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ON GENERALIZED SYMMETRIC 
BI-DERIVATIONS IN PRIME RINGS

M. ALI OZTURK AND MEHMET SAPANCI

Abstract After the derivation was defined in [19] by Posner a lot 

of researchers studied the derivations m ring theory in different man­

ners such as m [2], [4], [5], , etc Furthermore, many researches

followed the definition of the generalized derivation ([3], [6], [7], 

etc ). Finally, Maksa defined a symmetric bi-derivation and many re­

searches have been done m ring theory by using this definition. In this 

wcn?k, defining a symmetric bi-a-denvation, we study the mentioned 

researches above in the light of this new concept

1. Introduction
Throughout this work, R will represent an associative ring and Z 

will denote the center of R. We set Ca = {c £ R | ca(x) = xc^x gR}, 

and [xyy]o, = xa[y) — yx and (气 y)^ = xa{y) + yxy where a is a non­

zero mapping of R. In particular, C\ = Z, and [x, y]i ~ xy ~ yx and 

(.r, y)i = xy + gx =(⑦q/), in the usual sense. Furthermore, we use the 

relation:

[z,英]a = y[x, z]a + \x, y]aa(z)

[电, 기a = x\y, 끼a + g, z]y = 이;, Q(2시 + [x, z]ay

3, yz、M = y(x, z)a + [x, y]aa(z)
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and

(3明 2為 = x(y, z)a - [x, 끼; = 찌饥 a(z)] + (x, z)ay.

A mapping Z)(.,.) : R x R -스 R is called symmetric if D(x^y) = 

D(加工、)holds for all x^y G R. A mapping d : R R defined by 

d{x) = D{x^x) is the called trace of 79(.,.), where Z)(.,) : R x R -소 R 

is a symmetric mapping. It is obvious that, if D(.,: R x R R is 

a symmetric mapping which is also bi-additive ( i.e. additive in both 

arguments ) then d the trace of D(.,.) satisfies the relation d(x + y)= 

d(x) + d(y) + 2Z)(rr, y) for all 工〉y C R.

A symmetric bi-additive mapping D(.,.) : R x R -슈 R is called^a 

symmetric bi-derivation if D(xy, z) = z)y + xD(yy z) is fulfilled 

fb 호 all x,yyz E R. Then the relation D(x, yz) = D(xy y)z + yD(x^ z) is 

also fulfilled for all x,y,z e R.

2. The results
We shall need the following well-known and frequently used lemmas.

Lemma 1. ([143 Lemma 2.(饥)])Let R be a prime ring , a E R 

and d : R R an a-denvahon. If U is a non-zero ideal of R and 

ad(U) = 0 then a = 0 or d = 0.

Lemma 2. ([11, Lemma 1]) Let R be a prime ring and U a non-zero 

right ideal of R. If U zs commutative, then R 七s commutative

Lemma 3. ([8, Lemma 1]) Let R be a semi-pnme, 2-torsion free 

ring and U a Lie ideal of R. If [C7, U] C Z} then U C Z.

Lemma 4 ([13, Lemma 3]) Let R be a prime ring, a〉b E R and 

b, r an automorphism of R. If b,ab E Ca^? then aE Z orb — 0.

We shall start with the following definition.

Definition 5. Let B be a ring. A symmetric bi-additive mapping 

D(.〉.) : R x R R is called a symmetric bi-a-derivation if D{xy, z)= 

D(x)z)a(g) + wD® z) is fulfilled for all x,y^z E 7?, where a : R x R 

is a non-zero mapping. Then the relation D(x, yz) = D{x, y)a{z) + 

yD(x. z) is also fulfilled for all x.y.z E R.

For any fixed y £ R> a mapping x i D(x^y} is an. a-denvation, 

where D(.,.) is a symmetric bi-a-derivation of R.
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Example 6. For a commutative ring R” let 
a b\

M : o 0丿 I a,b G /? >, it is obvious that M is a ring under

matrix addition and multiplication. D(〉)： M x M —> M, defined 

by ((： :'J，(：*))—(:；'鬼)is a symmetric bi-a-derivation, 

(a b\ /0 b\
where a : M M defined by (侦丿 丿 a mapping.

