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RECURRENCE RELATIONS FOR POLYNOMIALS
OF HYPERGEOMETRIC CHARACTER

Inhyok Park and Tae Young Seo

Abstract We derive various pure and differential recurrence rela­

tions for polynomials of terminating hypergeometric character by mak­

ing use of Sister Cehne's method

1. Introduction
The pure recurrence relation for hypergeometric polynomials re­

ceived probably its first systematic attack at the hand of Sister Mary 

Celine Fasenmyer in a Michigan thesis in 1945. She introduced the tool 

in her study of a certain class of hypergeometric polynomials [2] Our 

object in the present paper is to obtain various recurrence relations of 

well known polynomials by using Sister Cehne7s method.

The generalized hypergeometric function with p numerator and q 

denominator parameters is defined by

(1丄) 而‘0q,Z)= f 爲

where (a)n denotes the Pochhammer symbol defined by

_ J a(a + l)...(a + n-l) if n=l, 2, 3,...,
' ’ ,이” ~ t 1 if n=0,
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for any complex number a.

Equation (1.2) yields

(1-3) (a)m+n ~ (a)m(사，+

and

For a = 1 m (1.4), we have

(1.5) (n 一 fc)! = "끄% Q<k <r
(一이左

2. Pure recurrence relations
At first, consider Rice's polynomials [5]

(2.1) Hn = Hn(C,p, u) = 3 形(一n,n + 1,<;1,彻〃), 

which, for 0 = * and < = a, becomes Sister Celine's polynomial

fn(^) =3^2(-n, n 4-1,0,1,-；Z/).

厶

Now, with the aid of (1.3) and (1.5), we have

仁)» H _ 艾、(一心3 + 1)a：(C)a： k _ F (—+ *)!(<)妃片 

U 一①南而一 一느 (” 一切 3)k ㈤)2

which, for convenience, is rewritten. as in the following form 

(2-3)

k~Q

where n) denotes the general term of the right-hand most summa­

tion part of (2.2).
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Sister Celine^ technique is to express Hn-i, Hn_2, etc., as

series involving e(fc, n), and then to find a combination of coefficients 

which vanishes identically.

We observe that, in view of (2.3),

8 j
(2.4) Hn-1 = ^2 n 丄疽(*, n),

或廿

(25) …汎ms
化—Q \ 丿 \ ' )

(2-6)
TT __ (n — ^)(n — k — l)(n — k — 2). 

n-3 _ Q (n + k)(n + k~l)(n + k-2)^kl 冷'

(2.7) uHa = f 気 K fHE，
(C + fc - l)(n + k)[n + k-l)

(2.8) uHz = V 7-------萍 +厂顷了弋) _ 冲
fw (< + k — l)(n + k)(n + k - l)(n + k — 2)'

In equations (2.3)-(2.8) the coefficients of e(fc, n) have a lowest common 

denominator (^ + fc — l)(n + fc)(n + fc — l)(n + A; —2). When that denom­

inator is used in each coefficient, the maximum degree with respect to 

k of the numerators is four. Then there exist constants (functions of n 

but not of k or v) A, B, C, J9, and E such that

(2.9) Hn + (A + + (C + Di/)Hn—2 + EHn 一 3 = 0

is an identity. We find that (2.9) is written equivalently to the following 

identity in k.

(2.10) (< + 北 一 l)(n + k)(n + k — l)(n + k — 2)

+ A(n — k)(< + k — l)(n + k - l)(n + k — 2)

—Bk1 (p + k — l)(n + k — 2) + C(n 一 fe)(n — k — 1)(< + k — l)(n + fc — 2) 

—Dk2(j)+ k — l)(n — k) + E(n 一 fc)(n — k — l)(n — k — 2)(< + k — 1) = 0 
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The choice k = ny k — 1—k = 2—n, k = 1—n, the coefficient、of 洒 
in (2.10) yield

