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ON INTEGRATION OF 
VECTOR.VALUED FUNCTIONS FOR 
AN OPERATOR-VALUED MEASURE

Dong Hwa Kim

1. Introduction

The purpose of this paper is to present an integration theory for 

the case of vector-valued functions with respect to an operator-valued 

measure defined on a <T-algebra of Borel subsets of S with values in 

L(X, V), the space of all continuous linear operators from a locally 

convex space X into a locally convex space Y equipped with topology 

of bounded convergence It is well-known that a traditional integration 

theory is to define the integral of a simple function and then extend 

the integ호al by some limit process to a general case of functions m [1], 

[2]-

The idea of this type of integration has been introduced by several 

authors in [2], [3], [4] and [7]. In these papers, either the integrands 

or the integrals or both have their values in Banach spaces and in [7] 

the author considered the integration of scala호-valued functions with 

respect to operator-valued measures

In this paper we consider an integration theory for vector-valued 

functions with respect to finitely additive measures similar to ones in 

[2], [3], and then generalize [4], [7] in a locally convex space setting, 

using a weak approach.
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2. Preliminaries

We will denote by B(S) 나le <r-algebra of Borel subsets of a 

pact HausdorfF space 5, X and Y denote two locally convex rff 

spaces, being Y complete, and Q generating families of contu nous 

seminorms on Y. Let Xf and Yf be the topological duals of X and Y 

respectively.

An operator-valued measure 卩:B(S) — Y) is an additn e set 

function with

oo
/z(UXi^n) = {En} C B(S) With U우=1 En G B(S).

Tl~ 1

Ei A E3 = 0(/ 丰 = 1, 2,... , the series being unconditionally 

convergent with respect to the topology of simple convergence

Let us suppose that there exists a vector measure v : B{S) f A and 

let 卩，be anon-negative real-valued measure on B(S). If 岳工以(£)_顼)"丘)= 

0, then v is called 必-continuous and this denoted by z/《〃 When 

z/《 sometimes 卩，is said to be a control measure for v.

It is well-known that if 卩:B(S、) — L(X、Y) is an operator-valued 

measure, then for each x E Xy the set function : B(S) —> V, defined 

by 卩，X(E、)—卩(E、)x is a vector measure and conversely, if 〃( )x is a 

vector measure, then 卩:B(S) — L(Xy Y) is countably additive with 

respect to the topology of simple convergence in L(X, K) From 난le 

above result it can be proved that the set function 寸卩:B(S) Xf 

defined by (y,p/)(E)x = 1矿(/丄(E)w) for each E g B(S) is an X^valued 

measure. If yf E Yf and g £ Q, we will write yf <q whenever |g'(g)| < 

q(지) for y CY.

Definition 2.1. We define the q-varzation of /i, which is a finite 

set function on B(5), as

n

b니q(E) = sup £ q(KE n 瓦)), E e B(S),

2=1
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where the supremum is taken over all finite pairwise disjoint sets {&} C 

B(S). For each yf E Y\ the variation of yp> as

n

切仙(E) = sup£g'〃(E「)Ez)|.

l—l

Definition 2.2. We define the q-serm~vanatwn o/ /i as

II 2 llq (E) = sup |g/|q(E), E G B(S\

- yf<(i

which is non-negative and not necessarily finite. Note that || 在 ||Q 

(E) < oo whenever \yf< oo for each yf G Yf.

From the above Definition,

II M \\q (E) < 2 sup q(火(F、)) for E E B(S), q £ Q・
FCE

It is proved easily that || /z ||q (•) is monotone, subadditive and that 

g|q(E) <|| 2 Ik (E) < 4 sup sup 加2(F)|.
矿으 qFCE

Definition 2.3[1] A function / ： S —)X is said to be(1-measurable 

if there exists a sequence (/n) of simple functions converging //-a-e to 

f. We say that E G B(S) is a /i-null set if \yf= 0 for every 

yf G Y\ i-e , if 卩，(F) = 0 for every F £ B(S), F G. E.

