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ON AN EVALUATION OF 3F2(l/2)

Junesang Choi and Arjun K. Rathie

1. Introduction

The generalized hypergeometric function with p numerator and q 
denominator parameters is defined by
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where (»)n denotes the Pochhammer symbol (or the shifted factorial^ 
since (l)n = n!) defined by

a(a + 1) … (q + 7"- 1) =「엱評 (n £ N) 
-\ 0 (n = 0),

for any complex number a, r the well-known Gamma function, and N 
the set of natural numbers.

The following interesting and well known definite integral has been 
recorded in various literature (e.g , see [2, p. 99, Entry 15.94]): 

(1 2)
艾) 血 = —으: 
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which can be easily evaluated by using Maclaurm's expansion of log(l — 
x) and term-wise integration.
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The object of this note is to find the value of

(1.3) 3F2(1, 1,1; 2, 2; 1/2)

by evaluating the integral

(1.4) I。配 二끠血
Jq x

in. two ways and then setting 似=2. As in 2-Fi(1/2), it has not yet been 
found to evaluate 3刊(1/2) generally (see [1, pp. 45—107]). And so 
the evaluation of its special cases is naturally considered. Indeed, the 
summation formula to be proved is

(L5) 3形(1, 1 ； 2, 2; —— (log 2)%

2. Derivation of the Formula (1.5)

Using the Maclaurin^ series expansion of log(l 一 x) and term-wise 
integration, it is not difficult to see that, for p = 2, 3,...

(2.1)
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(2-2) 广-Og(-~X)^ = 一顼2 (1, 1,1; 2, 2;-).
Jo P \ pj

On the other hand we separate the integral (1.2) into two parts as in 
the following way

(2.3) I：=广堕Q二也切=/1+/2,
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where
T f1/p log(l -X) 
A = / -------------dxy

Jo x 
log(l -x) 

Lz = ] -------------dx.
Ji/p 진:

Now, for J% performing integration by parts, we have after some sim
plification

(2.4)
:=logp log

h = logp log

+ I3.

+「警电
Jl/p 1 _ z

Further for /3. let t = 1 — £ and simplifjdug, we^get

(2.5) 易=广也巫二d.

Jo %

Hence by (2.3), using (2.4) and (2.5), we have

广也二끠宀响她

（2.6） Jo x

+ 广細 w血 + 广弋1冬Q二끠血.
Jo Jo x

Now setting p = 2 in (2.2), and using (1.2), we get

(2.7) 一捉2(1,1,1;2,2;；)=广叫二次血

and setting p~ 2 in (2.6) and using (1.2), we get

(理 ：(_孕 + 5)=/細뽀二끠血

Hence our desired result (1.5) follows from (2.7) and (2.8).
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