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MULTIGRID FOR THE GALERKIN LEAST 

SQUARES METHOD IN PLANAR LINEAR 

ELASTICITY WITH P1P0 FINITE ELEMENT

Jaechil Yoo

1. Introduction

Let Q be a bounded convex polygonal domain in B? and 泓2 be the 
boundary of Q. The pure displacement boundary value problem for 
planar linear elasticity is given in the form

(1) 2m{V e(u) + W -u} + f = Q in Q,

u = 0 on 3Q.

Here u =(編”庭)denotes the displacement, f = (/i)/2)is the body 
force, v is Poisson's ratio and 卩，is the shear modulus given by 卩，二二 
E/{2(1 + 〃)} where E is the Young's modulus.
We restrict Poisson's ratio to 0 < p < 1/2 where the upper limit 
corresponds to an incompressible material.

Throughout this paper, we use a positive constant C independent of 
匕 mesh parameter hk and grid level k which may vary from occurrence 
to occurrence even m the proof of the same theorem.

We define various standard differential operators as follows, see [3].

dvi dv2
▽.幻=頂—卜，

ox oy

▽ (紀崂弋啊方)= ( dvi/dx dv,/dy\
\dT2i/dx + dT22/dy J \dv2/dx dv^/dy )
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2 2 ]
= £ £爲 and £(v) = - [Vv + (▽朋.

i=1 j=l
Let Hm(Q) denote the usual Sobolev space of functions with L2(Q) 
derivatives up to order m. is equipped with the norm

imilHm(Q) ：= (/ E 俨이2 血，.

\ \a\<m )

We use the following convention for the Sobolev seminorms:

I 끼 Hm(a)：= (j £ I 笋이 2 dxdy ) -

|°|=m )
Let 阕(Q) = R £ H”q):祈飯=0}.

It is well known that for f e L2(Q), equation (1) has a unique solu
tion u e H2(Q) n /Tq(Q), see [5].

There is a great deal of literature dealing with approximation schemes 
for the equations of linear elasticity. To avoid the locking phenome
non in linear elasticity problems, there are several different approaches: 
nonconforming finite element methods, the methods of 호educed/selected 
integration, first order least squares methods, and Galerkin least squares 
methods. Fbr all of these approaches, mixed finite element methods 
involving a pair of finite element spaces are commonly used and we 
have to solve large linear systems arising from the finite element dis
cretizations. With the usual mixed finite element methods, the system 
is indefinite and hence the problem poses difficulties.

In recent years, modern iterative methods such as multigrid and do
main decomposition methods have been applied to mixed finite element 
methods. Among those iterative methods, the multigrid method has 
been one of the most popular and fastest methods. So we study the 
multigrid method to solve the large sparse linear systems derived from 
the Galerkin least squares method for the pure displacement boundary 
value problem.

It is well-known that one way of driving stabilized mixed finite el
ement methods is to combine the 이assical Galerkin formulation with
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least-squares forms of the differential equations. (See [4] and references 
therein). An advantage of this method is that the class of finite element 
spaces that can be used is considerablely enlarged, hence the methods 
are easily incorporated into existing finite element codes. In this paper, 
we present a scheme of W-cycle multigrid method to solve the linear 
system arising from P1P0 conforming finite element method for the 
mixed formulation of the pure displacement boundary value problem 
as in [2], [6] and [7]. In [7], Yoo proved the convergence of W-cycle 
multigrid methods with PiPj(l < 京 j) finite element.

This paper is organized as follows. We explain the conforming fi
nite element method in. section 2. We discuss the W-cycle multigrid 
algorithm in section 3 and prove the convergence in section 4

2. The Finite JUement Method

For simplicity, we assume that 2/a. — 1. Let p = —|V - iz, where 
€ = (1 — 2p)/i/. Then (1) is equivalent to

—V - £(u) + Vp — f in

(2) cp + V • w — 0 in Q, 

iz — 0 on 3Q.

