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A NOTE ON SAALSCHUTZ^S THEOREM

Young Joon Cho, Tae Young Seo and Junesang Choi

1 ・ Introduction and Preliminaries

The generalized hypergeometric function with p numerator and q 
denominator parameter is defined by

pFq
也a?…％;

01 02…缶；

= " * 쟈卩； 01 02 Rq；Z)

(^1)n * (^p)n Z
n=0(置n • • (/爲)n Til '

where the Pochhammer symbol (o：)n (or the shifted factorial, since 
(l)n = ?시), is defined by, a any complex number,

I 、 ( Ma + 1) • • • (a + n - 1) if n € N := (1, 2, 3, • • • }
(技)= [ 1 lf n = 0,

which, in view of the fundamental functional relation of the Gamma 
function r

(L3) T(a + 1) = qF(q) and 「⑴=1,

is written m the equivalent form:

(1.4) / x 「(aS) 
閒=F矿，
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where「is the well-known Gamma function whose Weierstrass canon­
ical product form is given by

oo
(L5) {P(z)}T = J] {(1 + ：) "*},

where 7 is the Euler-Mascheroni^ constant defined by

(L6) 7 = lim 
n—>00

스 0.577 215 664... .

From the definition (1.2), it is easy to see that

(1.7) (a)n-fc =(0<fc< n),[1 — a — n)k
which, for a = 1)reduces immediately to

(1.8) (n — fc)! = ( 1)几 (0 < n; n £-N).
' (―叫 —

The generalized binomial coefficient (：) is defined by

f a(aT)..5E if / N 
(L9) ：=〈 国

\nJ ( 1 if n = 0,

（Ll。） （J =

which, in virtue of (1.2) and (1.3), is expressed in the following equiv­
alent form:

I、(a+1) (T)"(—办
n!r(a — n +1) n! 1

from which (1.2) may be extended to
(T)”

(1.11) (이f — r(a) - (1 - a)n

(a + 0, ±1, ±2, • • • ; n E N).
In this note we first recall a generalized form of the Saalschiitz^ the­
orem which is one of the important and useful theorems in 3斑.We 
also investigate connections among some theorems associated with the 
generalized hypergeometric series.
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2. Relations among Theorems

4玛

X iFq

We start with a transformation formula due to Whipple [5, p・ 26이
(2.1)

1

_ r(v + w — t)r(i + x — u)r(i + g 一 ,u)r(i + z — u) 
r(i + y + z ~ w)r(i + z + ⑦ 一 w)r(i + x + y — tz)r(i — u) 

、 i _
a, 1 + -a, w — t, v — xy y> z;

] 2 1

-a? v, w, 1 + y + z — uyl + z + x — u^l + x + y — u}
■ Zi —

which transforms a terminating well-poised into a series 4-F3 and 
a = x + y + z — u^u + v + w = t + x + y + z+l^ while one of the four 
t, x, </, z is a negative integer.

Setting v = t in (2.1) reduces immediately to Saalschiifs theorem:
(2.2)

3卫2
r(u)r(i — w + x)r(i — w + ?/)r(i — w + z) 

r(i — w)r(u 一 x)r(u — ；)「(口 一 z)

provided that a% or z is a negative integer and u + w = x + y + z + l.
By using (1.4), (2.2) is written in the following form

吃 J
u, w;

(C — Q)n(c — b)n 
(c)n(c — a — b)n3斑(2.3)

—n, a, 6;
1

c, 1 — c a b — 7Z；

(n e NU {0}).

A useful well-known asymptotic formula for Gamma function is also 
provided:

(2 4) 「(z + Q)=舟"
(•)r(z + /3)

Taking the limit in (2.3) 
summation formula

1+0 G

as n t 8 with the aid of (2.4) yields Gauss's

(z — 8； I arg 히 < 7F).

(2.5)
e z h …、r(c)r(c —宀)

(c 寸二 0, —1, --2)■ • • ; Re(c — a — b)〉0), 
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which plays a vital role in the theory of hypergeometric series and can 
be deduced in several ways.

Replacing a or fe by a nonpositive integer —n, we have a summation 
formula

(2.6) 2尸고(一?% b; c; 1) =((、(n G NU{0}; c 尹 0, —1, —2, ...),

which incidentally can be shown to be equivalent to so-called Vander­
monde^ convolution theorem (see Choi [2, p. 159]; also Srivastava et 
al. [4, p. 1이):

(2-7) £(；)(△入了 )(53。}).
Indeed, using (1.8) and (1.10), the left side of (2.7), say Sn, becomes

n
Sn = £：

A:—0 
n

左=0
= 史 (二1)打-시k 

k=0

— 白(1 + 시 而E

_ 1__1)( 闵％jq (-n, -A; 1 + fi-n; 1),

(n 一 fc)!k!

」(T)＜시『I 1)"一闵n (-n)fc
k\

k\
n 

n
n!

n
L (l + /z-n)fc (-l)fcn!

(T)ni(-/z)n(-n)A：

(1 + M - n)knl

(TZ)k(—시*:

n!

which, for b = —A and c — 1 + /z — n, in view of (2.6), yields 

q _ ( —l)n (-A — p-)n ,Jn—— n! *

This, in virtue of (1.10), completes the proof of (2.7). 
Recall a transformation formula for 2Fi :

(2.8) 2^1 (c — a, c - b; c; z) = (1 - z)a+b~c 2■呂(a, b- c; z),
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which is due to Euler. Rainville [4, pp. 86-88] obtained (2.3) by inter­
preting (2.8) as an identity involving three power series. Conversely, 
as suggested in Bailey [1, p. 245], we can prove (2.8) by making use of
(2.3).  Indeed, let

(2-9)
OO

(1 - ^)a+b-c2Fi(a, b; c; z) := £ 如z"
n—0

Starting with the left side of (2.9), we have 

b-c-z) 

=(c - a gr（Q）n（b）n Z” 
总（或'现Ln=。 n' 

oo_(c _ a — b)n_k(a)k(b)A;
L 白 (n—fc)!(c)fefc! 孝，
n=0

which, in view of (1.7) and (1.8) with equating the coefficients of 
yields

(C-a-机3形
n!

—7i, a, b;
1

c, 1 — c+tz + b — Tlj

which, using (2.3), becomes

_ (c — a)n(c — b)n
"=一顽瓦一，

This completes the proof of (2.8).
Choi [2, p. 160] proved the following formula by mathematical in­

duction method:

(2.10) 0^크L = 二当斜으二^(4 + B") “加

2丿”‘ k=0 3丿 (。丿k

which can incidentally be seen to be equivalent to Saalschiitz’s theorem
(2.3).  Indeed, applying (1.7) and (1 9) to (2.10), we obtain

(211) pL d C-B- 1 _ (A)n (B)n
丿 3 2 [ C,l + C-A-B-n-, \ (A + B-C)n(C)ny 
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which, for C = C — A = a and C 一 B = b> immediately yields (2.3) 
and vice versa.
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