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1. Introduction

Let A be a commutative Banach algebra with identity of norm
1, X a Banach space and G be a locally compact Abelian group
with Haar measure. In this paper we will characterize the fol-
lowing multipliers of module homomorphism forms under same
appropriate conditions:

Hole(QA)(Ll(G, A)YN LP(G, A), LI(G, A))=M(G, A)
Homp g, a)(LYG, A) N Co(G, A), L'(G, A)) = M(G, A)
Throughout we let G be a locally compact Abelian group with
Haar measure dt, A a commutative Banach algebra and X a Ba-

nach space. Based on Dinculeanu[1,2], Thomas[9] and Johnson(4],
the spaces

LYG,X), M(G,X), L*(G,X), 1<p< o0

are defined in the usual sense. Denote by L(G, X) the space of
all Bochner integrable X-valued functions defined on G. If A is a
commutative semisimple Banach algebra with identity of norm 1
, then the space L1(G, A) is a commutative Banach algebra under
convolution [3] and [4].

frglt) = /G F(ts~V)g(s)ds = /G £(s)glts™)ds
for f,g € L*(G, A) and norm

£l = /G £ (2)]].adt
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for f € LY(G, A).

Let L?(G, X) is the set of strong measurable functions f : G —
X such that || f(t)]I%, 1 < p < o0, is integrable, that is, ||f(¢)]|% €
LY(G). The norm of f € LP(G, X) is given by

1/p
1fllpx = { /G Itf(t)ilﬁ}dt} 1<p<oo

and f = g if f(t) = g(t) in X a.e. t € G. It follows that LP(G, X)
is a Banach space for 1 < p < c0. If X = C, the space of complex
numbers, then we write LP(G, X) = L*(G).

Denote Cy(G, X) the space of all X-valued continuous functions
vanishing at infinity of GG, and supply the norm as

Ifllcex = sup |lf(t)llx, f € Co(G, X).
teG

Denote by M (G, X) the space of X-valued regular Borel measures
of bounded variation on G. Cy(G,X) is a Banach space with
the dual identified by M (G, X*) in usual form(see [2],[8]) where
X* is the Banach dual of X. If X is a Banach A-module, then
Co(G, X) and LP(G, X),(1 < p < o0) are L' (G, X)- module under
the convolution product.

For Banach A-modules X and Y, we denote the multiplier space
Homus(X,Y)={T € L(X,Y)|T(az) = aT(z),a € A,z € X}

where L(X,Y) denotes the space of all continuous linear operators
TonXtoY. If X =Y = A, then Homy(A, A) is the usual
multiplier space of A, and is denoted by M(A).

In the case of scalar function space on G, the multipliers are
identified with the translation invariant operators, but in the case
of vector-valued function space on G, an invariant operator may
not be a multiplier(see Lai and Chang [6, Thm. 6]). If A has an
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identity norm 1, Tewari, Dutta and Vaidya have been shown in
[8] that

(i) [8,Thm. 4] Hompi(q 4)(L (G, A), L} (G, A)) = M(G, A).
(G.A)

It is known that the space Cy(G, A) is a L'(G, A)-module and
is characterized as the module multipliers of Cy(G, A) by Lai[5].

(i1) [5, Thm. 1]  Homypi(g 4)(Co(G, A),Co(G, A)) = M(G, A).
where A is a Banach algebra with identity of norm 1.

2. Multipliers of L'(G, A) N L?(G, A) to L'(G,A),1<p<
00

If 1 < p < oo, then it is easily verified that the linear space
LY(G, A)n LP(G, A) is a Banach space with the norm

1fllipa = [fll,a + 1 fllp,a for f € LYG, A) N L¥(G, A).
We denote by 7, f the s-translation of f on G, that is
7sf(t) = f(ts™!) for t,s € G.

First, we shall prove a lemma which will be again in theorem
1.

LEMMA 1. Let G be a noncompact Abelian group.
(i) If f € LP(G,A), 1 < p < 00, then

Jim (1 + 7 fllpa = 2V71 Fllpa.
(ii) If f € Co(G, X), then

Jim (1 + 7o fllooa = 2V/7 fllooa-
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Proof. Suppose g € C.(G, A) with compact support K. Since
G is noncompact if s ¢ KK ! then the support of g and 7,9 are
disjoint. Consequently, on the one hand, as s ¢ KK~!, we have

1/p
lg + Tagllpa = ( [ 1o+ rsg(t)nf;dt)

= (/K Hg(t)ll’,’;dt*i"st Il'rsg(t)liidt> ”
=2"7lgllpa

for 1 < p < co. Here denote K, the support of 7,g. While on the
other hand,
g + Tsglloca = llglloca-

Since the A-valued space C((G, A) of continuous functions with
compact support in G is dense LP(G,A), 1 < p < oco. If f €
LP(G, A), and € > 0 choose g € C.(G, A) such that ||f — g|lpa <
¢/4. Let K be the support of g. Then, if s ¢ KK~!, we have

|17+ 7aflloa = 272115 lpa| < 117 + 7ufllpa = llg + 7o51lpal
+|llg + 7ullpa = 2/7ligllpa| + [2/7llgllpa — 27711 flpa

SNf = gllpa + 7o f = Tsgllpa + 271 f = gllpa
<efd+e/d+2YPe/a < e

Therefore

1im [|f + 72 fllpa = 272 fllpa for all f € L?(G, 4),1 < p < oo.