Hence, we have the following weak formulation
Find (%但)€ H*(Q) x L2(fi) such that

(3) J : £(0) dxdy — / (▽•©), dxdy

=[f ' v dxdy^ Vi; € 毋(Q\
丿Q

€ J pq dxdy + j (▽ • dxdy — 0, Vg e L2(Q).

Let Tk be a family of triangulations of Q, where Tfc+1 is obtained 
by connecting the midpoints of the edges of the triangles in 7*. Let 
h/p =diam(T) for each T £ Tk and 眼 = max hn then h& — 2凡k서」.

T€Tfc
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Now lefs define the conforming finite element spaces for our multigrid 
method.

Vk :二二 {v € C°(Q) ; 이t is linear for all T E 丁* and 씨= 0}, and 

，% ：= {q £ L2(Q) ; q\r is a constant for alHL £ 7디'}.

Then the discretized Galerkin least squares method for (3) is the following:

Find (uk^Pk) E Vk x Pk such that 

(4) / • vk dxdy, V(陽皿)G Vk x Pfc 

where

风：((物;彼),(2%,以))

=j £(%) : e(ffc) dxdy 一 j R •四)q% dxdy 一 j R • Vkjpk dxdy

-0 £ hqY fpfc], fe] >t 一e / PkQk dxdy.
Zc[기c J Q

Here 1가 stands fbr the collection of the element edges in the interior of 
Q, and < •, • > denotes the L2-inner products on T.denotes the 
jump in p along T, see [4]. Note that the bilinear form is symmetric 
and indefinite.
In [4], Franca and Stenberg proved the uniqueness of the solution of the 
conforming discretization (4) and derived the following discretization 
error estimate:

他 - + ||p — 7세£2(Q) < ChkfflL2^

and
g — 街』l2(q)< C,hfc2||/||L2(n)-
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3. Multigird Algorithm

In this section., we discuss the W-cycle multigrid algorithm.
In order to define the fine-to-coarse operator /厂\ we introduce the 

following mesh-dependent inner product:

((5),(0,q))k ：= (u,v)L2(Q) + /ifc(p,Q)L2(n).

Then /厂'：* x R —> Vk-i x Pk-i is defined by

for all (u,p) eVk x Pk and (qq) G Vk-i x Pfc-i-
Define •风：14 x R — * x R： by

(W%0),(0,q))广庵((％》), (0,g)),

for all (u,p), (7丿，g) EVkx Pk.

Lemma 1. The spectral radius of is at most Ch^2.

Proof. See [2].

Because of the result of Lemma 1 and indefiniteness of the system, 
the usual iterative methods are not appropriated to solve our linear 
system.

The mesh-dependent norms onVk^Pk are defined as follows

lll(S0)l|s,k ：=((段)s/2(u,p),(%p))k for all («,p) &Vkx Pk.

Note that 玖 is nonsingular and symmetric, hence B】? is positive defi
nite with respect to Therefore, this norm is well-defined for each 
s £ R. Moreover,

11(财세o,k ：= \/ll네&(Q)+ /哉께务(Q) for all (3,0) d X P加

g：((u,0),(0,q)) V |||(%浏2,k|||(。,G|||o,k for all (s0),(0,q) d x R,
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and

m(^P)h,fc = sup jjjTz-—Yijj--------
(v,q)€VfexPfc\{(0,0)} 13(。，g세"

for all (u,p) e Vk x Pk.
Define P广:Vkx Pk^ 咋一 1 乂 Pk-1 by

Bk—i (p「(% p), (0 6)=瓦:((％?),(")) 

for all (u,p) W Vk x Pk and (o,g) e Vk-i x Pk-i-

Lemma 2. Given 3 e L2(Q), let (uk^Pk) € 14 x be the solution 
of

瓦((四,物;)，(o,q)) = J <jJ - v dxdy, V(v, q} eVk^ Pk

and let (uk^i^Pk-i) €【4—1 x Pk-i be the solution of

Bk~i

Then （四-"知t）=建—'（叫撰心.

