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SEVERAL PROPERTIES OF THE SUBCLASS
OF Gy DESCRIBED BY SUBORDINATION
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Abstract In this paper we generalize the definition of strongly close-to-
convex functions by using the functions g(z) of bounded boundary rotation
and investigate the distortion and rotation theorem, coefficient inequalities,
invariance property and inclusion relation for the new class G[A, B].

1. Introduction

Let C denote the class of normalized holomorphic functions
f(z) given by

o0
(1.1) f(z) —-:z+Zanz"

ne=2
which is close-to-convex and univalent in the open unit disk E =
{z:]z] <1}

Kaplan(1] introduced first the concept of close-to-convex func-
tions and H.Silverman(7] studied the generalization of Kaplan’s
class.

Also, Ch.pommerenke[5] considered the class Rg of strongly close-
to-convex functions ; f € Rg if there exists a starlike function h(2)
such that

2f'(2)

(1.2) |arg —h—(—;)—-l < %7—{, (2 € E).
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For k > 2, we denote by Vj the set of functions f represented
by (1.1) in E and satisfy f’(z) # 0 in E and

27 2 fll ( z) 0
(1.3) / |Re{1 + HdO < kn (z=re",0<r<1).
0 f'(2)

This class of functions was introduced by Paatero in [3]. For k = 2,
the class reduces to the class of normalized convex functions K in
E and for 2 < k < 4, Vi consists entirely of univalent functions. If
k = 4,the class reduces to the class of close-to-convex functions C
in E. Bach class V} with £ > 4 contains non-univalent functions.
The function

19 gz = £l

)%__1 -z+Zan(k

n=2

belongs to V,, and is extremal for a number of problems within
the class.

And, for 2 < k < 4 we define the class Wy as follows ; f(z2) € Vj
if and only if 2f'(2) € Wg.

Now we shall generalize the concept of strongly close-to-convex
functions by replacing the denominater in (1.2) by a function g(z)
in the class Vi of bounded boundary rotation when 2 < k < 4.
We shall denote this class of functions by G. Moreover we shall
define a new class Gi[A, B] that is described by subordination.

DEFINITION 1. Let f(z) be a holomorphic function in E with
normalizations f(0) = 0, f(0) = 1. f(z) belongs to the class G
if f'(2) # 0 in E and satisfies the condition

arelE T
(15) sl ], cep
for some g(2) € Vi,  (2<k < 4).

A holomorphic function f(z) is said to be subordinate to a
holomorphic function h(z) (written f < k) if f(z) = hlw(z)],z €
E, for some regular function w with w(0) =0, |w(2)] < 1in E.
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DEFINITION 2. Let f(z) be a holomorphic function in E with
f(0) =0, f/(0) = 1. Let Gx[A, B] denote the class of function f(2)
satisfying

fl(z) 1+ Az
1.
(16) g'(2) “17 Bz

for some g(z) in Vi, (2 < k </4).

(-1<B<A<1)

2. Main Results for the Class G[A, B]

For A and B, -1 < B < A < 1, a function p(z) which is

analytic in E with p(0) = 1 is said to belong to the class P[A, B]

if p(z) < {342

THEOREM 2.1. For f € Gi[A,B], |z|<r <1,

1—Ar (1—r)zk-t ) 1+ Ar (147)2k-1
A= ) < SR Ly
1—Br (1+4r)zk+! 14+ Br (1 —r)zkt!

The bounds are sharp.

Proof. For f € Gi[A, B], there exists a g € Vj, and p € P[A, B]
such that

(2.1) f'(z) = ¢'(2)p(2).
Since g € Vj for |z| <7 < 1, in [4]
(L—r)dkt ()
. ——ree— < e
(2.2 o OIS
For p € P[A, B],|2| < r, the univalence of i—}_%f gives
1—Ar 1+ Ar
. < < .
(23) 1-Br ~ lp(2)l < 1+ Br

The result follows immediately upon applying (2.2) and (2.3) to
(2.1). Equality is obtained for f € Gx[A, B] satisfying

1+ Az (1+ z)5k-1

- d z=4r
1+ Bz (1-z)ier1 200 2737

f'(2)
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THEOREM 2.2. For f € Gx[A,B], |z|<r<1,

(A- B)r

|arg f'(2)| < k - arcsin r + arcsinm;—i.

Proof. For f € G¢[A, B}, we have

(2.4) |arg f'(2)| < |argg'(2)] + | arg p(2)),

where g(z) € V;, and p(z) € P[A, B]. Since g(z) € Vi, we know [4]
that for |z2| <r < 1,

(2.5) |argg’(2)] < k- arcsin r.
For p € P[A,B], p(]z| <) is contained in the disk

Ip(2) 1——ABr' (A- B)r
P& T e 1 - B?%r?

from which it follows that

(A- B)r

(2.6) |argp(z)| < arcsin 1= ABr

From (2.4), (2.5) and (2.6)

(A— B)r

|arg f'(z)| < k - arcsinr + arcsins———5.