Remark 7. Let R be a 2-torsion free (i.e. 2x = 0 implies x — Q) 

prime ring and a a homomorphism of R. If a is an even funchon, then 

a = Q. Therefore, when R is 2-torsron free ring, the homomorphism 

a : R — R assumed to be an odd funchon.

Theorem 8. Let R be a prime ring which rs 2-torsion free. Let 

B(.:.) be a symmetric b%-a~derivation of R and d the trace of D(,.)? 

where a is an automorphism of R. If [d(x), = 0 for all x inR, then

R is commutative or D — 0.

PROOF. We assume that R is non-commutative. From the hypoth­

esis, for any x.y E R

[d(x + y),x + y]a + [d(-x + y), -x + y\a=Q

and since R is 2-torsion free we have, for all 3\y E R

⑴ [d(z), 切a + 2[£>(皿饥, 끼a = 0.

Writing xy for y m (1), from hypothesis and (1), since R is 2-torsion 

free we obtain, for all x.y e R

⑵ d(x)a([x,y]) = 0.

From (2) and Lemma 1 one can conclude that, for x Z and since 

a is automorphism of R we have d{x) =0( note that, for any fixed 

x E R sl mapping y i [rr,y] is a derivation. ). Let x E Z.y Z, 

Then —y, x + y,x + (—y、) £ Z. Thus, 0 = d(x + ；) = d(x) + 2D{x} y) 

and 0 = d(x + (—y)) = d(x) — 2D(x, y) which implies 나d(x) = 0. 

Therefore we have proved that d{x) = 0 for all x G -R, which means 

that D(x,y) = 0 for all x’y £ R. Namely, D is zero
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Theorem 9. Let R be a prime nng which is 2-torsxon free. Let 

£)(.).) be a symmetric b%-a~derivation of R and d the trace of Z)(.,.); 

where a is an automorphism of R. If \d{x}.x\a E Ca for all x e Ry 

then R ts commutative or D — 0.

PROOF. We assume that R is non-commutative. In this case, from 

the hypothesis, for any x.y e R

[d(x + y),x + y]a + [d(-x + y),-x + y]a e Ca

and since R is 2-torsion free we have, for all x^y E R

(3) [d(对"da + 2[刀(气饥,씨Q € Ca.

Replacing y by x2 m (3), from hypothesis and (3), since R is 2-torsion 

free we get, for all x.y E R

(4) x\d(x\x\a G (爲.

Thus, from hypothesis and (4), we have yx[d(x),z]a = a;[d(a;),3；]aa(?/) 

and so we get, for all x,y E R

(5) [c,g][d(2), 씨叫 = 0.

Now, the relation above makes it possible to conclude, using the same 

arguments as in the proof of Theorem 8, that for any x Z we have 

\d(x\x]a = 0. Thus, from Theorem 8 we obtain £) = 0.

Theorem 10. Let R be a 2-torsion free prime ring, a be an au­

tomorphism of R, D(.,.) a symmetric bz-a-derivation of R and d the 

trace of D( ,,). If (d(x),x)a — 0 for all x E R, then [rf(x), x]a = 0 for 

시‘ x E R. Furthermore^ if R is non-commutatwe, then £) = 0.

PROOF. From the hypothesis, for any x,y e R

{d{x + ；)* + g)a + (d(-x + y), ~x + y)a = 0

and since R is 2-torsion free we have, for all x^y E R

(6) (』3), + 2(D(x,饥,= 0.
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Replacing y by yx in (6), from (6) we get, for all x.y E R

⑺ [d(z), y\a + 2(」D(z, y), x)aa(x) + 2[x, y]d(x) = 0.

Now, right multiplication of the relation (6) by a{x) gives for all x,y E 

R

(8) (d(c),：g)ac心;)+ 2(Z)(rr,?/),rE)Q,a；(rc) = 0.

Combining (7) and (8), from the hypothesis we have, for all x.y E R

(9) xyd(x) = 0.

Replacing y by d(x)yx in (9) and since R is prime ring we have, for all 

x,y E R

(10) xd{x) = 0.

Consequen비y, from the hypothesis and (10) we get \d(x^x]a — 0 for all 

x E R. In this case, if R is non-commutative, then D = 0 by Theorem 

8.

