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CERTAIN CLASSES OF MEROMORPHIC
FUNCTIONS WITH POSITIVE COEFFICIENTS

SANG Ho LEE, NAK Eun CHO AND OH SANG KWON

1. Introduction

Let ¥, denote the class of functions of the form

(BY f&) =2+ 3 e (an20)

n=]1

which are analytic in D = U4 — {0}, where if = {z : |z] < 1}. Let
Lr(a) and Xg(a}{0 < a < 1) denote the subclasses of ), that are
meromorphically starlike of order o and meromorphically convex of

order «, respectively. Analytically, a functionf of the form (1.1} is in
Ir(a) if and only if

(1.2) —~Re{z){;g)} > a (zel).

Similarly, a function f € Ti(a) if and only if f is of the form (1.1) and
satisfies

redia AL,
(1.3) Rc{l-{— ) } >a (z€U).

The class %7 () and related other classes have been extensively studied
by Clunie[1}], Libera[2], Pornmerenke[4] and others.

Assume that {¢,}52, is a sequence of positive real numbers such
that the series ¥3°_ c,0,2™ 15 absolutely convergent for every z € U
Moreover, we suppose that cg < c,(n € N = {1,2,---}).
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Let Z5{{cn}no) be the class of functions that consists of all func-
tions f belonging to ¥, such that

Y 2616} BN
Re{q)f(z)}> (0<a<l, z€lU),

where
L(f(2)) = =2 + 2 1enanz" (2 € D).

In particular, if cg = 1 and ¢, = n(n € N), then the class L3 ({en)} o)
reduces to the class ¥7(a) studied by Mogra, Reddy and Juneja[3].
In the present paper, we prove coefficient estimates, distortion the-
orems, and convexity and starlikeness properties for the elements of
E2({cn)nlo)- Furthermore, modified Hadamard(or convolution) prod-
ucts in L5 ({cn}nl,) are investigated.

2. Coefficient Estimates

THEOREM 2.1. Let f be in the class 3,,. If f is given by (1.1}, then
f € X5 ({en}dy) if and only if

(2.1) 3 (aco + ca)an < (1—a)ep.
n=1

Moreover, the result (2.1) is sharp, since the equality holds true for the
function f given by

(2.2) f(z) = % + %f)acozm (meN, ze D).

Proof. Assume firstly that f € E5({ca}n%o). Then

23 {%'ff(f‘))‘)} = “Re{;c?ﬁ%;,:‘ii::fﬁ;} ze

(0<ax<l, zel).
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Choose the values of z on the real axis so that L(f(z))/cof(2) is real.
Upon clearing the denominator in (2.3) and letting z — 17 through
real values, we get

oo oo
Co —cham > acp (1+ Zan)
n=1 n=1

or, equivalently,

Z(aco + cnlan, < (11— a)ep.
n=1
We now prove that
L{f(2) LIG) .,
(2.4 < g ey

(0<a<l, 0<g<1, z€l),

provided that the condition (2.1) is satisfied. Note that (2.1} and (2.4)

imply that f # 0 in D and f € X5 ({cn}nlo), respectively Then we
have

|2H{IL(f(2)) + cof (2)] — \L(f(2)) + (2 — D)co f(2)])

= |z ( Z(co + cp)anz™| ~ [2(a — 1)002 + Z[(Za —~ 1)eg + cnlanz™ )
n=1 n=1
<) {co+ caanlz™ = 2(1 — a)ao + Y_[(20 — L)co + enanle™
n n=1L

f

oo
=1
e a]
Z(Zaco + 2¢n)an|z" T - 2(1 — a)co.
n=1
By letting |2] — 17, we get
Z(aq} +cp)an — (L —a)ep €0,
n=l
by (2.1). Therefore we conclude that f belongs to the class X5 ({cn }oZo)-
It is clear that the equality (2.1) holds true for the function given by
(2.2}, which evidently completes the proof of Theorem 2.1.

From Theorem 2.1, we have the following results immediately.
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COROLLARY 2.1. If a function f of the form (1.1) belongs to the
class 7 ({ca}520), then

4 < (1 —ajeo

< (n € N).
acg + ¢y

COROLLARY 2.2. The class E5{{cn}22) is a convex subset of %,

3. Distortion Theorems

Before proving some distortion properties for functions belonging to
the class 25 ({ca}a2p), we need to establish the following result.