3. Integration with respect to an operator-valued measure
Let ijl : B(S) —> I人X、Y) be an operator-valued measure with \yfii\q(E) < 

oo for each E E B(S) and yf E Yf, Also the integrands are assumed to 

be measurable.

If £? C S, then xe will denote its characteristic function on S By 

a simple function f on S with values in X, we mean a function of the 

form

n
f = Qse,

z—1
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where £ X,风 £ B(S) and E% C 氐=Q (i 手 j), = K2, ,n.

we define as usual 、

I f(s)dMs)=

E
Ee B(S

According to [7] we shall define the concept of /i-integrability.

Definition 3.1. A function f : S X is said to be a weakly 

^integrable if the following conditions hold

(i) f is y'卩，-integrable in the sense of [2], [3], and

(ii) For every E e B(S) there exists ys EY such that 矿(&e)=

Je fdy'p. for every yf e Yf.

If f is /i-integrable, we will denote yE ~ fdp，.

It follows from the above definition if J" : S — X is 7/z/i-integrable? 

then II f II is II 寸卩 II (-)-integrable and 

\f\d\yfp.\ for eachE e B(S) and if / : S T X

is a bounded /z-integrable function, then for each E e B(S),

或[W M|| f ||s|| 2 \\q ㈤，where || f ||s= sup|/(s)| 

J e ses

Proposition 3.2. For each fi-mtegrable function given e > 0, 

there exists a simple funchon g such that 0 < p < /,

sup \f - g\d\y'ii\ < €.
yf<qJs

PROOF. Since g is a simple function and f is integrable, choose E € 

B(S、) such that E = {\f — g\ > 知一卜成『⑤)}• Then there exists M > 0 

such that II m ||q (E) < 扁 히id 戒爲丄 一 洲心 < 四+||飢-⑤) 
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x II 2 \\q (S D Ec) < j. Also since f and g are bounded, |g| 

p,-a-e., there exists F G B(S) such that SP\FC is yii-null and |了一g| < 2M 

for all 5 € F Thus

sup I [ \f - g\d\y'n\ < sup I f \f - g\d\yp\

J She yf<q J SoEnF

.+ sup I [ \f -g\d\y'^\

yf<q Jsr\EnFc

=sup I f \f — g\d\y!p\ + 0 (,/ (5 A E1) A Fc is /z-null)

yf<q JsCECF

< 2M II 2llq (S n E n F)

<2M II，们Iq ㈤ <：.

Hence

sup / I/- g\d\y'fi\ < 6
yf<qJs

and the proof is complete

PROPOSITION 3 3 If f S X is \y(^integrable and we define 

II f ||妒二 supy/<q fE I이矿니) then || • ||卩 is positively homogeneous and 

subadditive

Proof. Let f and g be i/^-integrable and a〉0. Then

II af IIm = sup [ lafl이:g0| = a sup [ \f\d\y'ii\ 

gq JE yf<qJE

=«II / IU •

Furthermore, since for all q E Q, yf E Y\

[ l/ + g|이矿/니 M [ |H이:矿시 + [ \g\d\y'^\.

Je j e Je

Then

II / + s IlKlI f IL + H g 恥
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Theorem 3.4. Let f : S — X be a ^-integrable. Then we have the 

following:

(i) u(E) = fE fdji is bounded with respect to a finitely additive 

measure 卩,.

(ii) u《"加

(iii) there exists an increasing sequence {Sn} m B(S) such that 

II기q(sns/)< 1 血이R||q(S「成/)=0, where Fn = U洛

Proof. It is obvious that i/(E) = fdfi is a measure on B(S). 

Assume that f is bounded on E e B(S), i-e., for M > 0, |/j < M. By 

assumption, for every q E Q there exists q〉0 such that, if U = {y E 

Y : 이(饥 < C &丄 that is, g|q(E) < a fo호 every E € B(S).