Theorem 11. Let R be a prime ring which zs 2, 3-torsion free and 

a an automorphism of R Let【)(•,•) be a symmetric bz-a-derivation 

of R and d the trace of DJ ). If x)a G for all x E R} then 

R is commutative or D =0.

PROOF. We assume that R is non-commutative. In this case, from 

the hypothesis, for any x.y E R

(d(* + y), x + y)a + ((/(—x + y), ~x + y)a C C农

and since R is 2-torsion free we have, for all x.y E R

(11) (d(x),y)Q + 2(P(rc,?/),x)a e Ca.

Replacing y by x2 in (11) and from (11) we get, for aS. x E R

(12) [d(x),x]aa(x) e Ca.
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Thus, from (12)

0 = \[d(x),x]aa(x),y]a

=供(游,w]Ja3),a(g)] + [[d(x),x]a,?/]Q;a(x)

and so from the hypothesis we get, for all x、y £ R

(13) [d(x). x]Qa([x, y]) = 0.

From (13) and Lemma 1 one can conclude that, for须 £ Z and since a 

is automorphism of R we have [d(x),x]a = 0. Thus, we have = 0 

for all t Z by Theorem 8. Now, let x E Z^y Z. Then —y,x±y,x + 

(—g) £ Z. Thus, 0 = d{x + y) = d{x) + 2D(x,y) and 0 = d(x + ( ~y))= 

d(x) — 2Z)(x, y) which implies that d(x) = 0. Therefore we have proved 

that d{x) = 0 for all x € R〉which means that D{x,y) = 0 for all 

x、y £ R. Nam인y, D is zero.

Lemma 12. Let R be a 2~torsion free prime nng, U a non-zero right 

(or left) ideal of R and a a mapping (or one-to-one homomorphism) 

of R. Let D(.,.) be a symmetric bi-a-dertvahon of R and d the trace 

of DJ .). If d{U) = 0, then D = 0.

Proof For any u.v E U

d(u + u) = d(以)+ d(r) + 2D(u. v)

and since R is 2-torsion free we have Z)(w, u) = 0 for all u, v G U. 

Writing vr.r E R for v in this relation. From this relation and since 

R is prime ring we have D(u,r) = 0 for ail u E U and r E R. In this 

relation, writing us, s e 1? for and since R is prime ring we have 

B(s,尸)=0 for all r, s E 7?.

Theorem 13. Let R be a 2-torsion free prime ring, U a non-zero 

ideal of R and a an automorphism of R. Let £)(.,.) be a symmetric 

bi- a-derivahon of R and d the trace of £>(.,.). If d(u) € Ca for all 

u EU, then R is commutative or D = 0.
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Proof. We assume that R is non-commutative. Then, replacing u 

by u + v.v e U in the hypothesis, from the hypothesis and since R is 

2-torsion free we have D(u, v) G Ca for all u.v E U. In this relation, 

writing u2 for tz, from this relation and since R is 2-torsion free, we 

have uD(u, v) E Ca for all u.v EU. Thus we have u E Z ior all u £ 

or we have D{u, t;) =。for all 七l* £ U by Lemma 4.

In other words, U is the union of its subsets A = {u E U \ D(s v)= 

0 for all it e 17 } and B ~ {u e U u E Z for all u E U } . Note 

that A and B are the additive subgroups of U. MU — B then U C Z 

and so R is commutative. This contradicts the our assumption. So 

U B. Therefore, by Brauer trick, we have U = A which implies that

d) = 0 for all u,v e U. Finally, we get D = 0 by Lemma 12.

Theorem 14. Let R be a prime nng^ U a non-zero ideal of R and 

a an automorphism of R. Let D( ,.) be a symmetric bi-a- derivation 

of R such that d(U) C U and d the trace of DJ ).

i) If R is 2-torsion free and 씨@ = 0 for all u E U7 then R

is commutative or D ~ 0.

ii) If R is 27 3-torsion free and [d(zz), 씨6 Ca for all u E Uf then 

R %s commutative or D

Proof i) We assume that R is non-commutative. In this case,_ U 

isn't a commutative ideal of R by Lemma 2. Since {7 is a non-zero ideal 

of a prime ring R which is 2-torsion free, U itself is a non-commutative 

prime ring which is 2-torsion free Therefore, d(u) = 0 for all za 6 

by Theorem 8. Thus, we have D = 0 by Lemma 12

ii) We assume that R is non-commutative Then, since U is 2, 3- 

torsion free, we have [d(u),u\a = 0 for all u G U by the proof of 

Theorem 9. Hence D = 0 by (i).

