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LOCAL EXISTENCE OF INTEGRAL
SOLUTIONS FOR NONLINEAR

DIFFERENTIAL EQUATIONS IN SPACES

Ki Sik Ha and Ki-Yeon Shin

1- Introduction

Let X be a real Banach space. Let A . X D jD(A) —> 2X and 
let uq e D(A). In this paper, we are concerned with the nonlinear 
differential equation of the form

(1 ]) ( —m G(A u(t) 5 Ltu)) 0 < t < T,

[zl(O) = "o

for T > 0, where G : [0,T] x X x X —，X, for every t e [0,幻, 

Lt : Lp(0, t; X) —> X and for 1 < p < oo.
Shioji([7]) has 아lown the existence of the local solutions for the 

initial value problem of the form

(dj?) + Au(t) 3 Gu(t))0 < t < T,

I W(t) = Uq

with continuity of G : Lp(0,T; X) —> L1(0,T;X) using Schauder^s fixed 
point theorem in Lp(0, T; X) for 1 < p < oo instead of that in 6,([0, T] 
;X) which many mathematicians have used.
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We will show the local existence of integral solutions for (1.1) via 
compactness method with Lipschitz continuity of G : \QyT]x X x X —* 
X and Lt :乙，(0,t;X) —> X for every t € [0,T], and uq e -0(A) using 
Schauder^ fixed point theorem in Lp(0, T； X). The term G(t, u(t)^Ltu) 
is a similar form in Kartsatos-Liu( [5]), and in Ha-Shin-Jin( [4]) when 
Ltu = fg k(t, s, u(s))ds for every t € [0, T].

In the next section, we state some preliminaries and the third section 
is devoted to the local existence of solutions. In section 4)we consider 
an example.

2. Preliminaries

Let X be a real Banach space with its norm || • ||. We define a 
function [•, •)+ : X x X — R by

阮小 = iim "z+ *에 니I제
L 5+ 10+ t

for every [x^y] € X x X.
Let A : X 2)£)(4) t 2X be an operator, f G L〔(0〉T;X) and 

uq € D(A). A function & : [0,幻 -능 X is called an integral solution of 
the initial value problem

(2.1) ( -Q +如0) W(t), 0<t<T,

(Z£(0) = Uq

if u is continuous on [0, T], u(0) = uq^ u(t) € D(A) for every t € [0,幻 
and 七

II球) —끼 V I柯(S)-끼 + [ [u(r)-xj(r)-y]+dr
J s

for every [xyy] & A and 0 < s <t <T.
The reader is referred to Barbu([2]) and Lakshinikantham-Leela( [6]) 

for accretive operators and nonlinear differential equations in Banach 
spaces.

We need the following results for the local existence of integral so
lutions of (1.1) in the next section.
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Proposition 1. (Benilan [3]) Let A: X D D(A) — 2X be, an m- 
accretive operator, f € Lx(0,T;X) and uq G D(A). Then (2.1) has a 
unique integral solution. Let u and v be the integral solutions of (2.1) 
8以四ponding to (/, uq), (g,而)E Z"0,7*X) x D(A), respectively. 
Then

||u(t) - M圳I < II讽s) - o(s)|| + / ||/(r) — g(r)\\dr 

for 0 < s < t <T.
Proposition 2. (Vrabie [8]) Let A ： X d Z)(A) — 2X be an m- 

accretive operator, f e £'(00; X) and uq e Z)(A). Let u be the 
unique integral solution of (2.1) and {S(t) | i > 0} be the nonlinear 
semigroup on D(A) generated by —A. Then

||tz(t + s) < [ Ilf(丁)||d丁 + ||S(s&- 也시I
Jo

+ [打(丁+ £)-项(丁) M厂

Jo
for t, s > 0 with t + s<T.