LEMMA 1 [2]. Let f(z) beinVy, f(z) = 24+by2%+--- . Then
b2| < £ and
1 . k%-4 k? — 4
?éa.)(]b;;—'bl E{T+(k+2)+ ]
1.3

=Gl -9+ (k+2)], if 2<ks<4
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THEOREM 2.3. For f(z) =2+ Y . ,an2" € Gx[A, B]

k A-B
Iazls§+ 5
laslsé (k-—2)4(3lc+2)+(A——B?2(k+l)’ N

Proof. For f(z) = z + Zn—z anz" € Gi[A, B], there exists a
function g(2) = 2+ 37 ,bn2" € Vi and a Schwarz function
w(z) = 3, Ynz" such that f,gg iigﬁgg,z € E. Comparing
series expansions, we see

(2.7)
A-B A-B
ag = by + ——— 5 ’71,aa~ba+3(A B)b2’71+( 3 )(72“3712)-
The bounds for
A-B
laz| = |ba + z ’Yl|
_<_|b2|+| Il’hl
k A-RB
& e T
-2 2

follows from the above Lemma 1. The lemma to (2.7), we have

1 (3k-2)(k+2)

|as| < [b2)? + T ,
+ M{-—@zbﬂ + “4-5 max(1, | B)
<ﬁ 1 3k*+4k-4 2(A-B) k A-B
=412 4 3 2 3
:Il_i.(5k—2)4(3k+2)+(A-B;(k+1)’ i 2<k<a

The convolution of two power series f(z) = Y, a,2" and
g9(z) = "__Ob 2™ is defined as the power series (f x g)(z) =

Yoo Gnbn 2™
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LEMMA 2. If¢ € K and g € Vi, 2 < k < 4, then for each
function F, analytic in E with F(0) = 1, the image of E under

%‘,’TFQ’-‘%’— is a subset of the convex hull of F(E).

Proof. 1f g is in Vi, 2 < k < 4 then we have defined that zg'(2)
is in Wy. Due to Ruscheweyh and Sheil-Small[6] it is easy to see

that ,
¢+ Fg _2(¢xFg) ¢xF(zg)
oxg'  zdxg)  Px(zg)
is a subset of the convex hull of F(FE).

THEOREM 2.4. If f € Gi[A, B|, then so is fxp for any function
¢(z) = z+ - -, analytic and convex in E.

Proof. We have f € Gi[A, B] if and only if, for z € E, there is
a function g € Vj, such that

___f_’ 1+ Az

=H, -1<B<A<I1.
g’.<1+Bz H - -

Since H is convex, an application of Lemma 2 yields

(exf) _pxFg' <H
(pxg) oxg ’

so that ¢ x f € Gk[A, B].
COROLLARY 1. For f € Gix[A,B], 2<k<4, let

Fl(Z) == ./Oz I—g‘t“)‘dt
Fiz) = 2 / oy

then F(z), F2(z) are also in G|A, B).

Proof. If Fi(z) = f * ¢i,t = 1,2, where ¢1(z) = —log(1 - z)
and ¢a(2) = :-2—14"—":1—%59—:—’-21 then trivially ¢;,7 = 1, 2 is convex and
from theorem2.4 Fi(z2) € G[A, B],i = 1,2.
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COROLLARY 2. If f € Gi[A, B], 2 < k< 4, then so is

1 z
+7/ t7=1f(t)dt, Re~ > 0.
27 Jo

Proof. We may write

1+7/ LLf(t)dt = f * 21+7 e
0

27

Since Zn_l o 2" was shown to be convex by Ruscheweyh[6] the
result follows from Theorem 2.4.

COROLLARY 3. Iff € Gk[A, B], 2<k<4, thensois

f (S d(, lz| <1,z # 1.
Proof. We may write
/ 1O = 1= 4 — (4 hya),
where h(z) = Y% z%—_—%;z" L Jog(==2] 2] < 1,z # 1.

Since A is clearly convex, the result follows from theorem 2.4.

THEOREM 2.5.
G[C, D] C Gi[A, B]
if and only if
|AD - BC| < (A~ B) - (C - D),

where —1<B< A<l -1<D<CX<1.

Proof. Since |z| = 1 is mapped by g—j_g-:l, (-1<B<AXK1)
onto a circle centered at lf;%?- with radius TAZ:B%’ we have

Gk[C, D] C Gk[A, B]
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if and only if

A-B
roph

1-CD C-D
1—

1—- AB
{w:lw~—1_ﬁD2|< D2}C{w:}w~,1_.32|<

which is equivalent to the inequalities

1—-AS1—-C and 1+C$1+A
1-B~1-D 1+D ™~ 1+ B

i.e.

|AD - BC| < (A- B) - (C - D).

THEOREM 2.6.
f € Gk[A, B]
ifand only if for all z in E, ¢(z2) € Vi,2 < k < 4 and all {, || = 1,

(1+ B¢)z
(1-2)?

(1+ AQ)z

1
;[(f* ) — (¢ + my)]?"“

Proof. A function f is in Gi[A, B] if and only if there is a
¢ € Vi such that

f'(z)
7(2)
which is equivalent to
(1+ BOJ' - (1+ AQ)¢/
= 21+ BOzf' ~ (1+ )24
= 210+ BO( * 2 53) — (L4 AQ (@ +

_ Ly (14+BQz . (1+AQ)z
- z[(f (1 “2)2 ) (¢ (1 _— Z)2 )]

# 0.

1+ AC
1+ B¢

# for z € E and |{| = 1,

z
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