Z9in R 2(2n-1)((+ n-l) 2(2n — l)(C— 〃시 I
(2.11) D — ----- ;-------- ;--- , JJ = ----- 7----------

n(p + n — 1) n(p + n - i)

(n-2)(2n-l)(p-n + l) (2n - 3)[2(n - I)2 - n(p -，.• 1)]
Pj = --------------------------- --- (y 二二---------------------------- -------—— -----

n(2n — 3)(0 + n — 1) 1 n(2n — 3)(p + n - 1；

里4 (2ti — l)[2(n — l)(2n — 3) + (n — 2)(p — n + 1)] 

n(2n — 3)(p + n — 1) '

which, with replaced in (2.9), yields a pure recurrence relation of ti e 

Rice's polynomials Hn:

(2.12) n(2n — 3)(p 4- n — l)Hn — (2n — l)[(n — 2)(p — n 卜 1)

+2(n - l)(2n - 3) - 2(2n — 3)(( + n-

+(2n — 3)[2(n — l)2 一 n(p — n + 1) + 2(2n 一 1)(< — n + 1)이j

+(n 一 2)(2n — l)(p — n + = 0.

Next, consider polynomials

(2.13) fn(x)=呻2(-n; 1 + a, 1 + 0; x).

which is intimately related to Bateman's polynomials J* (cf., e.g., 

Rainville [4]). Now

(2.14)

f (&) = V (一心抄 =孑_________ (—1)5/
n (1+ a)k(l+ /8)丿成！ (n - A:)!fc!(l + a)fc(l + (3)k '

K—U K—u

Put

(2-15) 为 (z) = 圭띄,

nl

where

00 (_1、W 8
(2.16)为(z)=匚(宀汎!(1 +燮+执=I严心 
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from which it Allows that, by using the same procedure as before,

8
(2.17) 游=E(“ 一

k-=0

oo
(2.18) ?n-2(^) = y^(n- k)(n-k - l)e(k,n),

k=0

8

(2.19) 7n-3(^) = — k)(n - k - l)(n - k- 2)e(A-,n),

fc=0

8
(2.20) X7n-1(T)= 一 £: k(a + k)(/3 + fc)e(fc,n),

/c=0

8

(2.21) ⑦)=—£ fc(n — k)(a + k、)(。+ fc)e(fc, n),

k=0
and so there exists a relation

(2.22) %」；)+Q4 + By)*_l3) + (C + £)z)%2_23)+E%l3(z) =0

where A, B, C, D, and E are determined by the identity m k

(2.23) 1 + A(n — k) 一 Bk(a + k)(/3 + k) + C(n 一 k){n - k - 1) 

—Dk[n — k)(a + 先)(/3 + fc) + E(n — k)(n — k — l)(n 一 k — 2) = 0.

The choice k = n, the coefficients of 達，— n — 1, k — n — 2, k = 

0 in (2.23) yield

B = ―------ —r-----D = 0,
n(a + n)(j3 + n)

[3t?2 - 3n + 1 + (2n - l)(a + 仞 + a/3]
(2 24) 厶=------------------- n(a + n)^ + n)---------- '

3n — 3 +。+ /3 1
(. --  --- - — rt. --  -- . ...... ...

n(cn + n)(/3 + n)' n(a + n)(/3 + n)
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Thus the polynomials 7n(x) satisfy a pure recurrence relation

(2.25)
n(a + n)(/3 + 끼为 (%) — [3n2 — 3n + 1 + (2n — l)(a + (3)

+ a月 一 :이"t(c) + (3n - 3 +。+ 仞%—2(对 一 7n-3(^) = 0, 

which, in terms of (2.15), yields a pure recurrence relation for :

(2.26)

(a + n)(/3 + n)/n(x) 一 [3n2 - 3n + 1 + (2n 一 1)(q + 0) + — x]fn-i(x)

+ (n -- l)(3n — 3 + a + — ("‘ — l)(n ~ 2)/n_3(x) = 0.

