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RECURRENCE RELATIONS FOR POLYNOMIALS
OF HYPERGEOMETRIC CHARACTER

INHYOK PARK AND TAE YOUNG SEO

ABSTRACT We derive various pure and differential recurrence rela-
tions for polynomuials of terminating hypergeometric character by mak-
ing use of Sister Celine's method

1. Introduction

The pure recurrence relation for hypergeometric polynomials re-
ceived probably its first systematic attack at the hand of Sister Mary
Celine Fasenmyer in a Michigan thesis in 1945. She introduced the tool
in her study of a certain class of hypergeometric polynomials [2] Our
object in the present paper is to obtain various recurrence relations of
well known polynomials by using Sister Celine’s method.

The generalized hypergeometric function with p numerator and q
denominator parameters 1s defined by

(O.]_ . )nzn
1.1 Folas,...,op,01,... .34 2) = —,
(L.1) P olas Pl Hyq nzo(ﬁl B q)n n!

where (a), denotes the Pochhammer symbol defined by

ala+1).. . (¢+n—1) ifn=1,2,3,. ...
(1.2) (@) = { o
1 if n=0,
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for any complex number a.
Equation (1.2) yields

(1.3) (@)mtn = (a)m(a + M),
and
— (“l)k(a)n
(1.4) (@n—k = A=a—n) 0<k<n

For a = 1 1n (1.4), we have

(- l)kn!

=n) 0<k<n.
—N)x

(1.5) (n— k) =
2. Pure recurrence relations
At first, consider Rice’s polynomials [5)
(2.1) H, = H.((,p,v} = 3Fo(—n,n+ 1,(; 1, piv),

which, for p = % and { = a, becomes Sister Celine’s polynomial

fn(¥) =3F(~n,n+1,a,1, -;—

V).

Now, with the aid of {1.3) and {1.5), we have

_ o Emeln + 1Dk (Q)e i (~1 n+k )
A2 = ) = Z =

which, for convenience, is rewritten as in the following form
[e ]

(23) Hn = Z E(k’n)m
k=0

where €(k, n) denotes the general term of the right-hand most summa-
tion part of (2.2).
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Sister Celine’s technique is to express H,, 1, Hn_2, vHy,_1, etc., as
series involving €(k,n}, and then to find a combination of coefficients
which vanishes identically.

We observe that, in view of (2.3},

O

(2.4) H, :kz: +ke(k n
(n—k)n—k—1)
(25) Z < (n+ B)(n+ k —pyetkn)
= (n—k)(n = k= fn— k - 2)
(26) ;, AnrE-Lmrkoy o

—k*(p+k-1)

@7 vHua = ,; (T k- DnsRHm+kop

K (p+k—-1)(n—k)
(28) vHu.n= Z(C.;.k-l(n-}-k)('n-l—k—-l)(n-f-k 2)

e(k,n)

In equations (2.3)-(2.8) the coefficients of ¢(k, n) have a lowest common
denominator ((+k—1)(n+k)(n+k—1)(n+k—2). When that denom-
mator is used in each coefficient, the maximum degree with respect to
k of the numerators is four. Then there exist constants (functions of n
but not of k or v) A, B, C, D, and E such that

(2.9) H,+{A+Bv)H, 1+ (C+Dv)Hy 2o+ EH, 3 =0

is an identity. We find that (2.9) is written equivalently to the following
identity in k.

(2.10) C+k=V)n+k)n+k—1)n+k—2)
YA —B)(C+k~Dn+k—Dn+k-2)

—Bk*p+k-1D)n+k-20+Cn—-kn—-k-)(+k—-1)n+k—2
~Di2(p+k—D(n—k)+En—k}{n—k—-1){n—k -2 +k-1) =

)
0



194 INHYOK PARK AND TAE YOUNG SEO

The choicek =n, k=1-(, k= 2-n, k= 1-n, the coefficient - »f &4
in (2.10) yield

_22n-1)(¢C+n-1) o 2@n-1)(C- w0
- np+n-—1) B n(p+n - i}
(n=2)2n-1)(p—n+1) C= (n=3)2(n -1 —nip - 1]
n(2n-3)p+n—-1) ’ n(2n -3} p+n- 1,
Ae - @Cn—-1DRE-D2n-3)+(n—-2)(p—n+1}
n(2n -3} (p+n-1) ’

(2.11) B D

E=

?

which, with replaced in (2.9), yields a pure recurrence relation of t 2
Rice’s polynomials H,,:

(2.12) n2n—3)p+n—-1H, - 2n—-1[n-2)p—n t 1)
+2(n—1)2n-3) - 2(2n - 3)(C+n— 1)w]|H,
+{2n =3)2n— 12 —np-n+ 1) +22n - )} -n+ LV]H,. .
+Hn-2)2n-1)(p-n+1)H, 3=0.
Next, consider polynomials

(2.13) fo(z) =1F(-n;14+ 0,1 4+ 3 2),

which is intimately related to Bateman’s polynomials J2¥ {cf., e.g.,
Rainville {4]). Now

(2.14)
B %) (wn)kl‘k _ o (—l)kn!xk
Fe) = kgo T+ )e(l+ D)kl ,62 (n = K)IRI(L +a)e(l + Bl
Put
(2.15) i) = 220,
where

B o (—l)kxk B oo L
(216)  ya(z) = §0 RO T B kzzf(k’ n),
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from which it follows that, by using the same procedure as before,

