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ALGEBRAICITY OF PROPER
HOLOMORPHIC MAPPINGS

YOUNG-BOK CHUNG

Dept. of Mathematics,
Chonnam National University, Kwangju 500-757, Korea.

Abstract Suppose that  is a bounded domain with C*° smooth bound-
ary in the plane whose associated Bergman kernel, exact Bergman kernel, or
Szegd kernel function is an algebraic function. We shall prove that any proper
holomorphic mapping of Q onto the unit disc is algebraic.

1. Introduction

Suppose that §2 is a C*° smoothly bounded n-connected domain
in the plane. Suppose that T is the complex unit tangent vector
function on the boundary b2 of 2 pointing in the direction of the
standard orientation of the boundary. For instance, if z(t) repre-
sents a boundary component of the boundary b, then T'(2(t)) is

1
equal to f——(—t)— Let ds represent the differential of the arc length.

|2/ (¢)]
L2(bS2) is the Hilbert space completion of C(bS2) with respect

to the inner product < u,v >= ubds for u,v € C™(bQ2).
b2
Let H2(b2) denote the classical Hardy space associated to €, i.e.,

the space of holomorphic functions on Q with L? boundary val-
ues. Then the orthogonal projection denoted by P of L2(b§2) onto
H?(b2) is the Szegd projection.

The Szeg6 kernel function S(z,() is the kernel for the Szegd

projection P in the following sense: (Ph)({) = / S(¢, 2)h(2)ds,
29)
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for h € L%(b§2). The Garabedian kernel L(z,() is a kernel related
to the Szegd kernel via

(1) S(z,0) = —iL(z,()T(z), z€b9, ¢ € Q.

For ¢ € Q, the function L(z,() is a holomorphic function of z on
Q\ {¢} with a simple pole at ¢ with residue 51—- Let B?(Q) be
the Bergman space, i.e., the space of holomorph7irc functions on 2
which are square integrable on {2 with respect to area measure
dA. Tt is well known that the Bergman space B?(2) is a closed
subspace of the space L?()) of square integrable functions on
Q. Thus there is the orthogonal projection of L?(Q) onto B2(Q2),
called the Bergman projection. It is easy to see that the evaluation
map h > h(() for a fixed ¢ is a continuous linear functional
on B%(€)). Hence the Riesz representation theorem implies that
there is a unique holomorphic function ¢; in B*(f2) such that

h({) =< h,¢¢ >= /ﬂh(z)rﬁdz)d/& for all h € B?(Q). Now the

function B(-,-) on Q x Q defined by B((,2) = ¢¢(2) for {,z € Q
is called the Bergman kernel function for {2. Then the Bergman
kernel function B(-,-) has the reproducing property in the sense

that h(¢) = /Q h(2)B(C, 2)dA,

Let £%(Q) denote the space of functions in the Bergman space
B?(Q) which have single-valued indefinite integrals. Similary as
the case of the Bermgan kernel, the exact Bergman kernel E(z, ()
is the reproducing kernel for the ~=s1:>ace E?(Q), i.e., for any holo-
morphic function A’ € E2(Q), = [ E(¢, 2)h( z)dA

Now in this paper, we shall prove

THEOREM 1. Suppose that §) is a bounded domain with C>
smooth boundary in the plane whose associated Bergman kernel,
exact Bergman kernel, or Szegé kernel is an algebraic function.

Then any proper holomorphic mapping of ! onto the unit disc
must be algebraic.

A function A(z) of N complex variables z = (21,29, - ,2n) i
called algebraic if there is a nonnegative integer k£ such that there
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are polynomials ag(2),a1(2), -+ ,ax(z) in 2z = (21, 22, - - , z2n) with
ax(z) # 0 which satisfy the algebraic equation

ax(2)A(2)* +ap1A(Z) 1+ 4+ ag(z) = 0.

Rational functions are obviously algebraic. A function f(z,()
of two complex variables z and ¢ on a product domain €, x {2
is algebraic if and only if it is algebraic in z for each fixed { € €2,
and algebraic in ¢ for each fixed z € Q; (see [3, pages 202-203]).

Let © be a bounded domain in the plane with C* smooth
boundary bQ2. We shall say that the Szeg 6 kernel function S(z, ¢)
associated to a domain €2 is algebraic if it can be written as A(z, ¢)
where A is a holomorphic algebraic function of two variables z and
(. Since the Bergman kernel is hermitian, the facts above imply
that S(z,() is algebraic if and only if, for each fixed (p € €2, the
function S(z, (o) is a algebraic function of z.

