^4)2 =0,成2 =(), x3 = 0,

(3.21)
病：(^2)2 + ^2 + 曷好2护一类必*(花3)2 =q, X1 — 0,⑦4 — 0

The centres of these conics are points:

_/ 2 仞0 一 Al 一
m 4W +(龚)2 力—4g + (臨广，

(3.22)
fz _ A______ 2E* 忍2 m_________^31______ m

23 ~ 4玲怨2 + (為 1)2 2 一 4E*忍2 + (忍1)2 3・

4. Invariant classes of the two dimensional surfaces，in A4

With equiaffine-invariant geometrical images and connections taken 
up in the preceding items let analytically characterize invariant classes 
of the two-dimensional surfaces in &. We point out some of them:

1). Consider the class

(4.1) E = 0, E* = 0.

In view of (13) m [4], it is seen that

3亨—0,此=0.

Differentiating equations externally, we have convinced that along 
the surface of class (4.1) m (13) from [4] correlations

(4.2) 4|i = 0, A\2 = 0

are accomplished.
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Theorem 1. The surface & m A4 of class (4-1) zs simultaneously 
characterized by the following properties.

a) The come tn the plane (t4, e\, 64) disintegrates into two straight 
hnes

(A, 64) x1 + + 1 = 0,x2 — 0, x3 = 0,

b) The conic (阈 in the plane (A, 62,63) disintegrates mto two straight 
hnes

(A, 63) x2 + 思]*3 + 1 = Q, x1 — 0, x4 — 0.

The proof of this theorem is immediately from (35), (18), (26) and 
(38) in [4] with making allowance for (4.1).

From (4 2), taking into consideration (3.17), (3.24), (3.26)-(3.34), 
we conclude that the surface S2 in A4 of class (4.1) has the following 
properties:

a) The straight line (A, e*i) under the affinity II3 transfers into the 
line (A, e*i) and the straight line (4 耳2) under the affinity II3 transfers 
into the line (A, 62).

- b) Vectors 63 and 查 are main directions under the affinity R»

c) The plane pi under the affinity transfers into the straight 
line, which parallels to the straight line (4, & + 思2&)〉

and the straight line (项+ 厶\&) parallels to an image of the 
plane 仞 under the affinity 亢小

d) The hypercone disintegrates into two hyperplanes and 
z*

Theorem 2. The surface S2 m A4 of class (口) exists and is de
fined with the arbitrariness of six functions of one argument.

Proof. From (15) and (16) in [4] and by virtue of (4.1) and (4.2), 
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we obtain

^22 + ^41 — L 厶"+ 曳2 = E ^32 = 24救—L 4方=24方—1,

_ 3出2 — ^-21 +3 = 0〉一34方 + 3 —厶：2 = 0 •>

dA^Y A u;1 + dA^2 Z# =

(2/盅—4勿-24方為2 - 2厶"4.2 -由救/A i*

也4旨 1 A lu1 + dA^2 A cj2 —

(2丿％ — ^41 _ 24；2丄4京_ 2^-22^41 ~力珍厶釦以户A 3、

d思2 /、/ = (1 一 24. + 2/4&厲1 + 愚2(1 -，4；i — 4/4方)

—^21 + 忍1)"户 /、3%

也4：1 A — Q4旨2 —，4告1(3」4；2 + ^22))^2 人此

以]1 A 3, + 也4：2 A u2 =

(一1 + 思2 + ^11 _ 厶：2 _ 厶"，4：2 + 思1厶：2)，

d遛1 A tu1■ + dA^2 A cu2 =

(T + A22 — ^21 + ^-41 — ^22^21 + 厶方4：2)©2 A Cd1.

Applying BachvalovJs theorem to the above system , we obtain

尸=10 — 4 = 6, $]_ = 6 =》厂== 6.

Thus, the arbitrariness of the solution is equal to six functions of one 
argument. ,
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