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CONTROL PROBLEMS OF INTEGRODIFFERENTIAL 

SYSTEMS IN BANACH SPACE 

Gu DAE LEE 

1. Introduction 

Several authors have studied the problem of controllability of lin­
ear and nonlinear systems in Banach spaces[2] Lasiecka and 맘19-

giani[5] have studied exact controllabi1ity of abstract semilinear equa­
tions. Quinn and Carmichael[7] have shown that the controllability 
problem in Banach spaces can be converted into one of fuced point 
pr패웰S 깐 웠썽e 않l낀g강많뭘핑짧융· Iξ짧고 εt al.[4} 3nVF ... :;:;떤.ted:::→t뇨e 

approximate controllability and controllability of delay Volterra sys­
tems by using a fixed point theorem. Recently, Balanchandran et aL 
[1] studied the controllability of nonlinear integrodifferential systems 
in Banach spaces. In this paper, we shall study the controllability of 
semilinear integrodifferential systems in a Banach space by using the 
Schauder fuced point theorem. 

2. Preliminaries 

We consider the semilinear integrodifferential system: 

(1띠1) x'씬짧쐐'(맘삐(t떠t야) =A짜쇄쩨[x떠z썩(베 l
t

딴
t

닛F(t←섬-→헤짧쐐S페압쐐辦쐐)x씩밟쐐￠쳐짧쐐(감헤S히)껴d따왜S헤] +Bu뻐뻐뼈U띠ψ뼈(μ떠t서힘챔뼈)+싸째+단댄f치m폐辦(tκ따tι따찌썩，갯꾀펙쐐z뇌밟쐐(야예t히) 

+ l
t

파한바[ψa(κtι챔찌쐐，껴꾀꽤S야쐐)g(βSι앓씩썩쐐，껴펴쐐쐐$쳐쐐혜(β헤쉐S히웨)) +애h(t ， s ， x(s)))ds ， t E [O , T ], 

x(이 = xo , 
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where the state x(.) takes values in the Banach space X and the control 
function u(.) is given in L2(J; U) , a Banach space of admissible control 
functions with U as a Banach space. Here, A is a generator of a 
strongly continuous semigroup and B is a bounded linear operator from 
U into X. The nonlinear functions f : J x X • X , g:JxX • X , 
h:JxJxX • X and the kernel a : J x J • R. (R. denotes the set of 
real numbers ) are continuous. Moreover, F(t) E B(X) , t E J , F(야 : 
Y • Y and for a continuous x(.) in Y , AF(.)X(.) E L1([0 , T]; X). For 
z ε X , F'(t)x is continuous in t E [0, T] , where B(X) is the space of all 
lmear and bounded operators on X and Y is the Banach space formed 
from D(A) , the domain of A, endowed with the graph norm. Then for 
the system (1) , there ex성ts a mild solution of the following form : 

(2) 

x(t) = R(t)xo + 1t 

R(t - s)[Bu(s) + f(s ,x(s)) 

÷ js(@(5, T폐 x( ï)) + h(s잭(T)))dT]ds 
x(O) = xo , 

t ε [0, T] , 

where the resolvent operator R(t) E B(X) for t E J satisfies the fol­
lowing conditions: 

(a) R(이 = 1 (the identity operator on X). 
(b) for all x E X , R(t)x is continuous for t E J. 
(c) R(t) E B(Y) , t E J. For ν E Y , R(t)ν E C 1([0, T]; X) n 

C 1 ([0, T]; Y) and 

옳R빼 = A[R(t)y + l t 

F(t - s)R(s)νds] 

= R(t)Ay + l t 

R(t - s)AF(s)νds] ， t E J. 

DEFINITION. The system (1) is said to be controllable on the inter­
val J if for every Xo , Xl E X , there exists a control μ E L2( J; U) such 
that the solution x(.) of (1) satisfies x(T) = X1. 

We assume the following hypotheses: 

(i) the resolvent operator R(t) is compact such that maxt>o IIR(t) 11 

<M1. 
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(μ) the linear operator from U into X, defined by 

I'T 

Wu = I R(t - s)Bu(s)ds 

has an invertible operator W- 1 defined on L2(J; U)jkerW and 
there exist positive constants M2' M3 such that IlBII :::; M2 and 
IIW- 1

11 < M3' 
(iii) the nonlinear operators f(t ,x(t)) , g(t,x(t)) , h(t,s,x(s)) and 

the kernel a( t, s) for t, s E J satìsfy 

IIf(t ,x(t)11 :::; M4 

Il g(t , x(t)l언 M6 

IIh(t , s, 지s)ll:::; M7 

lI a(t,s) 1I < M5 , where Mt > 0, for 1, = 1,2, ... 7 

3. Main result 

THEOREM 3. 1. If the hypotheses (1,) - (1，α) are satisfied, then the 
system (1) is controllable on J. 