Since for all E e B(S) there exists yf < q such that | /d矿/니 = 
q(fE /卽)，then, from the fact that

sup \y [ fdfi\ < sup [ \f\d\y'(i\ < M sup \y^\(E) < 2M - a, 

yf<Q Je y"으q J e y'<Q

it follows that q(fE /d/z) < 2Afa, that is, R(j7) C MaU. For arbitrary 

/, from Proposition. 3.2, for every e > 0 there exists a simple function 

g such that

sup \g- /I이矿/니 < 6 for y G Y'.
yf<q J E

Thus for every g € 0

sup \y' [ fd/j.\ < sup [ \f\d\y'n\

JE yf<q JE

< sup [ / |/ 一 9|이；'시 + [ \g\d\y'n\[

yf<q JE J E

< e II llq (E) + [ |g|이?/"|.

Je

(*)

But since g is bounded, there is 0(> 0) such that {R gd® E E B(S)} C
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BU〉thus

sup y f /d/i < 2ae + 2/3, 
E

that is, {j fdfi, E G B(S)} C (2ea + 2/3)U.

To prove (ii) note that, if f is bounded, say \f \ < M. then

sup \y' / J如I < sup / I引이矿川 < M sup mW(E) 
yf<Q JE yf<q JE

<M\\n II，(E)

and, therefore, for arbitrary /, applying for all e > 0, Theorem 3.2, 

and taking \g\ < it follows as in the proof of (*)

沖 \yf / fd^\ ||Q (S) + M II 2 Ik (切， 

yf<q Je

whence, for a suitable 5 > 0, if || ^ |jQ (E) < 5 나q(fE fdf/) < €, for 

every q E Q. Thus \\ v ||q《|| 2 ||g and so (ii) is proved.

To prove (iii) for 6 > 0, let Sn = {|/| > 지屛邓)} and denote 

Fn = U^LnSk Then {£几} is a decreasing sequence of sets with Fn\^. 

For every q £ Q,

sup
寸Vq

= sup / |/|이矿"I
y<? Jsosnc

< SUp / 이矿 
끼“Hq(S) 寸MqJsnSS

n II Q llq (S’)
II n Ik(sns.c)<|

whence || & |j9 (S n Snc) = s\ipy/^g 以弗(S n Snc) < * Moreover, as 

Sr\Fnc — {s e S : \f\ = 0}, for each y' G Y' we have fSnFnc \f\d\y'= 

0, and therefore for every q E Q, supy,<(? |g'0|q(S O Fnc) = 0, that is 

||P||q (SQFnc)=0. ~
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THEOREM 3.5. Let (/n) be a sequence of 卩，integrable functions 

such that

(i) fn~^f 卩on S m \\Jl\\q-measure}

(ii) J% Rd卩，《卩」(in the sense of the 11|g-semwarzatzon) uni

formly with respect to n.

Then f zs i^-integrable whenever Y is sequentially complete and

lim / fndfi = I fdp, uniformly for E € B(S). 
JE Je

Proof. Since the sequence (/n) is j/7^-integrable, by applying the 

dominated convergence theorem, we see the following statement

[fdy'p, = lim [ fndy'n for E G B(S). 

Je I。。Je

For e > 0,n, k G N fixed, let En^ = {\fn — fk\ > e} and E G B(S). 

Then En^ is a decreasing sequence of sets with En^ \ 0 . Now for 

every q EQ,

q{ [ (/n - fk)d/j] <q([ (/n - jk)如、)+ g( / (/n 一 fk)岫

Je Jece* Jece”,&
< sup f |/n - fk\d\y'fi\ + sup [ 仇 一 /对이矿/이

寸 MqJEnE* y'<qJE0En,k

< sup / l/n - fk\d\y'n\ + sup j \fn\d\y'n\

y'<qJEr\E^k y'<qJEnE^k

+ sup / \fk\d\y'n\.

心qJECE，"

From (ii) for e > 0, there exists 6 = 6(e) > 0 such that ||0||q(E) < 6, 

then supg,<q 原 矿“I < e for all n. As for n, k suitably large 
晌瓦杼j < <5(3)，then 沖寸@ 膈巩" I扁|이矿이 < | for every 

ne N. Since En^k = {\fn 一 fk\ > &, || 荘 ||q (E相)t 0 and for every 

q e Q,
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|/n — 了对이？//니

< e sup \yrp,\(E H E^k) = e\\fi\\q(E Q E^k) < 用潮”闵.