LEMMA 3.1. A function f is in B5({ca}ole) if and only if there
exist d, > 0(n € Ng = NU {0}) such that 3 o.dn = 1 and f(z) =
Yoo 3 dnfr(2){z € D), where

(3.1 fole) = -
and
(3.2) nw:%+%§§$f@mNy

Proof. Let f € X5 ({ea}2) be given by (1.1). Define

acg + Cn

d, = a, (mEN
1 <N
and dg = 1 — Z;’ozl dn- It is obvious that d, > 0(n € Ny) and
> odn = 1. Moreover, we have
f(z):—-eranz“
n=1
z - n()fC(]+Cn
1| 1 (1-a)e
= dn— - n
0 +,;dn(z P ) (z€ D)
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Conversely, if f(z) = Y00 o dnfa(z){z € D), where d, > 0(n € No)
and 3 o7 ydn = 1, then

1(2) = Z L= (; e p),

a+cn

where )
acy + Cn

Also, we have

iacO+cn(1—a)00

d, = d,=1—dpg <1
1 —a)ep aco+ ¢ Z d

n=1 n=1

Hence, by virtue of Theorem 2.1, we conclude that f € EQ({C‘I‘L}ﬂ.—O)

We now obtain distortion results for functions belonging to 3 ({ca }azo)-

THEOREM 3.1. Let f be in the class X ({ca}nio)- (a) If ¢, >
ci(n € N), then

33 LU0 )< o + U280y e )

|z  aco+ ¢ acy + ¢

(b) If {n/(cco + cn)}rq 18 a decreasing sequence, then

1 ( Q)CO y) ( —O‘)Co
(34) W_CYC{]'*-C <|f()‘_lzl2 acg + 1 (ZGD).

Equalities holds true in {3.3) and (3.4) for the function

(3.5) f(z):%-k%%%?z (0<a<1, ze DN(0,00)).

Proof. Let f € B2({cn}o%0). According to Lemma 3.1, we can write

(3.6) flz) = Z dnfn(z) (z € D),

n=0
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where d, > O(n € Ng) with }_° /d, = 1, and fn{n € Ny) are given
by (3.1) and (3.2). For every n € N, we obtain

@I < o+ GO < Ly Lo ) o),

because c, > c1{n € N). Also, it is clear that |fo(2)] < fi(|z]}{z € D).
Hence we have

FN< S dulfn2)] < fullel) = =+ B2 0 (e )

= |z| acp + ¢y

Moreover, since ¢, > ¢i(n € N), (3.6) and some well-known inequahties
lead to

1 (l—a)co n
If(Z)IZI—— g st
a)co
> nz_l"’acom A

_ 1 (1-a)eg, n
"ngod"lzi > &

oy QCoten

-, (1 (- ) 1

;d"(|z| ot c, )t
1 _

> Tgl—%q)—_(:)*ccflzl (z € D),

which establishes the second part of (3.3).
We now investigate the derivative f’(z)(z € D) of f. By differenti-
ating term by term in (3.6), we get

P& =Y dnfale) = de. —0)0, 1 (s e ),

n=0 acg + Cn

Therefore we obtain

acg + Cn acp + Cn
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The desired result (3.4) follows by taking into account the hypothesis
that the sequence {n/(acy + ¢a)},—, is decreasing. Finally, it is not
hard to see that the inequalities (3.3} and (3.4) are sharp.

4. Convexity and Starlikeness

We will investigate the radii of convexity and starlikeness of func-
tions in X5 ({cn}nZg) in theorems below.

THEOREM 4.1 Let f € ¥5({c,}32,) be given by (1.1). Then f is
meromorphically convex of order § in the disk {z € U : |z} < r}, where

. (1-8)(aco+ca |77
r_rlzreltr;l{(l—a)con(n+2—-a)} (0<d<1),

provided that r > 0.
Proof. Let f be in X3 ({ca}nZg)- To see that f is meromorphically

convex of urder § in the disk {z € U+ |z| < r}, it is sufficient to prove
that

zf"(z)
(4.1) ’2 e B
provided that {z| < r. If f is given by (1.1), then
s 2B | £+ G
f'(2) f'(2)
X n{n+ agz™!

-5 428 nagzn!
< S n(n + 1)ag]z{"*!
T 13000 naglz{nt!