Theorem 15. Let R be a prime ring, U a non-zero ideal of R and 

a an automorphzsm of R. Let !?(.,.) be a symmetric bz-a -derivation 

of R such that d(JJ) G U and d the trace of D(,.).

i) If R is 2-torsion free and = 0 for all u EU, then R

%s commutative or D = Q.
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ii) If R is 2, 3~torsion free and (d(u), u)a G Ca for all u EU? then 

R 25 commutative or D — Q.

Proof. Similar to the Theorem 14.

Lemma 16. Let R be a prime ring, a E R, U a non-zero Lie ideal 

of R and a a homomorphism of R. Let .) be a symmetric bz- 

a-derivation of R such that d(U) U U and d the trace of £>(.,If 

[a, v]a = 0 for all u E U? then a G (爲 or U C Z.

Proof. Writing [r, , r G 7? for u in the hypothesis, from the hy­

pothesis we have, for all -u G 17 and r E R

(14) [叵質]a, 씨 a =0.

Writing vr,v € 17 for r in (14) and so, from the hypothesis and (14) 

we get, for all u,v eU and r E R

(15) 叵 이 旗 Ha = 0.

Writing st,옹 e R for r in (15) and from (15) we get, for all u.v E U 

and s.r E R

(16) 씨司缶厂]。= 0.

From (16) and since R is prime ring we get U U Z by Lemma 3 or 

a £ Ca.

Theorem 17. Let R be a 2-torsion free prime ring, U a non-zero 

Lie ideal of R and a a homomorphism of R Let £)(.,.) be a symmetric 

bi-a-derzvation of R and d the trace of DJ )

i) If d(u) = 0 for all u E U, then U C Z or D = Q or R is 

commutative.
ii) If d(u) E Ca and v? E U for all u E U, then U C Z or D = Q 

or R is commutative.
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Proof i) 모he linearization of the hypothesis and from the hypoth­

esis we have, for all u,v E U

(17) "o) =0.

Writing \u,r],r E R for u in (17) and from (17) we have, for all u^v EU 

and r E R

(18) 씨a = 0.

Writing rw, w G (7 for r in (18),from (17) and (18) we have, for all 

u.v.w EU and r e R

(19) D(r, ?z]) = 0

Replacing r by rs.s E R in (19), from (19) we get, for all u^v^w E U 

and r, s G .R

(20) £)(r, ?;)af(s)a([w, iz]) =0

Thus, since R is prime ring, from (20) we have, for all u,v.w E U and 

r e R

(21) D(r, ©) = 0 or [w, 씨 = 0

In this case, from (21) and Lemma 3 we have 1/ C Z or we have, for 

all v G [7 and r E R

(22) P(r,v) -0.

Now, replacing v by [r, v], r E Rin (22), from (22) we have 시 ° = 

0 for all v € t/ and r E R. Thus, we get d(r) G for all r G or we 

get U C Z by Lemma 16. If d(r) e Ca for all r E R, then D = 0 or R 

is commutative by Theorem 14.

ii) We assume that U (二 Z. In this case, from the hypothesis we 

have, for oil u E U

(23) d{u) e (爲.
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Replacing u by w + t;, v € C7 in (23), from (23) and since R is 2-torsion 

free we have, for all u,v e U

(24) P(w,v)eCa.

Now, replacing u by u2 in (24), from (24) and since R is 2-torsion free 

we have, for all u^v E U

(25) uD(u.v) G Ca.

Thus, from Lemma 4 we have U C Z di D (华 v) = 0 for all 壮〉v e U. 

In other words, U is the union of its subsets A~{ueU\u^Z for 

ail u E U } and B — {u EU \ (£)(%u) = 0 for all iz G Z7 }. Note that 

A and B are the additive subgroups of U. If U = A, 나】en U C Z and 

so this contradicts the our assumption. Thus, U A. Therefore, by 

Brauer trick, we have U = B which implies that v) = 0 for all 

u^v E U. Finally, £)= 0 or R is commutative by (i).
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