Now assume that the Szegd kernel Sq(z, () associated to 2 is
algebraic. Suppose f is a proper holomorphic mapping of €2 onto
the unit disc D. Then there is a positive integer m such f is an
m-to-one mapping of Q onto D. And there are discrete sets 2 C €
and D C D such that f is an m-to- one covering map of O —
onto D — D. In fact, we can take D = f({z € Q: f'(z) = 0})
and Q = f~1(D) (see [8]). For every point t; € D — D, there are
€ > 0 and m holomorphic functions Fy, Fz,- -+, Fip, on the e- ball
D.(to) about to such that each F,, maps Dc(tg) into €2 — € such
that f(FL(t)) =t, ie., F,’s are the local inverses to f.

It is known (see {7]) that the Szegd kernel function Sq and Sp
associated to Q2 and D, respectively, transform via

(A) f(z)Sp(f( Z Sa(z, Fu(t))*FL(¢).

Notice that the function on the right hand side of the above
transformation formula is globally well defined on D — D because
it is symmetric in the F,’s. In fact, the function is holomorphic

in ¢ and antiholomorphic in ¢ for (z,¢) € Q x (D — D). 1t is easy



108 YOUNG-BOK CHUNG

to show that the Szeg6 kernel function associated to the unit disc
D is 1
S ,t = e,
p(8:t) = 5o i =57

We may assume that 0 ¢ D so that the transformation formula
makes sense for ¢ = 0, by taking a Mobius transformation.
Inserting ¢ = 0 into the transformation formula, we obtain

() o f(2) = 3 Sole, Fu0)F F0)

Suppose that g and h are algebraic functions of one variable.
Then there exist nonnegatives integers k and ! such that there
are polynomials ag(2),a1(2), - ,ax(2);b0(2),b1(2), -+ ,b(2) in 2
such that

ar(2)g(2)* + ar-1(z)g(2) ¥ 1+ -+ ag(z) =0
bi(2)h(2)! + b1 (2)h(2) L+ -+ bo(2) =0

where ag(2),b(2) #0.
Consider two algebraic equations in w:

(C) G(z,w) = ap(2)wF + ap_ 1w 1+ 4 ag(2) =0

(D) H(z,w) = b(2)w® + b_yw'™ + -+ by(2) = 0.

There are ! solutions h1(z), ha(z),- -+, hi(2) of (D) with hy(z) =
h(z) such that H(z, h,(2)) =0, v = 1,2,--- 1. If for each v =
1,2,--+,1 we substitute (¢ + h,) — h, for w in (C) and expand it
out, we get

(E) Ck(z’ hv)(g+hV)k+ck—l(z’ hv)(g'*"hu)k’«l'*" ) ’+CO(Z, hu) =0

where ¢, (z, h,)’s are polynomials in z and h,,, because g = (g +
hy) — h, satisfies G(2,g) = 0. Let us consider the product

(F)
!
K(z,w) = H [ck(z, ho)w® + cr_1(z, h )Wt 4+ + co(z,h,,)] )

v=1
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Observe that if we expand the product (F) with respect to w, its
coefficients of are symmetric functions in hy, ho,--- , h;. It fol-
lows from the fundamental theorem on symmetric functions that
the coeflicients of X(z,w) are rational functions of elementary
symmetric functions of hq, hy,--- , h;. Now since two polynomial
equations in w

!

H(w —h,)=0 and

v=1
H(z,w) o bia(z) 0 _
bi(z) v bi(z) v bi(2) ’

have the same [ solutions hq, ha,--- , Ay and they are monic poly-
nomials in w, they are actually identically equal. However, the

elementary symmetric functions of hy, ha, -, h; are the coefli-

i/=1(w ~ hy) and hence of Hiz,w)

) S0
!

they are rational functions in z. Thus the coefficients of K(z,w)
are rational functions in 2. Notice from (E) that the function
g + h is a solution of the equation K(z,w) for w = g + h, ie,
K(z,g(z) + h(z)) = 0. Therefore, by multiplying the equation (F)
by a common multiple of the denominators of the coefficients of
K(z,w) and by using the fact that g + h is a solution of (F), we
can get polynomials dg(2),d1(z), - ,dk41(2) is z such that

cients of the product []

d1(2) (9(2) + h(2)* ' + diri-1(2) (g(2) + h(2))*T1
+ -+ do(2) =0,

which implies that the function f(z) + g(z) is algebraic.