dxdyy v(幻 g) € 】4c-i x Pk—i-

Proof. Let (快_1饱_1)一/貯"灼所) =(히)丁) e K—ixR—Then 
there exists £ K-i x R—i such that

耳;-:L((〈f), (”,q)) = y Tj-v dxdy, V(v, q) e Vk-i x R— 

Taking (幻,g) = (77, t), we have

II 께&(Q) =场一 1((以),(7?, 丁))

=(«£), (%_L,彻-1)) - Bk-1 ((C,C),

=场一1((血_1,衍一i),(〈,&) 一 屁((四,使)，(〈,£))

=I 3 C dxdy 一 / 3 • < dxdy
Jo. Jo.

=0.

Since < is continuons, < = 0.
Similarly, we have ||찌|&(q)= 0. Since t is a piecewise constant func
tion, r ~ 0.
This completes the proof.
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Lemma 3. Given 3 e L2(Q), let (饥”物)€ K x R be the solution 
of

3q dxdy, V(v,g) £ Vk x Pk

and let(Uk-i,pk-i) G Vk-i x Pk-i be the solution of

妇 3q dxdy, V(u,g) e *_i x Pk-i-

끄hen |||(s,物:) - (曜-i,处一i애o,k < C7*||에

Proof. Note that |叩加爲;) - (%_“物:-:l내怂 = ||必 一 耿-1||£泌)+ 

疏1豚 一 ?가:一1||角(Q). Since % — Uk-i E L2(Q), there exists a unique 
solution «£) € Hg(Q) x L2(Q) satisfying

B((CQ,(u,g)) = [ (uk 一 24 — 1) - v dxdy V(r,g) e 丑g(Q) x L2(Q). 
、 ' J fi

Let (G”&) E Vk x Pk be the solution of

- Uk-i) - v dxdy, V(t>, q) £ 昨 乂 R：

and (Ck-i5Cfc-i) e Vfc_i x Pk-i be the solution of 

屁一1 ((◎-!,&；_ 1),(。, q) uk - uk^i v dxdy, V(w,g) e Vk-i^Pk-\

Taking (v, q) = (uk - uk_1,pk 一 pk-i), we have

IIW：—四：-i||為(Q)= 3k(((m("Pk) - (Ufc-i,Pk-i))

=R：((陽:函,(◎,&；)) 一 奖1((四：一1,物一i),段t(4c,&：))

=&：((%“衍),(◎,&)) - Bfc_i^(tifc_i,pfc_i),(Cfc-i,Cfc-i))

=/ 3 • G； dxdy _ I 3 . Cfc-1 dxdy
Jq Jq

< II에L2(n) ||Gc - Q-1||Z，2(Q)

M II에l2(q)(||< - GcIIlw) + |K - Cfc-iU2(n))

< C硒에乙2(Q) • ||WA： - Mfc-1U2(Q)-
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Therefore, we have ||ufc 一 7妖一1||乙2(^)<(力哉에乙“⑵.

Similarly, we have ||pfc -pfc-iU2(Q) <(가収에乙“Q). This completes the 
proof.

Lemma 4. Given 3 e L2(Q), let (也加pQ £ * x R be the solution 
of

」&((叫；,物:)，(o,g)) = ] 3q dxdy, V(v,q) eVkx Pk

and let(Uk-i^pk~i) € Vk-i x Pk-i be the solution of
场一1((%板_1,处一1),(Z")) = j 3q dxdy, V(u,g) e Vk-i x Pk-i-

Then |||(ufc,pfc) 一 (■Ufc-bPk-OHo.fc < (가세에乙2聞.