Consider Shively's polynomials [6]

(2n)l
°决3)=何三]形—払1 +払1; x)

which are related to the fn(x). If we set a = n and = 0 in (2.13), 

fn(x) becomes 翌(찌 and (2.26) yields a pure recurrence relation 

for Shively's polynomials:

(2.27) n3an (rr) — (2n — l)(5n2 — 4n + 1 —游為一1(勿)

+2(4n 一 3)(2”，一 l)(2n — 3)(以_2(对 一 4(2n 一 l)(2n 一 3)(2n — 5)crn_3 = 0.

The pseudo-Laguerre polynomials (see [1]) gn{^) are defined, for 

nonintegral A, by

(2.28) g*) = 으?5(—n; 1 +人 —心) = £歸쓴命

When 入=q + 2门一1 the polynomials gn (x) become (—l)n7?n(a,a7), 

where Shively's polynomials Rn(a, x) are defined by

(2.29) Rn(a, x) = 씌쁭函(一“, a + n; x).

In the same manner, using Sister Celine's method, ^n(x) satisfies the 

pure recurrence relation 

(23이 ngn(x) = (w + n- 丄 一 시驛―@) 一 xgn-2(x).

From (2.30) Shively's polynomials Rn(a,x) satisfy the relation

(2.31) nR(a. x) = —(z — a — n)Rn^i(a,x) 一 rRn_2(fl, x).
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3. Mixed recurrence relations

Define the polynomial vn(x) by

(3.1) "或J"誓
鉗(A：!)2(n-A;)!

in terms of the Legendre polynomial where P* (:r) is defined by 

the generating relation

oo
(3.2) (1 一 2xt + f2)-i = £ 月@)必，

k=0

which (1 — 2xt + ±2)-* denotes the particular branch which — 1 as 

t —* 0. Put

/g Q ( \ — &3) J (一!•)"%(*) , X
(3.3) Sn(x^ -— and 771\9 ~ 힌以企)，

n! (k!)N

Then

34) 2 = W쁸爲

From the known relation

(3.5) (1 - x2)P^(x) — 2庄Pgx) + k(k + l)Pfc(T)= 0,

we determine a recurrence relation for Uk(x) which may be used to 

find a relation for Sn(rr), and finally (3.3) is employed to transform our 

result into a relation for vn{x).

In (3.5) put Pk(x) = (—l)fc(A;!)2UA：(x). The resulting relation for 

Uk(x) is

(3.6) (1 - x)2u^(x) 一 2xufk(x) + k(k + l)uk(x) = 0.
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First we set out to use (3.4) to obtain series

(3-7)

ooE k(k +

(n — A:)!

From (3.4) we get

8

(3-8)

k=0 

s—w찌

成3) 

(n — fc)!'

*)=力辎，

k=0 ' 7

,色_如)=交

k=0
(n — ky

As before we observe that there exist constants A, B〉and C such that

(3.9) ASn(x) + BSn^X) + CSn_2(T)= £ "當)*⑺
From (3.8) and (3.9) we obtain

(3.10) A = n(n + 1), B = —2n, C — 1?

which, in conjunction with (3.9), yields

(3.11) n(n+ l)Sn(x) 一 2nSn^i(x) + SJ(z) = V*쁴§프
fc=o >

From (3.8)-(3.11) it follows that

(3.12)

(1 — rr2)S^(x) - 2cS%(z) + n(n + l)Sn(T)- 2nSn-i(x) + Sn-2(x) = 0.

With (3.3) and (3.12) we obtain the following mixed recurrence relation 

for vn{x):

(3.13)

(l-x，2')v,̂ x')-2xv'n(x')+n(n+l>)vn(x) = 2n2vn-i(xy)—n(n~l)vTl^2(x).
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We conclude this note by remarking that the Sister Celine method 

can be applied to get a pure or mixed recurrence relation for given poly­

nomials systematically, before her it seemed customary upon entering 

the study of a new set of polynomials to seek recurrence relations, 

pure or mixed (with or without derivatives involved) by essentially a 

hit-and-miss process (see [3]).
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