Thus for every qeQ, q(fE{fn -右洲山 < 电+ || 0 扃(S’)] for all n, k 

and E € B(S). So it follows that (J% fnd^) is Cauchy in Y uniformly 

with respect to q E Q. Thus there exists = lim孔_*〉fE 卩，,Since 

Y is sequentially complete, there exists an element 如 in Y such that

矿(；e) = lim 
n—^oo

'hd(y、) = /

E J E
fd，（寸卩）飢each EjB(S、).

Therefore f is mteg호able and fnd[x.

Theorem 3 6. If Y is sequentially complete and for e > 0 and 

En G B(S) for all n, || p ||g (•) is continuous at(/)on B(S), then every 

bounded measurable function f : S -셔 X 诺 ^-integrable.

PROOF. Since / is a bounded measurable function, there is a se

quence (/n) of simple functions such that converges to f /i-a-e. on S 

and H fn f ||s for all n Let € > 0 be fixed, En = U^n(s E S : 

\f — fk\ > e}. Then for each yf E Yf there exists a positive integer N 

such that II 8 \\q (En) < e for all n > ?/ So

[\f - fk\d\y'n\ < [ \f - fk\d\yfn\ + [ \f - fk\d\y'n\

JE ~ JecE% J EQEn

Yd|0||q(EnE；；)+2M||0||q(E「lEn)

< €(||0||q(E n Eg) + 2Af), where M 늬 f ||s .

Thus f is y^-mtegrable and fE fdyf/i = limn_>oo fE fndyf^ for each 

yf G Y. By the assumption for each € > 0, there exists an integer 

N(> 0) such that || 2 \\q (En) < c for n> N and therefore

q( / fnd^ I < 6(|| fl ||Q (EQE^ + 2M)

JE JE
+ 6(|| 0 ||q (E D Ef) + 2M) for all n, A* > TV, E € B(S).
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Since Y is sequentially complete, there exists an element E Y, 如= 

fE fdfM = limn—8 fE fnd^. So f is //-integrable.

Definition 3.7[5], A measureable function f : S —> X is said 

to be /x-integrable if there exists an X-valued sequence (£,) of ； iple 

functions such that (i) fn ——> f /i-a-e. (ii) given e > 0, there exists 

6 = &(€)> 0 such that || j|Q (E) < S, E e B(S) implies g(JE fnd^) < 

€ for all n = 1,2, ••-.

THEOREM 3.8. Let (/n) be a sequence of /i-integrable functions 

which converges to f 卩厂a广 e. and let g : S X be a fi-mteqrable 

function such that \fn\ < \g\ for n = 1, 2,.... Then f is ^integrable 

whenever Y is sequentially complete.

Proof. Let En = - /| > dg|}. Then {En} is deci easing

sequence of sets with En \ 0. So, given e > 0, there exists a positive 

integer N = 7V(e) such 나iat || 0 ||q (Fn) < 忠 and since q(fn(s) 一 

/(s)) —> 0 uniformly on S R

MO) - /(-))< 还可肅，&)) * 心 XV, s £ S「偈.

Also, since \fn\ < \g\ and |/| < \g\ /z-a-e., there exists F E」B(S) such 

that S H Fc is /i-null and |/n — /] < 2\g\ for all n > N, s G F. Thus

[ \f~fn\d\y'n\< \ 1/ - fn\d\y'n\ + [ 一 侖d|矿이

Je Jece 든 JEnEn

乙E河砌

+ [ \fn — f\d\yf ji\ + f l£i —/I 이 g'M

J(EQEn)OF J(EnEn)QFc

M j+2||g||.||2||q((E"”)® 

f 6 e €
M q + 2 II 9 H』E llq (En)二云 + 云=亍

Now let k. n > N and E E B(S). We have q(fE(fn — A)) < e. 

So (J% fnd卩)is Cauchy uniformly for each E E B(S). Since Y is
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sequentially complete, there is an element = fE fd卩,,which means 

Je f 아上 = Je f nd卩，.
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