PROPOSITION 3. (Baras [1]) Let A : X D D(A) 2X be an m- 
accretive operator, f e L1(0,T;X) and uq e J9(A). Assume that 
the nonlinear semigroup {S(t) | £ > 0} on D(A) generated by ~A is 
compact. Then for every bounded subset B of L1(0,T;X), the set 
{/ e C([0,T];X) \ f E B} of integral solutions of (2.1) is relatively 
compact in Lp(0, T}X} for 1 < p < oo

Proposition 4. (Shioji [7]) Let A : X D D(A) 2X be an 
accretive operator and uq e D(A). Let B be a bounded subset of 
Lx(0,T;X) such that

j*T—h ph，
网」 1典 +九)一/ (圳1砍=0, lim / ||/(t)||dt = O 

Jo /i0+ Jo
uniformly for f E B. Assume that the resolvent J入=(/ + of A
is compact for every A > 0 Then the set e C([0,幻；X) j / € B} 
of integral solutions of (2.1) is relatively compact in Lp(0, T; X) for 
1 < p < oo.
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3. Local existence theorem

Definition 1. A function u(t) : [0, T] —)X is called an integral 
solution of (1.1) if u(t) : [0)T] —* X is an integral solution of (2.1) for 
f(t) = G(t,u(t),Ltu).

We consider the following conditions.

(A) A ： X D D(A) - 2X is an m-accretive operator.

(L) For every t G [0, T], Lt : Lp(0, T; X) X for 1 < p < oo satisfies

(LI) \\Ltu - Ltv\\ < a(t)\\u 一 이|顷

(L2) \\Ltu 一 Lsu\\ < ri(||tz||TjP)k 一 s|

for every t,s e [0,T] and uyv G Lp(0,T;X), where a : [0,T] —) [0,oo) 
is cas&nious, r± : [0. cxd) — [0, oo) is nondecreasing and |]씨|瓶厂 = 

(/q ||w(T)||pd7-)p for every u G Lp(0,T, X) with t € [0,T] and 1 < p < 
oo.

(G) G : [0,幻 x X x X —，X satisfies

(Gl)
\\G(t,wyx} - G{t.y,z)\\ < 碓)(||叫 一 训 + |忸 一 히I),

(G2)
l|G(t%g) — G(s,x,y)\\ < 質2(||끼I, ||y||)]t 一 s|

for every t, s € [0,T] and w^x^y^z £ X, where b : [0,T] [0,8)is
continuous and : [0, oo) x [0, oo) [0, oo) is nondecreasing for both 
variables.

Assume that (L) and (G) are satisfied. We put 5 = maxt€(o,T] W) 
and br = niax£G[0)r] 6(£). Let u e Lp(0,T;X). From (L), for every

II金이 M \\Ltu — R이 + \\LtO 一 Eo이I + ||£o이
M a(圳I이I挪 + 丁고(0)£ + ||^o0||
J』이島+ 门(0)/+||£o 이 I

= aT\\u\\Tip + CT,
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where 5 = r±(0)T + ||£()이and thus from, (G), for every t € [0,T],

< —G("),0)|| +||G(t,0,0)—G(0,0,0)||
+ l|G(oqo 川

< b(t)(i|u(t)|| + +r2(0,0)t + ||G(O,O,O)|j
< 如11하‘(圳I + 聞(。외I시I以 + cr) + 厂2(0,0)끄 + ||G(0,0,0)||.

Let 5 + 3 = 1. Hence for every u E LP(Q,T]X),

[\\G(t,u{t^Ltu)\\dt
Jo

fT
< ur / 也(用祓十冲씨怀巾 十 5)

(3.1) Jo
+ r2(0,0)T+||G(0,0,0)||}T

M + 旳7別쎄以 + {brer + ^2(0,0)T
+ ||G(oqo)||}「

First of all, we consider two local existence theorems under the as
sumption of compactness of the nonlinear semigroup.

Theorem 1. Assume that (A), (L) and (G) are satisfied and the 
nonlinear semigroup {S(t) | i > 0} on D(A) generated by —A is com
pact. Let u(0) G D(A). Then (1.1) has a local integral solution

1
Proof. Choose 0 <Tq <T and £〉0 such that Tq Mt0 < £ and

(3.2) / \\G(t,u(t),LttL)\\dt < MTo
Jo

for every u e 乙"(0啓)；X) with ||u — S(•也o||%p < e, where

1
Mt0 =虹。(写 + E「*))(||S( )u0\\To,p + £)

+ (bT0cTo+r2(0,0)7o) + ||G(0,0,0)||}To
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from (3.1). We define

K = {ueLP(O,To-X) I ||u — S(・)uo||t°,p&}.