Proof Using the hypothesis (ii) , an arbitrary function x(.) defines 
the control 

μ(t) = W펴 - R(T)xo - f.T R(t - s){f(s,x(s)) 

+ l s

(a(s ,T)g(T,X(T)) +h(s ，π(T)))dT}ds]， t E [0, T] 

Now we shall show that when using this control, the operator defined 
by 

(<Þx)(t) = R(t)xQ + l t 

R(t - s)[Bμ(s) + f(s ,x(s)) 

+ I {a(s , T)g(T, X(T)) + h(S,T,X(T))}dT]ds 
JO 

has a fix.ed point. This fixed point is then a solution of equation (2). 
Clearly, (φx)(T) Xl , which means that the control u states the 
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semilinear integrodifferential system from the initial state Xo to Xl in 
time T , provided we can obtain a fixed point of the nonlinear operator 
φ. Let Z = C(J;X) a뻐.n 

ZO={xEZ:x(O에0이) = Xoι，lI x(t에t히삐)1애11 ::; r for t E J} , 

where the positive constant r is given by 

r = Mdlxoll + M1M2M3 fl1 Xl11 + Ml l1xoll + Ml{M4 

+ (MsM6 + M7)T}T]T + M1[M4 + (MsM6 + M7)T]T. 

Then Zo is clearly a bounded, closed, convex subset of Z. Define a 
mapping φ :Z-• Zo by 

"t I"T 

(φx)(t) = R(t)xo + I R(t -17)BW- 1[Xl - R(T)xo - I R(t - s페 ) 

x (f (s ，ι쐐S꾀’ 

+ l t 

R(t - s)歐(s)) + 1
8

{a(S ， 7짜 

We claim that φ : Zo • Zo is continuous. 단om the hypothesis (iû) , 
we get 

II(φx)(t) 1I ::; IIR(t)xoll + 1t 

IIR(t- η)BW-1 [Xl - R(T)xo -lT 

R(t - s) 

x [f떠f(ιSι찍쐐썩쐐，잭꾀돼쐐$썩밟쐐혜(8헤씨s야씨)) + 1
8

때흙
s

그놔{a(8쉰，πT꺼띠)9(7π껍껴쩌’잭꾀， X(T)썩ψ혜(T꺼T꺼)) +애h(βS윈뀐웬펙’π껴잭혜Tπ잭찌떠찌，잭꾀#폐$썩돼혜(7껴T꺼))아)서}d떠뼈T꺼벼째]d밟폐빠빼剛d삶왜빠빼辦S혀센떼꽤]( 17)끼셰η미께씨)1川11 

+ 1.' IIR(t - s)[f(s , x(s)) + 1." {a(s , r)g(r， x께::; Ml l1
x

oll + MIM2
M

3[ lI xdl + Ml l1

x
oll + M t{M

4 

+ (MsM6 + M7)T}T]T + M1 [M4 + (MsM6 + M7)T]T 
=r. 

Since f , a , 9 and h are continuous and 11 (φx) (t) 11 ::; r , it follows that 
φ is continuous and maps Zo into itself. Moreover, φ maps Zo into a 
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precompact subset of ZO' To prove this, we first show that for every 
fixed t E J , the set ZO(t) = {(φx)(t); x E ZO} is precompact in X. 
This is clear for t = 0, since ZO(O) = 뇨o}. Let t > 0 be fixed and for 
0< E < t , define 

(훨)(t) = R(t)xo + l t

-

E 

R(t - η)BW-1[Xl - R(T)xo -l
T 

R(t - s) 

x [f(찍(s)) + 18 

{a(s , T)g(T, X(T)) + h(s잭(T))}dT]ds] (η)때 

+ 1t

-

E 

R(t - s)[f(s,x(s)) + 18 

{a(s ， T)g(T， X세 

Since R(t) is compact for every t > 0, the set Zt: (t) = {(φt: x)(t) : X E 

ZO} is precompact in X for every E, 0 < E < t Furthermore, for x E ZO , 
짜eh응1'lle 

1I (~x)(t) - (<Þt: x)(t) 11 = IIl~E R(t- η)BW-'[x， - R(T)xo -lT R(t - s) 

x {f쐐s)) + 18 

(a(s ,T)g(T,X(T)) + h(s잭(T)))dT}ds](η)때11 

+ "l~E R(t - s) [J (s ,x(s)) + 환(S， T)g(떠)) + h(s잭(T))}dT]dsll 
:s EM1M 2M 3 [II x lII + Mlllxoll + M 1 {M4 + (MsM6 + M7)T}T]T 