(217) '%Auo=§;m~kkwmx

(2.18) IMJ@J=§;m—kxn—k—nd&nx

(219) '%4@9=§;m—kxn—k—0@~k—ZMkn%
(220) w%4@0=—§;Ha+mw+kkme
(221) m%4@03—§;Mn—mm+kxﬁ+m4hm,

and so there exists a relation
(2.22) 7n () + (A+ Br) () + (C + Da)yn—2(z) + Eyn_s() =0
where A, B, C, D, and F are determined by the 1dentity in &
(2.23) 1+ A(n—k)— Bk(a +k)}{B+k)+C{n—k)(n—k - 1)
—Dk(n —k)a+k)(B+k)+ En—-k{n—k-1){n-k—2)=0.
The choice k = n, the coefficients of k%, k=n—~1, k=n-2, k=
0 in (2.23) yield
N 1
R r)
In? —3n+ 1+ (2n— 1o+ 8) +aof]
n(a+n)B+n)
3n—-34+a+p Eo -
ala+n)(B+n)’  nla+n)(B+n)

D=0,

(2 24) A=l

?
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Thus the polynomials vy, (z) satisfy a pure recurrence relation
n{a+n)(B +n)wm(z) — [3n® —3n+ 1+ (2n—1)(a + f)
+af — a]yn-1(z) + (3n — 3+ o+ B)yn—2(z) — Yn-3(z) =0,

which, in terms of (2.15}, yields a pure recurrence relation for f,(z) :

(2.26)

(a+n){B4+n)fol(z) = Bn? =3n+14+(2n — 1)(a+8) + af ~ 2] fn_1(z)
+(n—1)Bn-3+a+B)fra(z)—(n—-1){n-2)fn3(x) =0.

Consider Shively’s polynomials [6]

(2.25)

2n)!
op{z) = —E?))ing(—n, 1+n,1;z)
which are related to the f.(x). If we set @ = n and 8 = 0 in (2.13),

fn{z) becomes %on(x) and (2.26) yields a pure recurrence relation

for Shively’s polynomials:
(2.27) nton(x) — (2n — 1)(5n* —dn + 1 — z)o,_1(x)
+2(4n — 3)(2n — 1)(2n — 3)an—2(z) — 4(2n — 1)(2n — 3)(2n — 5)o,,—3 = 0.
The pseudo-Laguerre polynomials (see {1]) g.(z) are defined, for
nonintegral A, by

_— T _ k
(2.28)  ga(z) = ( A)anl(—n; l+x—nyz) = Z (k!?’rz»n:g!'.

t
n! s

When A = a + 2n — 1 the polynomals g,(z) become (—1)"R,(a,x) ,
where Shively’s polynomials R, (a,z) are defined by

(a) 2n
nt{a},

In the same manner, using Sister Celine’s method, g,{x) satisfies the
pure recurrence relation

(2.30 ngn{r) = (4 n— L = N)gy-1(z) — Tgn—2(x).
From (2.30) Shively's polynomials R, (a, ) satisfy the relation
(2.31) nR{a,z) = —(z —~e —n)R._1{a,z) — tRy_2(a, ).

(2.29) Rn{a,x) =

1Fi{(=n, a+n; z).
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3. Mixed recurrence relations

Define the polynomial v,(z) by

n

(=1)"nlPg(z) YenlPy(r)
(3.1) vn () = ;} (kD)2(n — k)!

in terms of the Legendre polynomial Pi(x), where Py(z) is defined by
the generating relation

(3.2) (1— 2zt +2)~% = i Pi(z)t",
k=0

which (1 — 25t 4+ t2)~% denotes the particular branch which — 1 as
t — 0. Put

{2 k
(3.3) Salz) = nT(‘-)— and (_1_()5'%.‘&2 = up{z).
Then
(3.4) Sn(z) = Z (“"(“’

From the known relation
(3.5) (1 — 2P (z) — 22 P (z) + k(k + 1) Pe(z) = 0,

we determine a recurrence relation for ui{x) which may be used to
find a relation for S, (), and finally (3.3) 1s employed to transform our
result into a relation for v,{x).

In (3.5) put Pu(z) = (=1)*(kH)?ux(z). The resulting relation for
up(z) is

(3.6) (1 — 2Y2ull(z) = 2zu) (x) + k(k 4+ D)up(x) = 0.
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First we set out to use (3.4} to obtain series

L k(k 4+ Dug(z

From (3.4) we get

(38)  Si(z)= Z “”) . S }:(“"

ku T n—k)(n—k - 1w

As before we observe that there exist constants A, B, and (' such fhat

(39)  ASa(z) + BSu_1() + CSucale) = Y k(k(: i);.‘ff”’
k=0

From (3.8) and (3.9) we obtain
(3.10) A=n(n+1), B = —2n, C=1,
which, in conjunction with (3.9), yields

(3.11) n(n+1)Sn(z) — 20—y (z) + Sp-a(z) = 3 k(k<: PZJ:“’ -

k=0

From (3.8)-(3.11) it follows that
(3.12)
(1 — 22)8"(z) - 228 (z) + n(n + 1)Sn(z) — 2nSn_1 (2} + S, -a(z) = 0.

With (3.3} and (3.12) we obtain the following mixed recurrernce relation
for v, (z) :

(3.13)

(1—2%)0) (z) - 220), ()4 n(n+1)va(2) = 2020,y (2) —n{n— v, _o(z).
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We conclude this note by remarking that the Sister Celine method
can be applied to get a pure or mixed recurrence relation for given poly-
nomials systematically, before her it seemed customary upon entering
the study of a new set of polynom:als to seek recurrence relations,
pure or mixed (with or without derivatives involved) by essentially a
hit-and-miss process (see [3]).
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