Then K is a non-empty closed convex subset of Lp(Oj To； X). FYom the 
method employed Viabie([이) and Shioji([7]), we define an operator 
Q : K —* Lp(0, To； X) by Qu = v for every u € , where v(t) is the
unique integral solution of

(3 3) < ')+ 血(*)m 0 < t < Ib,

、©(0)=街)，

from (3.2) and Proposition 1.
We will 아low Q(K) c K. Let u £ K、Since S(t)u()is the unique 

ini^ral solution of

(警 + Av{t) 9 0, 0<t<2o,

[©(0)=徵)，

from Proposition 1 with (3.3), for every t G [0, Tq\,

rT'o
||(Qu)(t) -^(^uoll < / \\G(T,u(T),LTu)\\dr

Jo

and thus we have from (3.2),

||Qu-5(-)uo||to>p < ( / ( / LTu)\\dr)pdt)p
Jo JO

I fT0 I
<T^ / \\G(T,u(T)yLru)\\dT < T^MTo < 

Jo

Since Qu e C([0,4];X), Qu € K. Thus Q(K) c K.
Next, we will 아low that Q : K — K is continuous in Lp(O,2o； ^)- 

Let w, z G -FC. Since, from Proposition 1, for every t G [0,7o]?

ll(Qs)(t) - (Qz)(圳 < [||G(t,w(t),Ltw) -G(T,z(T),Lrz)\\dr, 
Jo
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we have, from (LI) and (Gl),

}|加 一 Q끼T°,p
호 产3< ?? / ||G(t,w(t),Ltw) - G(r,z(r),LTz)\\dT

小、 Jo
34) 1 fT0

< br0T^ / (||糾(7)- 2(7)|| + 旳。||㈱ — 끼")涉7
JO

1 1
< b乌Tg (To + aT07b)||w 一 끼|而.

Thus Q : K K is continuous in Lp(0,lo；X). On 난le other hand, 
from compactness of {S(t) | t > 0}, (3.2) and Proposition 3, {Qu | u G 
K} is relatively compact in 1『(0,7}); X). Hence, from Schauder^ fixed 
point theorem, there exists u E K such that Qu = u. Thus u(t) is a 
local integral solution of (LI).

Theorem 2. Assume that (A), (L) and (G) are satisGed and the 
nonlinear semigroup {S(t) | t > 0} on D(A) generated by —A is com
pact. Let U be an open subset of X. Let uq € D(A) Pl U. Then (1.1) 
has a local integral solution in U.

Proof, Let 5 > 0. Let u € £°°(0^; U) with ||u||t,oo = esssupo^t<T rji 1 1
II”(圳I V Q Since ||이|以 = (fQ \\u(t)\\pdt)p < for every u € 
Lp(0,T; from (3.1), we have for 0 < /i < T,

Jo
< bh，(h* + ahh)6hp + {I가q + r2(0,0)h + ||G(0,0,0)||}A

and thus for every 5 > 0,

(3.5) /까 j ||G(i,u(i),£t?z)||c?t = 0

uniformly for u e L°°(0,T; U) with ||씨切次 色 <5.
Since U is open and lim£T()+S(t)?•圮 = uq with (3.5), there exist 

s > 0 and Q <Tq <T such that x eU for every x E X with

||z—如|&+ max ||S0)“o一 心馬
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and

(3.6) / \\G(t^u(t)^Ltu)\\dt < e
Jo

uniformly for u € Z/°°(O,7o；/7) with ||시虹,8 M 6 where 5 — e + 
max(冲l|S(£)“o||・ We define

K = {ueL^(O,To-U) I ||u — S(Wo|l*8&}.