Proof. Note that &(臥,臥) 一 (叫一i,物:-i내彼 = ||畝 一 四：_」能*q)+ 
/招以 一 ？가:一1||务啊. Since Uk — Uk-i € L2(Q), there exists a unique 

solution E Hq(Q) x L2(Q) satisfying

B((〈M),(0,q)) = J (uk -•Ufc-i) -v dxdy V(a,q) £ H(=(Q) x "(Q).

Let (Gs&c) eVk x Pk be the solution, of

3c((Gc,&),(o,g)) = J (ufc - ufc-i) -v dxdy, V(v,g) eVk^Pk

and (Cfc-i,Cfc-i) £ Vk-i x Pk-i be the solution of

场一 1), (z，,q)) = J (uk - Uk-^-v dxdy, V(v,q) e Vk-^ixPk^i 

Taking (v,q) = {uk -uk_i,pk 一 物：-i), we have

11%-必-1屹2(岡=Bk ((Cfc,Cfc),(Wfc,Pk) -

'B*： ((W；,0k), (Gc, &:)) — 3人;—1 ((7妩一 1,Pfc —1))(C/c —1, &c—I))

=/ 3&k dxdy 一 / 3&—1 dxdy
Jo. Jq

V II에E2(n) - jCfc - &—lh，2(Q)

< II에乙2(n)(||f - &』L2(Q) + 帷 - &c-1||l2(Q))

< G7네에z，2(q)• ||izfc - ㈣:一i||z，2(q).
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Therefore, we have

⑸ lUk 一 Wfc-1||L2(Q) < C7니 I 에 L2(Q).

Next, we want to estimate — Pk-i 11^2(^). By Lemma 3.2 in [4], we 
have

(J 네备 i(Q) + (1 + 헤에&(Q)) 2

< c SUD 展((5肩,(E)|

g)g»\{(。,。)} ([I께夜) + (1 + 汕||*) 2

< c sup 쎄件匙

(u,q)m〉/八{(0,0)} kU2(Q)

/厂却 J1
스: L세 皿세二 시仰 )

Therefore, we have
II?세Ih") + l|所||e2(q)< 에에L"Q)and |隘_血0)+ H例项験⑵ < 

에에Thus

lPk —彻-1||l2(q)< Ik시|乙2(0) + ||psi||乙2(q)< 에에L2(Q)・

⑹ hklPk - 伽-』L2(Q) < C가시I에乙2(Q).

Hence, combining (5) and (6), we obtain |||(口加物;)一 (^-i,Pfc-i)|||o,fc < 
(如네이 IlW).

4. Convergence Analysis

Now we describe the fc-th level iteration s산leme of 난le conform
ing W-cycle multigrid algorithm. The fc-th level iteration with initial 
iterate (加)z°) yields CMG^ky (%,约),(w,質))as a conforming approx

imate solution to 나le following problem.
Find (饥 z) E 14 x -Pfc such that

Bk{y,z) = (w,r), where (w,r) eVkx Pk.
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For k = 1, CMG(l,(go,zo),(w,r)) 

direct method.
In other words,

is the solution obtained from a

For A: > 1, there are two steps.
Smoothing step : Let (ym, zm) 6 14 x A： be defined recursively by the 
initial iterate and the equations 

(仇,Zz) =+ 1 < Z < m,

where :— Ch^2 is greater than or equal to the spectral radius of 
By and wis the number of smoothings.
Correction step : The coaxser-grid correction in * x R is obtained 
by applying the (k — l)-th level conforming iteration. More precisely,

(如用0)= (0,0) and

(偽,Qz) = CMG^k 一 1,(如,go), (w,如))，S = 1,2

where (w,f) € Vk-i x Pk-i is defined by (tu,f) := —

Bk(、yTn” Z”z))-

Then CMG(k, (t/0, ^o), (w, r)^ =(切街 2“)+ 技顼巧,如).