The assertion for f € Cy(G, A) is deduced essentially in the
same manner.

THEOREM 1. Let G be a noncompact locally compact Abelian
group and 1 < p < oo. Then the following statements are equiva-
lent;

() T € Hompy(g,4)(LY(G, A) N LP(G, A), LY(G, A)).

(ii) There exists a unique A-valued vector measure p € M(G, A)
such that Tf = f x u for each f € LY(G, A)N LP(G, A).
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Morever, the correspondence between T and u defines an iso-
metric algebra isomorphism of Homy (g, 4)(L*(G, A) N L?(G, A),
LY(G, A)) onto M(G, A).

Proof. (it) = (i) : If f € L(G, A) and u € M(G, A), then it is
known that the convolution

f e ult) = /G f(ts™Y)du(s)

defines an element in L(G, A)[8]. Thus, for f € LY(G,A) N
LP(G, A) and, p € M(G, A), the mapping

T:f— fxp()= /G’raf(')dﬂ(s)

defines a bounded linear map from L}(G, A)NLP(G, A) to L}(G, A)
and

ITflla = If * pllia < el fllia < lullllfllpa
implies
NTI < llpll-
Morever, for f € L}(G, A) N LP(G, A) and g € L!(G, A)
T(g*f)=(gxfl*u=g+Tf.
Hence T € Homp (g, 4)(L* (G, A) N LP(G, A), L}(G, A)).

(4) = (¢i) : Suppose that T € Homp1 (g, 4)(L} (G, A)NLP(G, A),
LY(G, A)). Then, for each f € LY(G, A) N LP(G, A), we have

ITfllia < ITICfllra + 0T fllpa)-

Combining this estimate with Lemma 1 (a) we deduce that
2T flha= Yim ITS + 7T ha = lm [IT(f +7af)lra
< Y |ITIIS +7oflua + 1F +7uflpa)
= T2l fllia +2"7]1flpa)
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for each f € L*(G, A) N L?(G, A). Thus

IT flla < UTHUIf s +25 T fllpa), (f € LHG, A)NLP(G, A)).

Repeating this process n times we see that

ITfllra < ITNI s + 222G~ DT flipa),
(f € LYG, A) N LP(G, A)).

Since p > 1 we have ILm on(z=1) = 0, so we conclude that
300

1T flla < WTIflha, (f € LYG, A) N LP(G, A)).

Hence T defines a continuous linear transformation from L(G, A)
NLP?(G, A) considered as a subspace of L} (G, A) to L'(G, A) which
commutes with translations. Thus, since L(G, A) N LP(G, A)
is norm dense L!(G, A), T determines a unique element 7/ of
Homps .4 (L (G, 4) 1 LP(G, 4), L}(G, 4)) and ||T/]| < |T].
Since Hompi(g,4)(LY(G,A) N LP(G,A)) = M(G, A), there ex-
ists a unique u € M(G, A) such that T/f = f % u for each
f € LY(G,A) and ||g|| = ||T/]]. Consequently, Tf = f % u for
each f € LY (G, A) N LP(G, A) and ||u|| < ||T||. Therefore (i) and
(it) are equivalent

It is evident that the correspondence between 7" and u defines
an isometric algebra isomorphism from Hompi (g 4)(L'(G, A) N
LP(G,A), L}(G, A)) onto M(G, A).

Utilizing the second portion of Lemma 1 and Lai[5,Thm 1] we
can prove by essentially the same arguments as those just given the
analogous result for Homp:(g,4)(L(G, A) N Co(G, A), L}(G, A)).

THEOREM 2. Let G be a noncompact locally compact Abelian
group. Then followings are equivalent
(1) T € Hompi (g a) (LG, A)NCo(G, A), LG, A)).
(2) There exists a unique measure u € M(G, A) such that
Tf = f*p for each f € L}(G, A) N Co(G, A).
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Morever the correspondence between T and u defines an iso-

metric algebra isomorphism of Homp (g, 4)(LY(G, A) N Co(G, A),
LY(G, A)) onto M(G, A).

If A =C, the complex field, then we obtain the theorem 3.5.1

and the theorem 3.5.2 of [7].
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