Then K is a non-empty closed convex subset of Loo(0,Ib； U) with 
respect to \\ . ||乌,8・ We define Q : K Z히(0二R);X) by the same 
method in the proof of Theorem 1. We will prove Q(K) G K and Q : 
K — K is continuous in Lp(0,2q； U). Let u E K. Then ||이|珞8 M & 
From Proposition 1 and (3.6), for every t E [O,Tb]5

||(Qu)(i) - S(f)u0|| < / \\G(t,u(t),Ltu)\\dt < s,
Jo

from which for every t £ [0, Tb],

||(Qu)(t) - u0\\ < ||(Qu)(t) 一 S(t)zzo|| + ||S0)% - u0||
& + n땃읏% ||S0)如 一”히|.uS£S-«o

Thus Qu E K and Q(K) c K. From (3.4), Q is continuous with 
respect to || • ||t0)oo- From (3.6), Proposition 3 and Schauder's fixed 
point theorem, there exists a fixed point u E K of Q. This u is a local 
integral solution of (1.1).

Next, we consider the local existence theorem under the assumption 
of compactness of the resolvent.

Theorem 3. Assume that (A), (L) and (G) are satisfied and the 
resolvent 丿入=(/ + XA)~1 of A for every 人〉0 is compact. Let U be 
an open subset of X and {S(£) | t > 0} a nonlinear semigroup on D(A) 
generated by —A. Put

B = {ueL°°(0,To-,U) I \\u\\T0tOO < 6}
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where s > Q, 0 < Tq < T, 6 > 0 are as in the proof of Theorem 2. 
Assume that

(3.7) lim / ||u(t + h) — u(t)\\dt = 0
Jo

uniformly for u E B. Let uq e D(A) A U. Then (1.1) has a local 
integral solution.

Proof. Define K as in the proof of Theorem 2. Let u E B. Then for 
every h > Q with t + h < To? we have, from (L2) and (G),

||G0 + /i, u{t + A), Lt+h，있) — G(t, u(t), Ltu)\\
M ||G(t + h,u(t + 九)，金+向)—G(t + h^u(f)jLtU)\\

+ l|G(* + Ltu) — G(i,iz(i), Ltu)\\
< 顷이힌(I h) - + \\Lt^hu 一 匕钢I) + hr2(\\u(t)\\,\\Ltu\\)
< 阮(血(t + 九) 一 u(t)\\ + 如"(卩씨”。,i)) + hr2(6,aTQ^Toip + 顷)

< 如)(||，皈 + 九)-w(i)|| + 硏(侦))+ hr2(6. aToSTQ + 顷)

and thus
rTo~h
/ \\G(t + h,u(t + h), Lt+hu) 一 G{t,u(f),Ltu)^dt

(3.8) Jo f 卜
fTo — h

<bTo \\u(t + h) - u(t)\\dt + aToih,
Jo

where
사缶,凡 = TQ{bTohri(6TQ)+ hr2(S, aToSTQ + cTQ)}

and lim互T()+%b = 0. From (3.7) and (3.8),
fTQ~h

(3.9) lim / \\G(t + h,u(t + h),Lt+h") 一 G(t.u(t),Ltu)\\dt — 0
/itO+ Jq 

uniformly for u E B. Let (S(i) | i > 0} be 난le nonlinear semigroup on 
D(A) generated by —A. Choose 0 <Ti <Tq satisfying 7］如】< 1. We 
define

r-T\~h
K\ ~ {u E K \ / \\u(t+h)—u(t)\\dt < y(h) for every 0 < h < Ti),

Jo
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where
rn ph

지") = 1―焉｛ sup / ||G(枫(£)0田)||击뉘|S(九)w)—z시l+a*互｝• 
1 - libT1 ueK1 Jo

Then K고 is a non-empty closed convex subset of L°°(0)Ti； U) with 
respect to || - ||孔1. We define Q : Ki —，Lx(0,Ti; X、) by the same way 
in the proof of Theorem 1. We will 아low Q(Ki) C K\. Let u e K±. 
From Proposition 2 and (3.8), for 0 < ,