Hence it follows from (B) that since each Sq(z, F,,(0)) is alge-
braic, f’ is a algebraic function.

Now we want to differentiate the transformation formula (A)
with respect to f. It follows from

1

SD(f(z)’t) = 2 (1 _ f(z)*{) ’
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that

ngl'((lz_f;.(z)t ZQSQ z, F,( 8 SQ(Z F.(t) ) (t

pu=1

* Z Sa(z, Fu(t) )Zﬁ(ﬂ

fe=1

Letting t = 0, we obtain

2 ()1 §2sg<z Fu(0)) g Salz, F0)FL0)
(GQ) ng 2, F,.(0))F(0).

It can be shown that the derivative of an algebraic function is
algebraic. In fact, suppose that g is algebraic with polynomials
ao(2),a1(z), -, ax(z) such that

a(2)g(2)* + ax-1(2)g(2)* " + - - + ag(z) = 0.
Differentiating the above equation with respect to z, we have

1 (2)9(2)* +af_(2)g(2)*' + -+ + ag(2)
kar(2)g(2)s~1 + (k — Dak-1(2)g(2)¥-2 + -+ - + ay(2)

g'(z) = -

which is algebraic. Therefore, from (C), ff’ is algebraic and since
f' is algebraic, f is an algebraic function.

For the case of Bergman kernel, we can use the same method
as the Szegb kernel to prove the above statement. I would also
like to mention that the proof of the Bermgan kernel case is an
easy corollary of [1](see also [2]).

On the other hand, it follows from (1) that the Garabedian
kernel L(z,() is algebraic if Szegd kernel is. 1 proved in [5] that
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the exact Bergman kernel E(z,() is related to the Ahlfors map

via the identity

n—1 .
B(2.0) =28 OfE) + Y en(©) [ S(g,w)gg‘i(é’,?)) 4

.71k=1 Tk

where ¢;jx(¢),j,k = 1,--- ,n — 1 are constants depending on (.
Therefore we have completed the proof of Theorem 1.

REMARK 1. The version of Theorem 1 for the Bergman kernel
with the same method as above can be actually proved even in the
case of CN when Q and the unit disc are replaced by a bounded
domain and a bounded circular domain, respectively.

REMARK 2. It is interesting to observe that the formula (B)
implies that the derivative of any proper holomorphic map is re-
lated to the Szegd kernel. In fact, I (see [4, 5, 6]) found explicit
formulas between the Bergman kernel and the derivative fé of the
Ahlfors map f. and between the exact Bergman kernel and the
function f[.

For the simply connected case, we can easily classify the do-
mains whose Bergman or Szegé kernels are algebraic functions. It
follows from (A) and (H) that if f is a biholomorphic mapping
between 2 and the unit disc, the Bergman kernel and the Szegé
kernel transform under f via

Bq(2,¢) = f'(2)Bp(f(2), f(¢ ))f( )

Sa(z,¢) = v f'(2)Sp(f(2), F(O)HV f

Since

1
(1 - f(2)f({))?

52U JO) = g

Bp(f(2), f(Q)) =
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we have simple expressions

F1(2) 1)

Ba(2,() = 22l
Ty Tyl

NRON)
o0 = 7o)

Hence if f(a) = 0 then we have Bg(z a) = (m/ 71') fi(z)
and Sq(z,0) = (\/f’ /27r) f'(2). If we differentiate the

transformation formulas with respect to C and let { = a, we get

0B f’(z) - 2
e e = =2 () + 2@ ()
8Sq )

a¢ He)= 4/ f'(a)

Since there is always the Riemann mapping function f, associated
to the pair (£2,a) such that f, is biholomorphic from €2 onto the
unit disc and f,(a) = 0, we have proved

(@) +2F (@) 1(2))

THEOREM 2. Suppose that 2 is a bounded simply connected
domain with C'*° smooth boundary. The Bergman kernel function
or the Szegé kernel function associated to §Q is algebraic if and only
if there exists an algebraic function which maps €2 onto the unit
disc biholomorphically.
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