+ EMdM 4 + (MsM6 + M7)T]T 

which implies that Zo(t) is totally bounded, that is, precompact in X. 
We want to show that φ(Zo) = {φx : x E ZO} is an equicontinuous 
family of functions. For that, let t2 > tl > 0 Then we have 

II(앞)(td - (<ÞX)(t2) 11 :s 11머삐빠R(빠(“빠t 

-R(뻐(t따t야2- η미깨)]田BW-1 [Xl -내-내R(T)x때o-1
T

꿨됐
T

뎌넓R(t -힘t←심-→S히써웹쐐)μ){f(s ，辦(야ι훤Sι원혜썩’J꾀돼쐐$싹쐐썩쐐(성헤씨S뇌씨)) + 1"(이S ， T)g(T， X 

+ h(S ， T， X(T)))dT}ds](η)dη11-파 R(t2 -7])BW-1[Xl - R(T)xo 
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(3) 
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- { R(t - s){f (s , x(s)) + f때한s지M(ψa(s진쉰센쐐，π끼채T끼째)g이ψ따따(7π떠Tπ파쩌떠쩨，잭꾀#폐$쳐ψ체(7꺼T꺼) 

+나h(성Sι쉰쉰찍，π껴잭Tπ파，잭쇠#폐$되돼헤(7꺼T샤))끼))d떠뼈빼鋼T셔샘펴쐐}μ밟쐐d따왜S허](애n미뼈빼빼빼)삐빼빼빼d때떼빼η끼께|| + || lt1IR(tl - s) - R(t2 - s)]{f쐐s)) 

+ ~S(a(S ， 7)9(T， X세 + h(s, TJ(7)))dT}ds - jr2 R따 - s) 

x (f (S , X(S)) + l s 

{a(S ， T)g(파(T)) + h(S,T, X(7))}dT]ds l\ 

s llR(t1) - R(t2)||||$0|| + jtI llR(t1 - s) - R(t2 - s)|lM2M3[||해l 
+ Ml l1 xoll + MIM4 + (MsM6 + M7)TT]ds 

+ Jt2 !!R(t2 - s)||MM3[||Z1|| + M1||$0|| + Ml{M4 +(M5M6 

+ M)T}T]ds + jt1 || R(t1 - s) - R(t2 - s) || [M + (MM 

+ M)T]ds + K2 ||R(t2 - s)||[뻐 + (MsM6 + M7)T}ds 

The compactness of R(t) , t > 0 implies that R(t) is continuous in the 
uniform operator topology for t > o. Thus the right hand side of (3) 
which Îs independent of x E Zo , tends to zero as tl - t2 • O. 80 φ(Zo) 
is an equicontmuous family of functions. Also, φ(Zo) is bounded in 
Z and so by the Arzela-Ascoli theorem, φ(Zo) is precompact. Hence 
from the 8chauder fuced point theorem, φ has a fuced point in Zo. Any 
fuced point of φ is a mild solution of the system (1) on J satisfying 
(φx)(t) = x(t) E X. Thus the system (1) is controllable on J. 

EXAMPLE. We con잉ider the following equations of the form: 

Yt쐐 = 짧띠떼(쐐 +냄~t판
t

닛F(빠(t←심-→페S뇌쐐)y띠따쐐(성ι쐐S직， 
(4쇠) + Bu(t에t) + f(t， νxx(t ， x)) ) 

+ l
t 

[a(t , s)g(t, s , Yxx쐐) + h(t, S ， Yxx쐐)]ds ， 
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and given initial and boundary conditions 

y(O, t) = ν(l ， t)=O， xEI=(O, l) , tEJ, 
y(x,O) = νo(x) ， 

71 

where F: J • lR is continuous and bounded, B : U • X with U c J 
and X = L2(I; lR) is linear operator such that there exists an invertible 
operator W- 1 on L 2 (J; U)jke사V， hence W is defined by 

R(t) 핍 compact and 

Wμ = lT R(t - s)Bu(s)ds , 

a;Jx J •lR, 
f;J x X • X , 
g,JxX • X , 
h;J x J x X • X 

are all continuous and uniformly bounded. Let X = L2(I; lR), Ax = 
W xx , B: U • X and D(A) = {ψ ε X: ωxx E X , ψ(0) = ψ(1) = O} 
be such that the condition in the hypothesls (1/l) is satisfied. Then the 
system (4) becomes an abstract formulation of (1). Also the conditions 
of Theorem 3.1 are sat빼ed. Hence the system (4) is controllable on 
J. 
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