\\(Qu)(t + h) - (Qu)(圳I

< [\\G(T,u(T),LTv^\\dT + ||S(h)u0 -uol!
Jo

f*Ti~h
+ / l|G(丁 + h,u(r + h).LT+hu) - G(r,u(T),LTw)||dr

< SUp [ \\G(TyU(T).LrU)\\dT + ||S(/i)wo - uo\\
住 Ki Jo

+ 处1 / ||w(T + /z) - u(r)\\dr + aT^h.
Jo

and thus fi?om (3.10)

rT^ — h
/ ll(Qu)(* + h) - (Qu)(i)||d£

Jo
< 7i( sup / \\G(t,u(t),Ltu)\\dt+ ||5(/i)uo - w0||

Jo

+ bn + A) - u(t)\\dt + aTl,h｝
Jo

<Ti｛ sup f \\G(t,u(t),Ltu)\\dt + ||5(/1)«0 - «o||
"CKi J0

+ 如1이九) + @3仇｝

=7(^)-

Hence Qu G and thus Q(Ki) c Ki，From (3.4), Q : Ki is 
continuous. On the other hand, from compactness of J\ = (I + AA)-1 
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for every A > 0, (3.5), (3.9) and Proposition 4, {Qu \ u e Kx} is 
relatively compact in Ll(QyTi；U). Therefore, from Schauder5s fixed 
point theorem, there exists a fixed point u E K±. This w is a local 
integral solution of (1.1) in U.

4. Example

Let Q be a subset of TV1 with its boundary r. Let T > 0. We 
consider the nonlinear integro-differential equation

f 흐普*)- A/3(u(i, a;)) = 匚 k(t,s,u(&x))ds,

(4.1) 0 < i < T, xeil,
I = 0} 0 < t < T, x G r,
[u(Qyx)二二 uo(x), z e f2,

where : 7^ —> 7?,, fc : [0, T] x [0, T] x 7?, —> 7?, and 編)：Q -- R.

Theorem 4. Let Q be a bounded open subset of TV1 for n > 2 
with sufficiently smooth boundary「. Let (3 G C(R) O Cl(TZ ~ {0}) 
with /3(0) — 0 and for every c E R — {0}, 8") > b\c\a~l for some 
Q〉(n — 2)/n and b > Q. Let k : [0, T] :시0, 幻 x 72 —"2 satisfying

(4.2) |k(£,s，S| < M

for every i,5 G [0,7], u E1Z and for some M > Q, and

(4.3) \k(t^ s.u) — k(r,。注)| < a(|t 一 丁| + |s — 이 + |u — 씨)

for every £, s, t, a e [0, T], uyv E 1Z and for some a > 0 Let uq e 
乙'(Q). Then (4.1) has a local integral solution.

Proof. We put X = L1(Q) with norm || • We define an opertor 
A : D(A) u X — X by

D(A) = {uex \ 0(U) e 再扩(Q), *3(0) e X},

Au — —△/3(饥 for every u E Z)(A).
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Then, from Lemma 2.6.2 of Vrabie([8]), A is m-accretive and —A gen
erates a compact semigroup on D(A) = X. We put for every t € [0, T] 
and a; G Q,

(4.4) (Z£u)(x) = / A;(t, s,u(s, x))ds
Jo

for every u e £〔([()山 x Q) c L1(0,i;X). Put z(€){x) — Then
(4.1) can be formulated as

(4-5)
—£)4- Az{t) = 1서;0 < f < T, 

at
z(t)=皿

in X. Then, from (4.3) and (4.4), for every t E [0,T] and C 
"([00] x Q),

\\Ltu-Ltv\\ < a |u(s,x) — v(syx)\dsdx

|u(s,a;) — v(s^x)\dxds

= 에恒一 이稱1,

and from (4.2)-(4.4), for every t.s e [0,幻 이id u € £〔([()用 x Q),

\\Ltu- Lsu\\ = r, u(r, x)) 一 r, u(r, x))\drdx

u+ |fc(5, t, u(t, x)}\drdx

< (aT + Af)m(Q)|t — s\.

Hence, from Theorem 1, (4.5) has a local integral solution z(i). Thus 
(4.1) has a local integral solution u(t, x).
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