Hence (4.1} is satisfied for |z| < r, provided that

D onm+ Danlz™ < (1= napl2"t)(1-68) (|2 <r,zel)
n=1 n=1

or, equivalently,

(42) ) nan+2-8anlz" <1-8 (0<d< Lz <rzel)

n=1

Finally, by virtue of Theorem 2.1, (4.2} holds true.
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THEOREM 4.2. Let f € L5 ({en}no). Then f is meromorphically
starlike of order § in the disk {z ¢ U : |z} < r}, where

1
- T
r = inf { 1= 8)(aco+cn) (0<8<1),
neN | (1 — a)eg{n + 2 — 8)
provided that r > 0.
Proof. Let f be in ZZ({ca}nlo). It is sufficient to show that

Sl_ar

(4.3) ‘1 + ZJ{ES)

provided that |z| < 7. If f is given by (1.1), then we note that

‘ 2f'(2)] _ | Xmei(n + an2"
f(z) 2 + Zn:l an2™

- St Daglz !
- 1 Zf=1 an|z]"‘+1
S 1- 61

and so

(4.4) > (n+2—68)anet <14

n=1

Therefore, from Theorem 2.1, (4.3} holds true.

5. Hadamard (or Convolution) Products

Let f, € B2 ({en}20)i = 1,2). It
5.1)  fi(z) = % +3 an2" (an, <0(i=1,2),2 € D),

we define the modified Hadamard(or convolution) product fi * f2 of fi
and f2 by

(e £)(E) =~ + Y anpanaz® (z€D).
n=1

We now prove
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THEOREM 5.1. Let f, € Za({cn}n_o)(i = 1,2). If {cn}32 is an
increasing sequence, then fi x fo € £2({cn}nzo), where

_ (ceo + c1)2 -(1- a)?cocr
(1 —a)2c3 + (acy + ¢1)?

Proof. According to Theorem 2.1, if f,{: = 1, 2) is defined by (5.1),
then

o0

(5.2) YT, <1 (i=1,2).
" &¢)

We must show that

(5.3) 3

Qn,10n 2 S 1.

By virtue of the Cauchy-Schwarz inequality, (5.2) leads to

(54 > Gote) <t

Hence, in order to prove (5.3), it is sufficient to establish that

Yo + ¢n acg + cp
5.5 e p 10n 0 &/ n € N).
( ) (1 _ 'Y)Co)a ,la‘ ,2 _— (1 _ O‘.’)CU an,la ,2 (n )

Moreover, from (5.4), we deduce that

(1~ a)eo

5.6 Sn 1Gn o <
( ) An,18n2 > aco F Cn

(n € N}).

Therefore, by combining (5.4} and (5.6), we will obtain (5.5) when we
have proved that

(1-a)e < 1 —vacg + ¢y
acpt+cn T 1l—avyep+ca
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or, equivalently, that

{aco 4+ €n)? — (1 - a52cocn
(1 - a)?c§ + (aco + cn)?

(5.7) v < (n € N).

Inequality (5.7) is true because {¢,}32, is an increasing sequence and
the function
(acg + z)2 — (1 — a)lcox
((z) = 3 2 2
(1 - a)?cs+ (acp + )

is increasing for positive real numbers z. This completes the proof of
Theorem 5.1.

Remark. Taking ¢, = n{n € Np) in Theorem 5.1, we have the
result of Mogra, Reddy and Junejaf3].

Acknowledgement. This work was partiaily supporved by the
Korea Research Foundation(Project No.: 1998-015-D00033}.

References

[1] J Clunie, On meromorphic schircht functions, J. London Math. Soc. 34 (1959},
215-216

[2] R.J. Libera, Meromorphic close-to-convex functions, Duke Math J. 32 (1965),
121-128.

(3] M L. Mogra, T. R Reddy and O P. Juneja, Meromorphic unwalent functions
weth positive coeffictents, Bull. Austral Math Soc. 32 (1985), 161-176.

[4] Ch. Pommerenke, On meromorphic starlike functions, Pacific J Math 13
(1963), 221-235.

Sang Ho Lee and Nak Eun Cho
Department of Applied Mathematics
Pukyong National University

Pusan 608-737, Korea

Oh Sang Kwon

Department of Mathematics
Kyungsung University
Pusan 608-736, Korea