Now we discuss the convergence of the two-grid algorithm where the 
residual equation is solved exactly on the coarser grid. Let the final 
output of the two-grid algorithm be

3*, z*) ：= (z/m, Zm) + (°*,q*)

where (o*,g*)=㈤-噬-也山-ym,z- zm).

Lemma 5. (，u*,q*) = — g,z 一編'"

Proof. See [2].
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Let the fc-th level relaxation operator Rk be defined by

R* := / 一 *

Then we have

（y — — Zm） = R^（y-yo.z-Zo）, and by Lemina 5,

（y-y\z-z*） = （I- 끼:fRfP-y0,z-荷）.

Lemma 6. Smoothing Step There exists a constant C〉inde
pendent of hk and m, such that

]
|丄建（5）|心 < 6；而|||（%0）|||", ^u,P）EVkxPk.

Proof, See [2].

Lemma 7. Approximation Step There exists a constant C, 
independent of hk and m, such that

11（1 - 建T）（s）ll|o,k < （씨ll（s내2,加 Sp） eVkxPk.

Proof. Let（이）丁、） = 効一'（%卩） for any （iz,p） E 14 x P& Then 
=（0 — 7罹一丁） and |||（3 — ??,0 —7-내从 = 他一께&（q）+ 

眾IIP-제&（叫

First, we will estimate ||p—제 匕“⑵ by a duality argument. Let €
14 x /3c be the solution of

尾（S：,‘源），（o,g）） = j （p - r）q dxdy, V（v, q） eVkx Pk

and （^-i, 6 V^-i x R_i be the solution of

，场：-i（（9k—L,d%T）,（0,q）） = / （p-T）q dxdy, V（t>,q） e Vk-i x Pfc-1-
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Then
Up- 께&（q）= 民:（（国奴）,（3）） -屁_1 （（例-lM-i）,3,丁））

=&:（（处,恥、）,（%?）） - Bk_l （（所一1,奴_1）,理T（%0））

=&；（（夕*:M）,（u,0）） - &：（（物一 1,物;-1）,（2“））

=呢（（件，物;）-（例:一:L,S-1）,（S0））

＜ IIIS”除）-（物—iM一况（成|||（必,浏林

＜（가니|0 — 께L2（Q）||（u,p내2* by Lemma 4.

Therefore,

⑺ Up — 께l2（q）＜ c%내（的；시||林.

Next, we want to estimate g —洲乙“⑵.Let £〔4 x R be the
solution of

（8） Sfc（（Cfc,Cfc）,（w,g）） = y^（u-?7）-v dxdy, V（v,q） eVkx Pk

and 1） € Vk-i x Pk-i be the solution of

场；一1（（@一1,&：一1）,（02））

（9） r
=I （u-rj） -v dxdy, V（z＞,q） 6 Vk-i x Pk-i-

Ja
Using （8） and （9）, we hwve

1他 一 께7,2（q）= 3c（（Q,&）, （心）） 一场一 L（（Q-1,&一 1）, S，7））

=场：（（◎,&：）, （u,P）） - R：_L（（Q_1,&：-1）,（%P））

＜ 111（＜加&） - （@-l,&：_L）|||o,*새（U,Z시||2,k
＜ Ch^u 一 께z，2（Q）|||（%z»|||2,kby Lemma 3.

Therefore, we have

（1。） h - 끼Iz/（q）＜ c/i^|（u,p）||2,fc

Hence, combining （7） and （10）, we have

|0- 段T）（%p）|||" ＜（牴|||（S湖％.
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Theorem 1. Convergence of the Two-Grid Algorithm There 
exists a constant C, independent of the number of levels k and the 
number of smoothing steps m, such that

|||(g-;*,z - z*네麝 < -00,2 -zo내o,加

Proof. See Lemma 6 and Lemma 7.

Theorem 2. Convergence of the k-th Level Algorithm There 
exists a constant C, independent of the number of levels k and the 
number of smoothing steps m, such that

— go,z — %내 o*.

Proof. See [1].
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